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Problem Set 6 Answers

1) Suppose you roll two fair, six-sided dice, one of which is red and the other of which is green.
Define the following random variables:

X = The number shown on the red die

0 if the two dice show the same number
Y =< 1if the number on the green die is bigger than the number on the red die
2 if the number on the red die is bigger than the number on the green die

a) Write down a table showing the joint probability mass function for X and Y.

b) Find the marginal probability mass function for Y, and compute its expected value.

SOLUTION
a. Write down a table showing the joint probability mass function for X and Y.

X =
| 1 2 3 1 5 6
1/36 1/36 1/36 1/36 1/36 1/36
5/36 4/36 3/36 2/36 1/36 0O
0 1/36 2/36 3/36 4/36 5/36

—

)

[
Il
Iy =

b. Find the marginal probability mass function for Y, and compute its expected value.

y | P(Y =y)
o| 6/36
1 15/36
2 | 15/36

E(Y) = 0x (6/36) + 1 x (15/36) + 2 x (15/36) = 45/36
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2)
The random variable X has a range of {0,1,2} and the random variable Y has a range

of {1,2}. The joint distribution of X and Y is given by the following table.

y
p(x,y) 1 2
0 0.2 0.1
g 1 0.0 0.2
2 0.3 0.2
i) Write down tables for marginal distributions of X and Y.
ii) Compute E(X) and E(Y).
iii)  Compute E(XY)
SOLUTION
i) Write down tables for marginal distributions of X and Y.

To find marginal distributions of X and Y, we use the definitions below.

Px(0 = ) p(x,y)
y

py(y) = Z p(x,y)
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Then we can write down the tables for marginal distributions of X and Y.

x px(x)
0 0.3
1 0.2
2 0.5
y py(y)
1 0.5
2 0.5

ii) Compute E(X) and E(Y).

E(X) = Zx.px(x) =0+(0.3)+1+(0.2)+2+(0.5) =1.2

x

E(Y) = Zy.py(y) —1+(0.5)+2+(0.5)=1.5
y

iii)  Compute E(XY)
E(XY) = Z Z xy.p(x,y)
x y

E(XY)=(0+1)(0.2) +(0+2)(0.1) + (1+1)(0.0) + (1+2)(0.2)
+(2+1)(0.3)+(2+2)(0.2) =1.8
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3) Of nine executives in a business firm, four are married, three have never been married, and
two are divorced. Three of executives are to be selected for promotion. Let Y denote the
number of married executives and Y denote the number of never-married executives
among three selected for promotion.

1) Assuming that the three are randomly selected from nine available, find the joint
probability of Y; and Y>.

ii) Find the Cov(Y1, Y2).

SOLUTION

i)

The joint probability function is

()G G=ye—y,)

Y1) \¥2)\3—=y1—=Y>
(9) (¢))
3

where0<y;,0<y,and1< y;+y,<3

p(yLYy2) =

In the table format, this is

Y2
r(V1,¥2) 0 1 2 3
0 0 3/84 6/84 1/84
1 4/84 24/84 12/84 0
Y1
2 12/84 18/84 0 0
3 4/84 0 0 0
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To find covariance between Y, and Y, we first compute E(Y,), E(Y>) and

E(Y1Y>).

30
84 84 84 3

10 40 4 4
E(Yl):Zyl_pyl(yl):8—4*0+—*1+—*2+—*3:— )
y

84 84 84

20 45 18 1
E(yz)=Z)’2-Py2(}’z)=a*0+—*1+—*2+—*3=1 3
y

24 12 18 @
E(Y1Y2)=1*1*8—4+2*1*—+1*2*——1

84 84

Therefore, Cov(Y4,Y>) can be calculated as

Cov(Y,,Y,) =1 (4)1— L
ov(Yy¥2) =1-(3)1=-3

4) Suppose that Y and Y, are random variables and show that

V(Y1+Y2)=V(Y1)+V(Y2)+2Cov(Y1,Y>).

SOLUTION

Proof. Let Z =Y, + Y,. Using the definition of variance, we have

V(Z)

E((Z = pz)’]

E{[(Y: + Y2) = E(Y2 + Y2)]*}

E[(Yy + Y, = py, = py,)?]

E{[(Yy = py;) + (Y2 = iy )I*}

E[(Yy = py,)* + (Y2 = py,)* +2(Y1 = #)‘:29'2 =y, )]

cross product

E((Yy = py,)’] + E[(Ya = py,)*] + 2E[(Yy = py, ) (Y2 = iy, )]
V(Y:) + V(Y2) + 2Cov(Y;, Ya).
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5) Let Y1 and Y2 have joint density function

e—(,\'1+,\~z), yi > O, V) > O,

f(}’h)’z) = {

0, elsewhere.

a. WhatisP(Y1<1,Y2>5)?
b. WhatisP(Y1+Y2<3)?

