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Continuous Random Variables
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Figure 4.1 (a) Probability histogram of depth measured to the nearest meter; (b) probability histogram
of depth measured to the nearest centimeter; (c) a limit of a sequence of discrete histograms

. A random variable is continuous if hoth of the following apply:
Recall:
1. Its set of possible values consists either of all numbers in a single interval
on the number line (possibly infinite in extent, e.g., from —oo to 0o) or
all numbers in a disjoint union of such intervals (e.g., [0, 10] U [20,30]).

2. No possible value of the variable has positive probability, that is,
P(X = ¢) = 0 for any possible value c.

Definition from [WMS]:
A random variable Y is continuous if its
(cumulative) distribution function F(y) is

continuous.

Remark: There are random variables which are neither
discrete nor continuous but instead a mixture of the

two types.



Probability Density Functions (Pdfs)

Definition: Compare with the definitions for the discrete case:
Let X be a continuous rv. Then a probability distribution or probability
density function (pdf) of X is a function f{x) such that for any two numbers a The probability distribution or probability mass function (pmf) of a
and b with a < b, discrete rv is defined for every number x by p(x) =PX =x) =

- Pall s € £ X(s) = x).]
b

Plasi=h)= | Fold Definition from [WMS] for the discrete case:
The probability distribution of a (discrete) random

That is, the probability that X takes on a value in the interval [a, b] is the area . . . Slegs
e ’ o " S variable is the collection of probabilities for each

above this interval and under the graph of the density function, as illustrated

in Figure 4.2. The graph of f(x) is often referred to as the density curve. value of a random variable. It can be represented by
a formula, table or a graph that provides p(y)= P(Y=y)
. for all y.
.
a b

Figure 4.2 P(a < X < b) = the area under the density curve between a and b

For f(x) to be a legitimate pdf, it must satisfy the following two conditions: . . .
Compare with the properties for the discrete case:

1. fix) > 0O for all x 1) p(x) >0 for all x
2. _[if(.\‘)d.\‘ = [area under the entire graph of f(x)] =1 2) Zx p(x) =1



Pdfs and Uniform Distribution

The fact that P(X = ¢) = 0 when X is continuous has an important practical
consequence: The probability that X lies in some interval between ¢ and b does not
depend on whether the lower limit ¢ or the upper limit b is included in the
probability calculation:

Pla<X<b)=Pla<X<b)=Pla<X<b)=Pla<X<bh)

Definition:
A continuous rv X is said to have a uniform distribution on the interval [A, B] sl
if the pdf of X is
l A<X<B
f(x;A,B)=¢ B—A -
0 otherwise
1 ——
B-A




The Cumulative Distribution Function (Cdf) for Continuous Random Variables

Compare with the definition for the discrete case:

Definition:
The TN REEEEE - () for 2 continuous v X is defined The cumulative distribution function (cdf) F(x) of a discrete rv X with pmf
for every number x by p(x) is defined for every number x by
F(x) =P(X <x) = [ f(y)dy Fx) =P(X <x) = Z py)
J—o0 yy<x

For each x, F(x) is the area under the density curve to the left of x. This is

: A Tonee : For any number x, F(x) is the probability that the observed value of X will be
illustrated in Figure 4.5, where F(x) increases smoothly as x increases.

atmost x.

Jx) F(x)
st ~ 1.0 F = .
Pl / Property:
4 / \,\ 8F
3 o / For X a discrete rv, the graph of F(x) will have a jump at every possible
2F % P T F value of X and will be flat between possible values. Such a graph is called a
1f \ 2r /E step function.
ols e - e
5 9 10 5 6 K 4 8 9 10

Figure 4.5 A pdf and associated cdf



Using F(x) to Compute Probabilities:

Proposition:
Let X be a continuous rv with pdf f(x) and cdf F(x). Then for any number a,
PX >a)=1-F(a)
and for any two numbers a¢ and b with a < b,

Pla<X <b)=F(b)—Fla)

Figure 4.8 illustrates the second part of this proposition; the desired probability is
the shaded area under the density curve between « and b, and it equals the
difference between the two shaded cumulative areas.

Jx)

a b b a

Figure 4.8 Computing P(a < X < b) from cumulative probabilities

Compare with the Proposition for the DISCRETE case:
Let X be a discrete random variable.

For any two numbers @ and b with a < b,

Pla<X <b)=F(b)-F(a-)
where F(a—) represents the maximum of F(x) values to the left of a.
Equivalently, if @ is the limit of values of x approaching from the left, then
F(a—) is the limiting value of F(x). In particular, if the only possible values

are integers and if @ and b are integers, then

Pa<X<b)=PX=aora+1or...orb)
=F(b)-F(a-1)

Taking a = b yields P(X = a) = F(a) — F(a — 1) in this case.



Obtaining f(x) from F(x) :

Compare with the DISCRETE case:

For X discrete, the pmf is obtained from the cdf by taking the difference between Let X be a discrete random variable

two F(x) values. The continuous analog of a difference is a derivative. The

following result is a consequence of the Fundamental Theorem of Calculus. Obtaining the pmf from the cdf whenever cdf is available:
For example, if the possible values of Xare 0, 1, 2, 3 and
4

p’(2) = P(X=2) = [p(0) + p(1) + p(2)] — [p(0) + p(1)]
= P(X<2) — P(X<1)
Proposition: = F(2) - F(1)

If X 1s a continuous rv with pdf f(x) and cdf F(x), then at every x at which the
derivative F'(x) exists, F'(x) = f(x).



