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Conditional pmf of Y given X=x
Conditional pdf of Y given X=x

Definition:

Let X and Y be two discrete random variables with joint pmf p(x,y) and
marginal X pmf py(x). Then for any x value such that py(x) > 0, the
conditional probability mass function of ¥ given X = x is

px,v)

px(x)

Pyix(ylx) =

An analogous formula holds in the continuous case. Let X and Y be two
continuous random variables with joint pdf f(x,y) and marginal X pdf fy(x).
Then for any x value such that fx(x) > 0, the conditional probability density
function of Y given X = x is

Tyix(ylx) =

Recall Marginal pmf s and Marginal pdf s:

The marginal probability mass functions of X and of ¥, denoted by px(x)
and py(y), respectively, are given by

px() = plxy)  py(y) =) p(x.y)

The marginal probability density functions of X and Y, denoted by fx(x)
and fy(y), respectively, are given by

fx(x) = I f(x,v)dy for — o0 <x < o

fr(y) = I f(x,y)dx for — o0 <y <

Remark: f,(y,) is an alternative notation for fyi(yi).



Conditional Mean and Conditional Variance

Definition: Compare with the Mean:

Let X and Y be two discrete random variables with conditional probability
mass function pyx(ylx). Then the conditional mean or expected value of ¥

For a discrete r.v. Y: For a continuous r.v. Y:

oiven that X = x is . o0
fyyy—, = E(Y|X =x) = Z ¥ pyx(¥]x) E { };'} — Z "FIJ{_\-'} th ) f-:t
vE Dy v
An analogous formula holds in the continuous case. Let X and Y be - Prm’ide‘j that the iI'II:E'gf'dl exists.
two continuous random variables with conditional probability density func-
ton fry 1. Then ) Let g(Y) be a function of Y.
s = E(YIX =) _j 1-‘=.r‘}-|x(.v|-tla’.v For a discrete r.v. Y: For a continuous r.v. Y:

The conditional mean of any function g(¥) can be obtained similarly. In

the discrete case, E[g”«’}] — Z g{‘i'”ﬂ{‘-} E[g)) = »/:’\3 g f(y) dy,

E(g(Y)|X = x) = Z () Pric(ol) all v provided that the integral exists.
v E Dy

In the continuous case

. Compare with the Variance:
EX =0 = [ ¢0)frx0l)

The conditional variance of ¥ given X = x is Let ¥ be a discrete random variable with probability function p(y) and mean
E(Y) = p:then

Ty, = V(Y|X = x) =E{[¥Y —E(Y]X = x)]°|X = x ) ) 3
= { } V(Y) == E[(Y — p)?] = E(YY) — p2.

VY [Ya=ywm) = EY2 | Ya=y,) — [E(Y, | Y2 = y)].



The Mean and Variance via the Conditional Mean
and Conditional Variance : Two Theorems

THEOREM

Proof

Let ¥ and ¥> denote random variables. Then

E(h) = E[E(H [1)],

where on the right-hand side the inside expectation is with respect to the con-
ditional distribution of ¥, given Y, and the ontside expectation is with respect
to the distribution of ¥5.

Suppose that ¥; and Y> are jointly continuous with joint density function
f(v1, v2) and marginal densities f,(y,) and f,(y,), respectively. Then

E(Y)) =f f yi.f (1, y2) dy, dy,
f [ v f v y2) fa(y) dy, dy,
=fU nfnly) r.‘hlfz‘rz dy,

00
=f E(Yi1Y2=w)fa(y2) dy, = E[E(Y1 | T2)).

oo

The proof is similar for the discrete case.

THEOREM

Proof

Let ¥; and Y> denote random variables. Then

V(Y)) = E[V(Y, |Y)] + V[E(Y, | 1))

As previously indicated, V(Y | ¥3) is given by
V(¥ Y2 = E(QF | 1) - [Eh | B)]
and
E[V(Y,|¥,)] = E[E(Y2 | Yp)] - E{[E(t, | 1)),
By definition,
VIE® Y] = E ([ 10T | - {E[E@ )]
The variance of ¥, is
V(¥ = E[Y] - [EQ)]
= E[E[Y} 1]} - [E[E0 11
= E{E[Y?| 12} - E{[E | )]} + E{[Eh | )]}
—{E[E® 1))
= E[V(1 | )] + V[E(Y | Fo)).