SOLUTION

1 = 1 %)
a. P(Y;<1,Y,>5) =I Ie_("1+-"2)dyldy2 = [Je’-"‘dyl }{[e“’z dyz} = [1 e ]e"s =.00426.
05 0 5
3 3-»,
b. P(Y, +Y, <3)=P(Y, <3-Y,)=[ [ dydy, =1-4¢ = 8009.

(U]

6) The joint density function of Y and Y2 is given by

30y1y7, yi—1<y,<1—y,0<y <1,
0, elsewhere.

fi, ) = {

a. Find F(1/2, 1/2).
b. Find F(1/2, 2).
c. Find P(Y:1>Y>).
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SOLUTION

1/2 1/2

9
a. F(1/2,1/2)= [ [30p,y3dy,dy, =
0 y-l

b. Note that:

F(1/2,2)=F(1/2,1)=P(Y, <1/2,Y, <1)=P(Y, <1/2,Y, <1/2)+ P(Y, <1/2,Y, >1/2)
So, the first probability statement is simply F(1/2,1/2) from part a. The second
probability statement is found by

1 1=y

4
P <1/2,Y,>1/2)= [ [30y,0dy dy=—
0

b 16
Thus, F(1/2, 2):%+%:%.
o T B Ll
c. P(Y,>Y,)=1-P(, s)@):l—! {30y1y22dy2dy1 =1- =1 =65625.

7)
Let X and Y be jointly continuous random variables with joint pdf

- _ fex+1, xy=0x+y<1
flxy) = { 0, otherwise

i) Show the range of (X,Y), in the x-y plane.
ii) Find the constant c.

iii)  Find the marginal pdf’s fy(x) and fy ().

iv)  Find P(Y < 2X?).
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SOLUTION
i) Show the range of (X,Y), in the x-y plane.

fl

ii) Find the constant c.

To find the constant ¢, we write

co ©o

| [ raydxay -1

—0C0 —0Co

11-=x

J f (ex+1)dydx =1

0

0
1
f(cx +1)(1—x)dx=1
0
1

f(—cx2 +(c—1Dx+1)dx=1
0

1
E+EC=1—>C=3

iii)  Find the marginal pdf’s fx(x) and fy-(y).
We first note that Ry = Ry = [0, 1].

fx(0 = [ feeyay

1-x

fr(x) = f (3x + Ddy
0

fx(x)=Bx+1)(1—x),forxe[0,1]
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Thus, we have

_(Bx+1)(1—x), 0<x<1
fx(x) = { 0, otherwise

Similarly, we obtain

fr(y) = f f(x,y)dx

1-y

fr() = f (3x + 1)dx
0

fr3) =5 (1=3)(5 = 3y).fory € [0.1]

Thus, we have

1
fy()’)={5(1‘}’)(5—3)’). o<y<1
0, otherwise

iv)  Find P(Y < 2X?).
To find P(Y < 2X?), we need to integrate f(x,y) over the region A in figure

We have
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P(Y < 2X?) = f Tz f(x.y)dydx

1 min(2x%,1-x)

P(Y < 2X?) = f f (3x + 1)dydx

0 0
1
P(Y < 2X?) = J (3x + 1)min(2x% 1 —x) dx

1
Zz 1

P(Y < 2X?) =ij2(3x+ 1)dx+[(3x+ 1)(1—x)dx
0

Z
x=1/2

& 3
P(Y <2X?) = (3i+2i) +(—x*+ 2%+ )|

x=1

2 3 x=1/2

x=0

P(Y < 2X?) = >3
T 96

8)

Assume we have the following form;

6yx?, 0<y<land0<x<1
0, otherwise

fey) =1

Is f(x,y) ajoint probability density function? If so calculate the following:
a ) The marginal densities of X and Y.

bYPX+Y > 1)

¢) P(§<Y<%).

SOLUTION
_(6yx?, O0<y<land0<x <1
feoy) = { 0, otherwise

foofmf(x,y)dxdy=1 vx,y 0<f(x7y)

1,1
f f 6yx? dxdy = 1 since
0 Jo

10
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1 2 _ 6yx3 X=1_
fo 6yx?dx = ——| =2y

x=0

[, 2ydy = y*1J25 =1

a) fr(x)=["_ flx,y)dy

1
If0<x<1, fx(x)=f6yx2dy—3yx 520 = 3x?
0
_ (3x7?, 0<x<1
f () = { 0, otherwise

Mﬂ=£fmwm

1
Ifo<y<i, fy()’)—f 6}/X2dx—2yx |x d=2y

_(2y,0<y<1
fy(y) h {0, otherwise

) P(x+Y>1) L

P(N>1- X} j_f 6dx7' Jdclu—j<33 7~>l dx —j(:’,* 3(l-x3x>c2x

1
jé%—.}x\d* _é-x(\ _;%5\:é-—0-(.§.-03,193)
)

° = o -
N . " ]
Q) P($4¥<E)* jg(j\ad fzadj FlLbg

//3

11
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