Percentiles of a Continuous Distribution:

When we say that an individual’s test score was at the 85th percentile of the
population, we mean that 85% of all population scores were below that score and
15% were above.

Definition:

Let p be a number between 0 and 1. The (100p)th percentile of the distribu-
tion of a continuous rv X, denoted by 7(p), is defined by

)
p=Fnp)= [ f(y)dy

—00

n(p) is that value on the measurement axis such that
100p% of the area under the graph of f(x) lies to the left of 7(p) and 100(1 — p)%
lies to the right.

Definition:

The median of a continuous distribution, denoted by i, is the 50th percentile,
so ft satisfies .5 = F(ft). That is, half the area under the density curve is to the
left of zt and half is to the right of f.



Expected Value of a Continuous

Random Variable:

Definition:

The expected or mean value of a continuous rv X with pdf f(x) is
wy =E(X) = l x-f(x)dx
. o0

This expected value will exist provided that |fx x| f(x)dx < oc

Definition:
If X is a continuous rv with pdf f(x) and A(X) is any function of X, then
00

E[h(X)] = myx) = h(x) - f(x)dx

o0

This expected value will exist provided that Lxx h(x)|f(x) dx < oc

Compare with the Expected Value of a discrete
random variable X:

Let X be a discrete rv with set of possible values D and pmf p(x).
The expected value or mean value of X, denoted by E(X) or iy, is

EX)=puy = Z x - p(x)

xebD

This expected value will exist provided that -~ )~ ) |x[ - p(x) < o0

Compare with Expected Value of a function of a
discrete random variable X:

If the rv X has a set of possible values D and pmf p(x), then the expected value
of any function h(X), denoted by E[h(X)] or pyx), is computed by

E[h(X)] = Z h(x) - p(x)
D

assuming that ), [h(x)[ - p(x) is finite.



Variance of a Continuous Random
Va ri a b I e : COMPARE WITH THE DISCRETE CASE:

Definition: Definition:
Let X have pmf p(x) and expected value p. Then the variance of X, denoted

The variance of a continuous random variable X with pdf f(x) and mean value
7 2 . D s
by V(X) or a5, or just 67, is

wis
2 2 2 5 V(X) = x —p)? - p(x) =EX=p)’
o2 N = [ (= ) = (X) EDJ( )’ p(x) =E(X = p)
The standard deviation (SD) of X is ax = /V(X) The standard deviation (SD) of X is

ox = Oy

Proposition: Shortcut Formula Proposition: Shortcut Formula

V(X) = E(X?) - [EX)]? V(X) =0’ = |iZ.\'2 .p(.\')] — P =EX*) - [E(X)]2
D

Proof of the Shortcut Formula Expand (x — p1)* in the definition of 67 to
. £} - .
obtain x* — 2jux + 1, and then carry ¥ through to each of the three terms:

=) &pl) =2y xp)+2Y pl)
D D

D
=EX*) - 2u- p+ 12 =EX?) - 1 |



Expected Value, Variance and Approximating the Mean Value and Variance of a

function of a Random Variable
COMPARE WITH THE DISCRETE CASE:

Proposition: Proposition:
. + = + / + — 252 = |
E(aX + b) =aE(X)+ b V(aX + b) = a“oy Oax+b = |a|ox E(aX + b) = aE(X) + b V(aX +b) = azai oin= |alay
Proposition:
Suppose /i(x) is differentiable and that its derivative evaluated at u satisfies
h' (1) # 0. Then if the variance of X is small, so that the distribution of X is Recall the Variance of a function of a discrete
largely concentrated on an interval of values close to y, the mean value and random variable X:

variance of ¥ = h(X) can be approximated as follows:

VIRX)] = o3 = Y_ {h(x) — E[R(0)]} - p(x)

Eh(X)] = h(n), V[h(X)] =~ [I (u)]*c> >

Proof:
The justification for these approximations is a first-order Taylor series expansion of
h(X) about ; that is, we approximate the function for values near u by the tangent
line to the function at the point (u, h(w)):

Y =h(X) =~ h(p) + N1 (n)(X — n)

Taking the expected value of this gives E[h(X)] ~ h(u), which validates the first

part of the proposition. The variance of the linear approximation is V[i(X)] ~

12 5 = e
[ (1)]" 6% as stated in the second part of the proposition.



Moment Generating Functions - 1

Definition:

The moment generating function (mgf) of a continuous random variable X is

Mx(t) = E(e) = il f (x)dx.

J—o0
As in the discrete case, we will say that the moment generating function

exists if My(7) is defined for an interval of numbers that includes zero in its
interior, which means that it includes both positive and negative values of 7.

Property:

Just as before, when t = 0 the value of the mgf is always 1:

Mx(0) = E(e™) = ‘ e (x)dy = ' f(x)dx = 1.