Independence

suppose there 1s independence n the discrete case. Then

pr.y) _ px(®pr(y)
() pa(¥)

pyix (ylx) = pr(y)

That is, independence implies that the conditional distribution of Y 1s the same as

the unconditional distribution. The implication works in the other direction, too. If

pyix(ylx) = pr(y)
then
p(x,y)
= Y }-‘
px(x) Pr(y)
50

p(x,y) = px(x)py(y)

and therefore X and Y are independent.

The continuous case is similar.

Recall: Independence of random
variables

Two random variables X and Y are said to be independent if for every pair of
x and y values,

plx,y) =px(x)-pyly) when X and Y are discrete
or (5.1)
flx,y) = fx(x) - fy(y) when X and Y are continuous

If (5.1) is not satisfied for all (x, y), then X and Y are said to be dependent.



The Bivariate Normal Distribution-1

The bivariate normal density 1s

1

(x.y) =
fle.y) 2101024/ 1 — p?

There are five parameters, including the mean y; and the standard deviation ¢, of X
and the mean u» and the standard deviation > of Y. The fifth parameter p is the
correlation between X and Y. A graph of the bivariate normal pdf

o Ux )/ F—2p(x—1y) )/ a102 H(y—15) /2] 2}/ [2(1—p?)]

Note that for a bivariate normal distribution:

p = 0 if and only if the two rv’s are independent.

(Note that this statement is not true in general.)

The marginal pdf of X is:

1 s [(x—u ),f"o'l]z }/2

Jx(x) = U]\/ZI-(




The Bivariate Normal Distribution-2

The conditional density fyx(ylx) is a normal density with mean and variance

given by
X — [

EY|X =x) =1, + po
01

JHY|X:,\* —

oy = V(YIX =x) = a3(1 = p?)

Observe the following: When p = 0, the conditional mean is the

mean of Y and the conditional variance is just the variance of Y. In other words,
if p = 0, then the conditional distribution of Y i1s the same as the unconditional

distribution of Y.



EXAMPLES



Example 1: Conditional pmf of Y given X=x

Assume that the joint distribution of X and Y is given
in the following table:

y

p(x, y) 0 100 200
. 100 20 .10 .20
' 250 .05 15 .30

The distribution of ¥ depends on X. In particular, let’s find the conditional

probability that ¥ is 200, given that X is 250, using the definition of conditional
probability

P(Y =200 and X = 250) 3

P(Y =200[X = 250) = — = — =.6
P(X =250) 05+ .15+ .3

With our new definition we obtain the same result

p(250,200) 3

iy (2001250) = el S — 6
prx (2001250) pe(250) 05 +.15 + 3

Recall the definition of conditional pmf of Y
given X=x:

Let X and Y be two discrete random variables with joint pmf p(x.,y) and
marginal X pmf py(x). Then for any x value such that py(x) > 0, the
conditional probability mass function of Y given X = x is

plx.y)

Px(x)

pyix(yix) =



Example 1 (cont’d):

The conditional probabilities for the two other possible values of Y are Recall the definition of conditional pmf of Y
given X=x:

A5 Y .
P (0[250) = P [“5;’@ I R
h,‘-‘f [a—-;l{” A5 + 15 + .3 Let X and Y be two discrete random variables with joinl plnr p(‘\-‘.}!) .
ey P(250,100]) 15 marginal X pmf py(v). Then for any x value such that py(x) > 0, the
prx“{muﬁ{” ! 50 =3 conditional probability mass function of ¥ given X = x is
| Px(250) 05+.15+ .3
e e vl “iy
o Py)
Thus, pyx (01250) + pyj(100250) + pyx(200/250) = .1+ .3 + .6 = 1. This is no Pyix(y|x) = px(x)

coincidence; conditional probabilities satisfy the properties of ordinary probabil-
ities. They are nonnegative and they sum to 1. Essentially, the denominator in the
definition of conditional probability is designed to make the total be 1.