J—00 J—00

COMPARE WITH THE DISCRETE CASE:

Definition:

The moment generating function (mgf) of a discrete random variable X is
defined to be

My (1) = E(e*) = Z e"p(x)

xeD
where D is the set of possible X values. We will say that the moment
generating function exists if Mx(z) is defined for an interval of numbers that
includes zero as well as positive and negative values of ¢ (an interval
including 0 in its interior).

Property:

When ¢t = 0, for any random variable X

Mx(0) = E(e™) = Z ¢"p(x) = Z Ip(x) =1
xeD

xeD



Moment Generating Functions - 2

All the propositions and theorems on this slide were stated
for discrete random variables. They also hold for
continuous random variables.

Proposition:

If the mgf exists and 1s the same for two distributions, then the two distribu-
tions are the same. That is, the moment generating function uniquely speci-
fies the probability distribution; there 15 a one-to-one correspondence

between distributions and mgf’s.

Theorem:
If the mgf exists,

E(X") = My’ (0)

Sometimes, when doing the differentiation, defining
Ry(t) = In|My(t)] makes the computation easier.

We can show that if the mgf exists, then

Proposition:

Let X have the mgf Mx(t) and let Y = aX + b. Then My(t) = e'”MX(ar).



The Normal Distribution and The Standard Normal Distribution

Definition:

A continuous rv X is said to have a normal distribution with parameters p
and o (or it and 02). where —oo < @t < oo and 0 < ¢, if the pdf of X is

flxip,0) =

The statement that X is normally distributed with parameters u and
o~ is often abbreviated X ~ N(p. 02).

EX) = p and V(X) = 02. so the para-
meters are the mean and the standard deviation of X. Figure 4.13 presents graphs of
flxs o) for several different (1, 6%) pairs. Each resulting density curve is symmetric
about p and bell-shaped, so the center of the bell (point of symmetry) is both the
mean of the distribution and the median. The value of ¢ is the distance from p to the
inflection points of the curve

popto ppto popto

Figure 4.13 Normal density curves

Definition:
The normal distribution with parameter values ¢ = 0 and ¢ = 1 is called the
standard normal distribution. A random variable that has a standard

normal distribution is called a standard normal random variable and will
be denoted by Z. The pdf of Z is

—22/2
e —0<z<X0

1
Flz:0.1)= ¥,

The cdf of Zis P(Z <z) = [ __ f(y: 0. 1)dy, which we will denote by ®(z).

—00

Shaded area = d(z)

/ o Standard normal (z) curve

|

0 7

To compute P(a < X < b) when X is a normal rv with parameters g and ¢, we must
evaluate

b
| N2(2
,—(x=1)/(26%) 4 4.4
€ dax b
,L V2no e

None of the standard integration techniques can be used to evaluate Expression (4.4).
Instead, for 4 = 0 and ¢ = 1, Expression (4.4) has been numerically evaluated and
tabulated for certain values of ¢ and b. This table can also be used to compute
probabilities for any other values of 1 and ¢ under consideration.



Percentiles of the Standard Normal Distribution

In_ general, the (.1001))Fh percentile is identified by the row and colun_m (?f Table A.3 Standard Normal Curve Areas (cont.) d(z) = PZ=7)
Appendix Table A.3 in which the entry p is found (e.g., the 67th percentile is
obtained by finding .6700 in the body of the table, which gives z = .44). If p does z 00 01 02 03 04 05 06 07 08 09
not appear, the number closest to it is ofteq used. although lmeflr interpolation gives o] A6 A0l SR SO0 B, Ei S0 N a5 A5
a more accurate answer. For example, to find the 95th percentile, we look for .9500 0. | 5308 5438 5478 5517 5557 5596  .5636 5675 5714 5753
inside the table. Although .9500 does not appear, both .9495 and .9505 do, 02 1 .5793 5832 5871 5910 5948 5987 6026 6064 6103 .6l
: 5 : p 03 | 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
corresponding to z = 1.64 and 1.65, respectively. Since .9500 is halfway between 04 | 6554 6591 6628 6664 6700 6736 6772 6308 6844 6879
the two probabilities that do appear, we will use 1.645 as the 95th percentile 05 | 6915 6950 6985 7019 7054 7088 7123 7157 7190 7224

0.6 7257 7291 7324 7357 7389 7422 7454 7486 7517 7549

and —1.645 as the 5th percentile.
07 | 7580 7611 7642 7673 7704 7734 7764 7794 7823 7852

. ) o ) 08 | .7881 7910 7939 7967  .7995 8023 8051  .8078 8106 8133

zZ, notation: :, will denote the value on the measurement axis for which o of the area under 09 | 8159 8186 8212 8238  .8264 8289 8315 8340  .8365  .8389
the z curve lies to the right of z,. 10 | 8413 8438 8461 8485 8508 8531 8554 8577 8599 8621

1.1 | 8643 8665  .8686  .8708  .8729 8749  .8770 8790  .8810  .8830

z curve Shaded area = P(Z2z,) = o 12 | 8849 8869  .8888  .8907  .8925 8944  .8962  .8980 8997  .90I5

13 | 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177

14 | 9192 9207 9222 9236 9251 9265 9278 9292 9306  .9319

1.5 9332 9345 9357 9370 9382 9394 9406 9418 9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545
| | 1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633

1.9 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 .9803 .9808 9812 9817

Zq 21 | 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857

2.2 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890

23 | 9893 9896 9898 9901 9904 9906 9909 9911 9913 9916

Since o of the area under the standard normal curve lies to the right of z,,, | — o 24 | 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936

P = 5 = Qr—— - 5 . > " . 2.5 9938 9940 9941 9943 9945 9946 9948 9949 9951 9952
of the area lies to the left of z,. Thus z,,is the 100(1 — «)th percentile of the standard S5 | So5%  “hesi  obse 9957  obso  iooed.  Do6T 0ok, S9ea Boca
normal distribution. By symmetry the area under the standard normal curve to the 27 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974
. N — 2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981

left of —z,, is also o. The z,,’s are usually referred to as z critical values. 29 | 9981 9982 9982 9983 0084 9984 9985 9985 0086 9986
3.0 9987 9987 9987 9988 9988 9989 9989 9989 29990 9990

3.1 9990 9991 19991 19991 9992 29992 9992 9992 9993 9993

32 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995

33 9995 9995 9995 9996 9996 9996 9996 9996 9996 9997

34 9997 9997 9997 9997 9997 9997 9997 9997 19997 19998




(Nonstandard) Normal Distributions

Proposition:
If X has a normal distribution with mean p and standard deviation o, then

X —pu

ag

Z =

has a standard normal distribution. Thus

- i
P(a<x<h):P(“ Pege’ “)

ag ag

—® (b — ;l> _® <a = /l)
T a

P(X < a) = <1><” _ “) P(X>b)=1— <1><b - “)
g g

Standardizing amounts to nothing more than calculating a distance from
the mean value and then re-expressing the distance as some number of standard
deviations. For example, if ¢ = 100 and ¢ = 15, then x = 130 corresponds to
z = (130 — 100)/15 = 30/15 = 2.00. Thus 130 is 2 standard deviations above (to
the right of) the mean value.

Empirical Rule:

If the population distribution of a variable is (approximately) normal, then
1. Roughly 68% of the values are within 1 SD of the mean.

2. Roughly 95% of the values are within 2 SDs of the mean.

3. Roughly 99.7% of the values are within 3 SDs of the mean.

Proposition: Percentiles of a Normal Distribution

(100p)th percentile
for normal(u. o)

(100p)th percentile

=pu+ |,
! for standard normal



Approximating the Binomial Distribution

Proposition:

Let X be a binomial rv based on n trials with success probability p. Then if the
binomial probability histogram is not too skewed, X has approximately a
normal distribution with g = np and ¢ = /npg. In particular, for x = a

possible value of X,

P(X < x) = B(x;n,p) = (area under the normal curve to the left of x + .5)

xX+.5—np
=@ —1
/1pq

In practice, the approximation is adequate provided that both np > 10 and

ng > 10.

If either np < 10 or ng < 10, the binomial distribution may be too skewed

for the (symmetric) normal curve to give accurate approximations.

Normal curve,
20 - — =12 5=219
1 [\

]
05 ’7 .—|
[ R I —1[_1“ 1 I ’T-‘H |

0 2 4 6 8 10 12 14 16 18 20

Figure 4.25 Binomial probability histogram for n = 20, p = .6 with normal approxi-
mation curve superimposed



The Normal Mgf

Proposition:

The moment generating function of a normally distributed random variable X is

Mx(f) = (,;um:rl/l

Proof Consider first the special case of a standard normal rv Z. Then

oo

e ﬂzdz:J i e~ (=202,
0o V21

My(t) = E(e?) = J e~

&6 2n

Completing the square in the exponent, we have

epn [C 1 (R—=2tz41) /2 e [C 1 (z=1)*/2
Mz(t) =€/ g i g gt ——e VT %z

0o V2T o V2T
The last integral is the area under a normal density with mean ¢ and standard
deviation 1, so the value of the integral is 1. Therefore, M- () = e,

Now let X be any normal rv with mean p and standard deviation ¢. Then, by
the first proposition in this section, (X — p)/c = Z, where Z is standard normal.
That is, X = u + oZ. Now use the property M,y..,(t) = e'”My(at):

MX(’) = Mumz(f) — (’mMz(O'f) = e‘“e”:'z/z = et /2 H



EXAMPLES



Example 1: Pdfs and Uniform Distribution

The direction of an imperfection with respect to a reference line on a circular object
such as a tire, brake rotor, or flywheel is, in general, subject to uncertainty.
Consider the reference line connecting the valve stem on a tire to the center
point, and let X be the angle measured clockwise to the location of an imperfection.
One possible pdf for X is

| i
. — 0< x <360
flx) = ¢ 360 '

0  otherwise
The pdf is graphed in Figure 4.3. Clearly fix) = 0. The area under the density curve

is just the area of a rectangle: (height)(base) = [3:“,)(360) = 1. The probability
that the angle is between 90° and 180° is

o %0 180 4 X o|e=180 ] )
PO <X <180)= | —dr=— =—_=.25
( ) L. 360 36090 4

The probability that the angle of occurrence is within 90° of the reference line is

P(0 < X < 90) + P(270 < X<360) = .25 + 25 = .50

fix) fix)
Shaded area = P(90 = X < 180)

1 /
360

| x . . | [
0 360 90 180 270 360

Figure 4.3 The pdfand probability for Example [ |



Example 2: Cdf F(x)

EXAMPLE

Solution

FIGURE 4.6
Density function
for Example

Let ¥ be a continuous random variable with probability density function given by

() = {
! 0, elsewhere.
Find F(y). Graph both f(y) and F(v).