Reversing the roles of X and ¥, we find the conditional probabilities for X,
given that ¥ = 0

p(100,0) 20 q
py(0) 20405
p(250,0) 05

(2500 = A2
Pur(2300) == = = 2 0

pxir(100)0) =

Again, the conditional probabilities add to 1. H



Example 2: Conditional pdf of Y given X=x

Assume that the joint pdf of X and Y is

Flx.y) {24,1}' 0<x<1,0<y<1l,x+y<1
X, y) =
. LY [) e . e, ® ey ®
otherwise Recall the definition of conditional pdf of Y
o f12x(1=x)7 0<x< 1 iven X=x:
It can be shown that /() = { 0 otherwise 8
Let X and Y be two
The conditional pdf of Y given X=x is defined for Conlin‘uous random variables \\v-'ilh joint pdl‘f(.\'._}’.) fmd marginal.)f pdl‘f}([.'\').
. . Then for any x value such that fx(x) > 0, the conditional probability density
0<x<1 and undefined otherwise. For O<x<1: function of ¥ given X = x is
: fx,y) 24xy 2y : Jxy)
nNxX) = — 3 — 3 [)Sgl_- NX) =
Trix(y|x) ) Il (—x? y X Trix(ylx) )

This can be used to get conditional probabilities for ¥. For example,

25 25 5y
P(Y < 25[X = .5) = J Frix(v].5)dy = J o= ]
0 - ..

oo

Just as in the discrete case, the conditional distribution assigns a total
probability of 1 to the set of all possible ¥ values. That is, integrating the condi-
tional density over its set of possible values should yield 1:

© 1—x 2y },2 l-x
J x.frlx(}'|~‘)d}' = L Wd}'— {[] _J,)zL =1

Whenever you calculate a conditional density, we recommend doing this integra-
tion as a validity check. ]




Example 3: Conditional pdf of Y given X=x

EXAMPLE

Solution

A soft-drink machine has a random amount ¥, in supply at the beginning of a given
day and dispenses a random amount ¥ during the day (with measurements in gallons).
It is not resupplied during the day, and hence ¥, = ¥,. It has been observed that Y
and Y2 have a joint density given by

1/2, 0=yn=n=2

0 elsewhere.

fn,») = {

That is, the points (y, ¥2) are uniformly distributed over the triangle with the given
boundaries. Find the conditional density of ¥, given ¥ = y». Evaluate the probability
that less than 1/2 gallon will be sold, given that the machine contains 1.5 gallons at
the start of the day.

The marginal density of Y- is given by

fa(y2) =f- v, va)dy,.

fo's)
Thus,

¥

(1/dy, = (1/2)y2, 0=y, =2,

)
faly) =

i
o0
f Ody, =0, elsewhere.

Note that f2(y2) = 0if and only if 0 = y» = 2. Thus, for any 0 = v = 2, using
Definition
founy) 172 1

a =5 0=y = y.
A0 A/DG)  w =M=y

Also, f(y|y2) is undefined if v = 0 or y; = 2. The probability of interest is

Fly) =

1,2

/2 1/2 1
fnly: =15 dy, = f —dy, = e I
- t] -

PLI]EI,J’ZW;:].S}:] T3 G

—o0

If the machine contains 2 gallons at the start of the day, then

I,"EI 1
P(Yi<1/2]¥a=2) = —dy, = —.
(¥, = 1/2|¥> ) '/[.] 2_"1| 2

Thus, the conditional probability that ¥, = 1/2 given ¥, = v, changes appreciably

depending on the particular choice of ys.

Recall the definition of conditional pdf of Y
given X=x:

Let X and Y be two
continuous random variables with joint pdf f(x,y) and marginal X pdf fx(x).
Then for any x value such that fx(x) > 0, the conditional probability density
function of Y given X = x is

frix(ylx) =



Example 4: Conditional Mea
Variance

Consider the joint pdf of Example 2 again. Let’s find the
conditional mean and the conditional variance. The
conditional pdf of Y given X=x for 0<x<1 was computed
as:

n and Conditional

Recall the definition of conditional pdf of Y
given X=x:

Frx(ylv) _fg-"v y) _ 24xy - 2y L 0<y<l—x Let X and Y be two
() I2x(1=x)” (1-x) continuous random variables with joint pdf f(x.y) and marginal X pdf fy(x).
Then for any x value such that fx(x) > 0, the conditional probability density
Using the definitions, for O<x<1 function of Y given X = x is
X 1=x 2y fors (y) Sxy)
tyx—x = E(Y| X =x) = J ) Yivx (y|x) dy = J“ ) -7 dy Jyix\ )
2
=—| 1 —x)
3
i 0 X l=x :r i ] —x)
f;'lf}"'}.'—.ll—[ Yy (v .lltf_'t'—{ v T —dy =— for O<x<1
J = Ji (1—x) -
Then the conditional variance is
s e , o (1=07 4(1=x) (1-x)
Oyy =V (VX =X)=E(Y" X =x) —pryy_, =—5— 9 18 for O<x<1



Example 5: The Mean and Variance via the
Conditional Mean and Conditional Variance

EXAMPLE A quality control plan for an assembly line involves sampling n = 10 finished items
per day and counting Y. the number of defectives. If p denotes the probability of
observing a defective, then ¥ has a binomial distribution, assuming that a large number
of items are produced by the line. But p varies from day to day and is assumed to have
a uniform distribution on the interval from O to 1/4. Find the expected value of Y.

Find the variance of Y.

Solution From Theorem we know that E(Y) = E[E(Y|p)]. For a given p, ¥ has a
binomial distribution, and hence E(Y|p) = np. Thus,
n

1/44-0
E{k’):E[E{Ylp}]=E{np)=u£(p)=n( 4 2_I- )=§,

and forn = 10
E(Y)=10/8 = 1.25.

In the long run, this inspection policy will average 1.25 defectives per day.

Recall the following two theorems:

Let ¥, and ¥> denote random variables. Then

E(Y1) = E[E(Y1 | Y2)].

Let ¥, and Y> denote random variables. Then

VY= E[V(Yl | Yﬂ} = V[E{}ﬂ | ]’7:}]-

V(Y) = E[V(Y | p)]|+ V[EY | p)]
From Theorem we know that = E(npg) + Vinp) = nE [p(l — p)] +n*V(p).
r Pl Because p is uniformly distributed on the interval (0, 1/4) and E(p*) = Vi(p) +

F _ F 4

V(¥ = E[V(" | )]+ V[E(Y | V). [E(p)T, it follows that
Foragiven p. Y has abinomial distribution, and hence E(Y | p) = npand V(Y | p) = E(p) = 1 V(p) = (1/4 -0 ;_. E(p?) = 1 4 1 _ 1
apa. Thus 8 12 192 192 ' 64 48

Pq- o Thus,

VY)=nE[p(l—p)]+n’V(ip)=n [E(p} — E(pg}] +nVip)

-

and for n = 10,

1

8

1 g 1 Sn " n
n|l—=—=+ —
48 (192) 28 ' 192

V(Y) = 50/48 + 100/192 = 1.5625.



Example 6: The Bivariate Normal Distribution

Let X be mother’s height and Y be daughter’s height. A similar situation was one Recall:
of the first applications of the bivariate normal distribution, by Francis Galton
in 1886, and the data was found to fit the distribution very well. Suppose a bivariate
normal distribution with mean g; = 64 in. and standard deviation ¢, = 3 in. for X &IVCN by
and mean p» = 65 in. and standard deviation ¢, = 3 in. for Y. Here 1> > u,, which

is in accord with the increase in height from one generation (o the next. Assume X =1
p = .4. Then Hy|x=x = E(YIX =x) =, + po

The conditional density fy(ylx) 1s a normal density with mean and variance

X — Il

Hyjx=x = H + po2 =65 + .4(3) 3 65+ 4(x —64) = 4x + 394 O_g’X:x _ V(Y‘X _ _\.) _ ()'%(1 _ [}3)

01

a§,|X__\, =V(YIX=x)=0a(1—p*) =9 (1 — 4°) =7.56 and oyjx_, = 2.75

Notice that the conditional variance is 16% less than the variance of Y.
Squaring the correlation gives the percentage by which the conditional variance
is reduced relative to the variance of Y. [ |
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