3y, 0<y<l,

The graph of f(y) appears in Figure 4.6. Because

F(y) = / f(nyd,
—00
we have, for this example,
jl"\c 0dt =0, fory < (),
Foy =1 [0 0di+ [ 32di =0+ P =3, for0 <y <1,
SO 0dt+ [y 32dt + [P 0dt =0+ ] +0=1, forl <y.

Notice that some of the integrals that we evaluated yield a value of 0. These are
included for completeness in this initial example. In future calculations, we will
not explicitly display any integral that has value 0. The graph of F(y) is given in
Figure 4.7.

FIGURE 4.7
fy Distribution function
3 for Example

— 3

F(y)
1

(=}



Example 3: Cdf F(x) and using F(x) to compute probabilities

Suppose the pdf of the magnitude X of a dynamic load on a bridge (in newtons) is The probability that the load exceeds 1 is
given by

PX>1)=1-PX<1)=1-F(1)=1— Efl)+%(l)3} M s

1+3 0<x<2
;g x<2

flx)=< 8 fix) Fx)
0 otherwise ; Ir
For any number x between 0 and 2,
o . Y13 x 37 1
Flx) = "Ir’d'lr’— —+—y d'lr’—f"‘—. § | . ! "
®) J K'HFJ ’ L (3 3') - 8 16 ol 2 ),
Thus Figure 4.9 The pdf and cdf for Example
0 x=<0
F(x) 1+1G 0<x<?2
A} = -1 X F
8 16
1 2<x

The graphs of f{x) and F(x) are shown in Figure 4.9. The probability that the load is
between | and 1.5 is

Pl <X<15)=F(15)—-F(1)= {g[l.ﬁj-l-ﬁ[l.ﬁ]] — [§[1J+EHJ ]
19

=—=.297
64



Example 4: Obtaining f(x) from F(x)

Suppose that q Remark: In addition to what was asked in the
0, fory <0, question, the graph of the pdf f(y) can be drawn

Fiy)y=1y, for0<y<l, . .
) Yo orvsrs and it is as the following:
I, fory=> 1.

Find the probability density function for ¥ and graph it. ﬂ"}
. Because the density function f(y) is the derivative of the distribution function F(y),
Solution R : :
when the derivative exists,
d(0)
— =0, fory <0, L
dy 0 1 )
dF(v) d(y)
fy) = —={ — =1, for0<y<l, _ ‘ .
dy dy F(y) is a continuous
d(l) function of y. but f(y) is discontinuous at the points y = 0, 1. In general. the distri-
v =0, fory=>1, bution function for a continuous random variable must be continuous, but the density

function need not be everywhere continuous.
and f(y) is undefined at y =0 and y = 1. A graph of F(y) is shown in Figure

F(y)
1




Example 5: Percentiles of a continuous
distribution

The distribution of the amount of gravel (in tons) sold by a construction supply  thatis,

company in a given week is a continuous rv X with pdf () = 3n(p) +2p = 0

o i“ — ) 0<x<1 For the S0th percentile, p = .5, and the equation to be solved is r,':" —In+l1=10
flx) =42 ) , the solution is § = n(.5) = .347. If the distribution remains the same from week to
0 otherwise week, then in the long run 50% of all weeks will result in sales of less than .347 tons
The cdf of sales for any x between 0 and 1 is and 50% in more than .347 tons.
: *3 : 3 v\ ' 3 x?
Flx) = j S(1—y)dy = (Jr’ - '—) | =514 —) fio
02 2 3/ 0 2 3
2 [
The graphs of both fix) and F(x) appear in Figure 4.11. The (100p)th percentile of N
this distribution satisfies the equation \
\
w13 \
it — 3 ooy )] \
p=Fnp)] =3 [fﬂpl - !
- ) ﬂ I X r

Figure 4.11 The pdf and cdf for Example

Recall: The 50t percentile is called the median.



Example 6: Expected Value and Variance of a Continuous Random Variable

EXAMPLE In Example 4.4 we determined that f(y) = (3/8)}'2 for0 <y <2, f(y) =0
elsewhere, is a valid density function. If the random variable ¥ has this density
function, find u = E(Y) and 6> = V(Y).

Solution  According to Definition

EY) = f V) dy

o0

= f y (%) v dy
(-

The variance of Y can be found once we determine E(Y?2). In this case,

E(Y?) = j "V dy

o0

2 3
2(2) .2
= vyl =])vydy

2

LIOne

Thus,o? =V (Y)=EXY?) —[E(Y)]? =24—(1.5*=0.15.



Examples 7-8: Expected Values, Uniform Distribution

Example 7: Prove the following: Example 8: Expected Value of a function of a random variable

If 6, < 6, and Y is a random variable uniformly distributed on the interval  Two species are competing in a region for control of a limited amount of a resource.

(61, 62), then
7] 6
w=EY) = e
2
Proof:
00
EQY) = / vf(y) dy
—00

& |
=| y(—) &
L ' (92—91) ]

6, + 6,
—

-

() 2 2
(;)‘_ _ -6
6—61) 2 ], 26— 6)

Let X = the proportion of the resource controlled by species 1 and suppose X
has pdf

0 otherwise

A K o
m_)_{l 0<x<1

which is a uniform distribution on [0, 1]. (In her book Ecological Diversity, E. C.
Pielou calls this the “broken-stick” model for resource allocation, since it is
analogous to breaking a stick at a randomly chosen point.) Then the species that
controls the majority of this resource controls the amount

1
1-X if ()<X<;
h(X) = max(X,1 —X) = I Z
X if ;<_X<l

<

The expected amount controlled by the species having majority control is then

X |
Eh(X)] = J max(x,1 —x) - f(x)dx _J max(x, | —x)- 1dx
¢ (

)
1/
J()

= A

1

3
(1—x) - ldx+ JI;‘Z.\-‘ 1 dx =3 -



Examples 9-10: Expected Value, Variance, Mgf

Example 9: Expected Value and Variance

When a dart is thrown at a circular target, consider the location of the landing point
relative to the bull's eye. Let X be the angle in degrees measured from the
horizontal, and assume that X is uniformly distributed on [0, 360].

E(X) = 180 and oy = 360/1/12. Define Y to be the transformed variable ¥ =
hX) = (2n/360)X — m, so Y is the angle measured in radians and Y is between

—m and 7. Then

9 2
E(Y)=-"ZEX)—n=-2180—n =0.

360 360
and
2 2n 360 2n
y = ___O'X = — — e
360 360 /12 12
Recall:

E(aX+b) =aE(X)+ b ViaX + b) = azai, Ouxip = |aloy

Example 10: Find the mgf, mean and variance:

At a store the checkout time X in minutes has the pdf fix) = 2¢ >, x > 0; fix) = 0

otherwise. Then

oC

2 2
e (2e " )dx —I 2e 1R gy

20

0

My (t) = J d—‘f(.r)d.v;j

o0 0
=2

= e

2—t

00 2
= ifr<2.
0 2—1t

(2—t)x|

This mgf exists because it is defined for an interval of values including 0 in its

interior.

Notice that M(0) = 2/2—0) = 1
To find the mean and variance, first

compute the derivatives.

" i ?
Mi() = (2@ -7 DD =5

Setting 7 to 0 in the first derivative gives the expected checkout time as
E(X) = M',(0) = My(0) = .5.

Setting ¢ to 0 in the second derivative gives the second moment
E(X?) = M(0) = My (0) = .5.

The variance of the checkout time is then:

VX)=c>=EX?) - [EX)>=.5-.5%=.25



Table A3 Standard Normal Curve Areas

Table A3 Devore & Berk

Diz) = PZ=2)
Saandard sormal density curve

o BP===uum

Shaded area = O(z)

z 00 01 02 03 04 05 06 07 08 09
—34 | 0003 0003 0003 0003 0003 0003 0003 L0003 0003 0D02
~33 | 0005 0005 0005 0004 0004 0004 0004 0004 000 0003
~32 | 0007 0007 0006 0006 0006 0006 0006 0005 0005 000S
“30 | 0010 0009 0009 0009 ODD8 0008 0008 0008 0007 0007
—30 | 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
-20 | 0019 0018 0017 0017 0016 0016 0015 .00IS 0014 00M4
-28 | 0026 0025 0024 023 0023 0022 0021 0021 0020 0019
=27 | 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026
~26 | 0047 0045 0042 0043 0041 0040 0039 0038 0037 0036
-25 | 0062 0060 0059 00ST 0055 0054 0052 0051 0049 0048
—24 | 0082 0080 0078 0075 0073 0071 0069 0068 0066 0064
~23 | 0107 014 0102 0069 0096 0094 0091 0089 0087 0084
~22 | 0139 0136 0132 0129 0125 0122 0119 0116 OU3 0110
“20 | 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
-20 | 028 0222 0217 0212 0207 0202 0197 0192 0188 0183
~19 | 0287 0281 0274 0268 0262 0256 0250 0244 0239 (0233
~1B | 035 0352 0344 0336 0329 0322 0314 0307 0301 0294
17 | 0446 436 0427 0418 0409 0401 0392 L0384 0375 0367
~1.6 | 0548 0537 0526 0516 0505 L0495 0485 L0475 465 (M55
—-15 | 0668 0655 0643 0630 0618 0606 0594 0582 0571 0559
~1.4 0508 0793 0778 0764 0749 0735 0722 0708 0694 681
13 | 0968 0051 032 0918 0901 0S8 OS60 L0853 0838 (K23
12 | 151 31 02 93 L1075 1056 L1038 L1020 L1003 (985
~11 | 1357 335 0314 1292 1271 1251 L1230 L1210 (1190 1170
—10 | L1587 1562 1539 ISIS L1402 1469 1446 1423 1401 1379
—0.9 | 841 814 1788 1762 L1736 4711 1685 1660 1635 1611
-08 | 2119 2000 2061 2033 2005 1977 1949 1922 .89 _I867
-07 | 2420 2380 2358 2327 2296 2266 2236 2206 2177 2148
-06 | 2743 279 2676 2643 2611 2578 2546 2514 2483 2451
-05 | 3085 3050 3015 2981 2946 2912 2877 2843 2810 2776
-04 | 346 3400 3372 3336 3300 3264 3228 3192 3156 3121
—03 | 3821 3783 3745 3707 3660 3632 3594 3557 3520 34R2
—02 | 4207 4168 4129 4080 4052 4013 3974 3936 3897 3859
—0.1 | 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
~0.0 | 5000 4960 4920 4880 B0 4801 4761 4721 468l 4641

{camtinued )

Table A3 Standard Normal Curve Areas (cont.) ®z)=PZ=2)
z 0 01 02 03 M4 05 6 07 08 09
00 | 5000 540 5080 5120 5160 5199 523¢ 5279 5319 5359
0.1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
02 5793 5832 5871 5910 5948 5987 6026 6064 6103 6141
03 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
04 6554 6591 6628 6664 6700 6736 612 6808 6844 6879
0.5 6915 6950 6985 019 7054 7088 123 157 190 724
06 | 7257 7291 1324 357 7389 7422 7454 486 7517 7549
07 1580 611 7642 7673 04 akr 764 794 7823 7852
03 7881 910 7939 7967 7995 8023 8051 8078 8106 8133
09 | 8159 8186 8212 8238 8264 8289 8315 8340 8365 8389
1.0 | 8413 8438 8461 8485 8508 8531 8554 8577 8599 8621
1.1 8643 8665 8686 B708 3729 8749 8770 8790 A810 8830
1.2 8849 8569 8888 8907 8925 8944 8962 8980 8997 H015
1.3 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
1.4 9192 920, 9222 9236 9251 9265 9278 929 9306 9319
1.5 9332 9345 9357 9370 9382 934 Q406 918 9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
18 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
19 | 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
20 | 9172 9778 9783 9788 9793 9798 9803 9808 9812 9817
2.1 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
23 9893 9896 9898 9901 9904 9906 9909 9911 913 9916
24 9918 9920 9922 9925 9927 9929 9931 9932 9034 9936
2.5 9938 8940 9941 9943 9945 9946 9948 G9 9951 9952
26 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
2.7 9965 9966 9967 9968 9969 9970 9971 9972 973 9974
28 9974 9975 976 9977 977 9978 9979 9979 9980 9981
29 | .998] 9982 9982 9983 9984 9984 9985 9985 9986 9986
30 9987 9987 9987 9988 9988 9989 G989 9989 G990 990
31 9990 9991 9991 9991 9992 9992 9992 9992 9993 9993
32 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 9995 9996 9996 9996 9996 996 9996 9997
34 9997 9997 9997 9997 9997 9997 9997 9997 9997 9998




Examples 11-12: The Normal Distribution, The Standard Normal Distribution

Example 11: Let X ~ N(it. 6°). Show that

[xxf (x)dx =1

Proof:
Con-
sider the special case where yt = Oand ¢ = 1,s0f(x) = (1/v/2n)e /2, and define
[xx (l/m)e"‘l/ldx = A. Let g(x, y) be the function of two variables

g(0y) =F() -£() = %

2

12 L - (.\"13‘1)/2

1 <
2. _ eV 2=¢
V2rn 27

Using the rotational symmetry of g(x, y), let’s evaluate the volume under it by the
shell method, which adds up the volumes of shells from rotation about the y-axis:

o 1 2/ 2%
V= J 2nx—e ¥ 2dx = [—e X /*] =i
0 27[ 0

Now evaluate V by the usual double integral

”

s [ o = “x f(x)dx]' — a2

o0

00

v | reroaas -

0o

Because 1 = V = A% we have A = 1 in this special case where = 0and ¢ = 1.
How about the general case? Using a change of variables, z = (x — u)/o,

| soee=] 7

o 1 )
e=itdgi—

o V2T ' ]

e (.\xy)‘/(lﬁ‘)dx :J

Example 12: The Standard Normal Distribution

Compute the following standard normal probabilities: (a) P(Z < 1.25), (b) P(Z > 1.25),
(c)P(Z < —1.25), and (d) P(—38 < Z < 1.25).

a. P(Z < 1.25) = ®(1.25), a probability that is tabulated in Appendix Table A.3 at
the intersection of the row marked 1.2 and the column marked .05. The number
there is .8944, so P(Z < 1.25) = .8944. See Figure 4.15(a).

a b
Shaded area = d(1.25)

Figure 4.15 Normal curve areas (probabilities) for Example 4.19

b. P(Z > 1.25) = 1 — P(Z < 1.25) = 1 — ®(1.25), the area under the standard
normal curve to the right of 1.25 (an upper-tail area). Since ®(1.25) = .8944,
it follows that P(Z > 1.25) = .1056. Since Z is a continuous rv, P(Z > 1.25)
also equals .1056. See Figure 4.15(b).

c. P(Z < —1.25) = ®(—1.25), a lower-tail area. Directly from Appendix Table A.3,
®(—1.25) = .1056. By symmetry of the normal curve, this is the same answer as
in part (b).

d. P(—.38 < Z < 1.25) is the area under the standard normal curve above the
interval whose left endpoint is —.38 and whose right endpoint is 1.25. From
Section 4.1, if X is a continuous rv with cdf F(x), then P(a < X < b) = F(b) —
F(a). This gives P(— 38 < Z < 1.25) = ®(1.25) — ®(—.38) = 8944 —

.3520 = .5424. (See Figure 4.16.)

] L 1

-380 1.25 0 1.25 -38 0

Figure 4.16 P(—.38 < Z < 1.25) as the difference between two cumulative areas =



Examples 13-14: The (Nonstandard) Normal Distribution,
Percentiles of the Standard Normal Distribution

Example 13: The (Nonstandard) Normal distribution

The achievement scores for a college entrance examination are normally distributed
with mean 75 and standard deviation 10. What fraction of the scores lies between 80
and 90?

Recall that z is the distance from the mean of a normal distribution expressed in units
of standard deviation. Thus,

Then the desired fraction of the population is given by the area between
80 — 175 - 90 — 75
71 = =.5 and 7= =
10 10
This area is shaded in Figure

1.5:

A= 0.9332-0.6915 (from Table A3)
=0.2417

Example 14: Percentiles of the Standard Normal Distribution

Find the 95t percentile of the standard normal distribution.
Solution:

to find the 95th percentile, we look for .9500
inside the table. Although 9500 does not appear, both .9495 and .9505 do,
corresponding to z = 1.64 and 1.65, respectively. Since .9500 is halfway between
the two probabilities that do appear, we will use 1.645 as the 95th percentile
and —1.645 as the 5th percentile.

Using the z, notation:

The 100(1 — .05)th = 95th percentile of the standard normal distribution is z gs,
SO z g5 = 1.645. The area under the standard normal curve to the left of —z s is
also .05. (See Figure 4.20.)

zcurve

Shaded area = .05 \ Shaded area = .05

I

—1.645 = —z)5  z 5 = 95th percentile = 1.645

Figure 4.20 Finding zgs



Examples 15-16: Percentiles of the Normal Distribution, Approximating the Binomial Distribution

Example 15: Percentiles of the (Nonstandard) Normal Distribution

The amount of distilled water dispensed by a machine is normally distributed with
mean value 64 oz and standard deviation .78 oz. What container size ¢ will ensure
that overflow occurs only .5% of the time? If X denotes the amount dispensed, the
desired condition is that P(X > ¢) = .005, or, equivalently, that P(X < ¢) = .995.
Thus ¢ is the 99.5th percentile of the normal distribution with ¢ = 64 and ¢ = .78.
The 99.5th percentile of the standard normal distribution is 2.58, so

¢ =1n(.995) = 64 + (2.58)(.78) = 64 +2.0 = 66 oz

This is illustrated in Figure 4.23.

Shaded area = .995

4

¢ = 99.5th percentile = 66.0

Figure 4.23 Distribution of amount dispensed for Example

Recall: (100p)th percentile 4 (100p)th percentile "
for normal(pu,0) for standard normal

Example 16: Approximating the Binomial Distribution

Suppose that 25% of all licensed drivers in a state do not have insurance. Let X be
the number of uninsured drivers in a random sample of size 50 (somewhat per-
versely, a success is an uninsured driver), so that p = .25. Then p = 12.5 and
o = 3.062. Since np = 50(.25) = 12.5 > 10and ng = 37.5 > 10, the approxima-
tion can safely be applied:

1045125
P(X < 10) = B(10;50, 25) ~ @ [ > — =
3062

= {(=.65) = 2578

Similarly, the probability that between 5 and 15 (inclusive) of the selected drivers
are uninsured is

P(5 <X < 15) = B(15;50,.25) — B(4;50,.25)

e 15.5—12.5 " 45-125 =
- 3.062 ) 3062 |

The exact probabilities are .2622 and .8348, respectively, so the approximations are
quite good. In the last calculation, the probability P(5 < X < 15) is being approxi-
mated by the area under the normal curve between 4.5 and 15.5—the continuity
correction is used for both the upper and lower limits. w



Recall: Approximating the Binomial Distribution

Proposition:

Let X be a binomial rv based on n trials with success probability p. Then if the
binomial probability histogram is not too skewed, X has approximately a
normal distribution with g = np and ¢ = /npg. In particular, for x = a

possible value of X,

P(X < x) = B(x;n,p) = (area under the normal curve to the left of x + .5)

xX+.5—np
=@ —1
/1pq

In practice, the approximation is adequate provided that both np > 10 and

ng > 10.

If either np < 10 or ng < 10, the binomial distribution may be too skewed

for the (symmetric) normal curve to give accurate approximations.

Normal curve,
20 - — =12 5=219
1 [\

]
05 ’7 ~|
[ R I —1[_1“ 1 I ’T-‘H |

0 2 4 6 8 10 12 14 16 18 20

Figure 4.25 Binomial probability histogram for n = 20, p = .6 with normal approxi-
mation curve superimposed
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    ∑ x  p  ( x ) = 1

