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INTRODUCTION

This booklet is for those who are taking Math119 (Calculus with Analytic Geometry).
What does the booklet offer?

Sufficient way to read the calculus subjects.

Organized way to understand calculus theorems and some praoves as well as some necessary rules.
Sample examples to understand how to solve the related problems

Some suggested problems to practice

Appendix which contains functions and their graphs Geometric formulas

Short answer key of the suggested problems as well as full solution in the answer key booklet.

Read -+ Understand -» Practice —» AA

S i

What are the external booklets offered?

Notebook Booklet (This booklet)

Answer key Booklet (available via Ims.rishabooklet.com website)

Sample midterms and Final exam Booklet (available via Ims.rishabooklet.com website)
Brief Booklet (available via Ims.rishabooklet.com website)

BowNe

To have chance of having mock/sample exams as well as other online extra recourses and support, you may join
MATH119 Course page via https://Ims.rishabooklet.com

If you have any inguiries, please do not hesitate to contact me via

Email: rishabooklet@gmail. com

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

WhatsApp: https://wa.me/00201553122454

| hope such a work helps you to reach AA letter grade.

Best Regards,

Ca

Al
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Booklet Sections (RISHA BOOKLET)
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Section 2: Continuity and Differentiation

Section 3: Derivatives

Section 4: Tangent Lines and Their Slope
Section 5: Prove Rules with their conditions

Section 6: Related Rates
Section 7: Indeterminate Forms
Section 8: Curve Sketching Steps

Section 9: Extreme-Value Problem
Section 10: Linear Approximations
Section 11: Sums and Sigma Notation

Section 12: The Definite Integral
Section 13: Properties of the Definite Integral

Section 14: The Fundamental Theorem of Calculus

Section 15.1: Integral Properties
Section 15.2: Substitution
Section 15.3: Integration by Parts
Section 15.4: Partial Fractions
Section 15.5: Trig Substitutions
Section 16: Improper Integrals

Section 17: Areas of Plane Regions

Book Chapters (A Complete Course Calculus)
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1.3 Limits at Infinity and Infinite Limits
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3.1 Inverse Functions

3.2 Exponential and Logarithmic Functions
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5.3 The Definite Integral
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Section 18: Volumes by Slicing-Solids of Revolution 7.1 Volumes by Slicing-Solids of Revolution

Section 19: Arc Length and surface area 7.3 Arc Length and surface area

Section 20: Polar Coordinates and Polar Curves 8.5 Polar Coordinates and Polar Curves
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m How to solve limit problems
(+) NOTE1.1 N

To cnmpute}iﬁf{x) =L or J!i_@dg(x) =M

You need to know the limit rules:

s Limit of a sum or difference: lim [f(x) t g(x)]=L+t M
X—da

e Limit of a product: J‘}im{1 [f(x)g(x)] = LM

@=i where M = (

* Limit of a quotient: lim
x—a glx] M

e Limitof a power: lim [ f(x)]" =L" ,n € E (integer)
X =i

AN

:
(\) NOTE1.2 ~

“ Tocompute lim f(x)=L or limg(x)=M
X=a Xx=a

AN

You need to know how to solve the limit:
Step 1: substitute the value of a directly into the given function f(x) or g(x).

o If the result of the limit is restricted to one specific value or infinity, then this determines the limit

being sought.

A limit confirmed to be infinity is not indeterminate since it has been determined to have a specific value
(infinity]

= However, in case the result of the limit is NOT restricted to one specific value, having the

indeterminate form of ( %, g, oo —oo, 07 1%, and 0 x m), then you need to follow step 2

Remember that | 'Hdpital's theorem (given in section 7) should not be used at this port since it involves taking derivatives. In

\the examn, if you are NOT asked to use this theorem, then Instructors will NOT give any credit for any onswer that includes /

—_—
—_—

x2—x+2 X xX*—-x+2 2
x+1 lim —

-

Ewvaluate lim
x—=1
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. x-x+2 x2—-x+2 2
Evaluatejl_lﬂ — lim — = 5= o0

) NOTEL3 N

Step 2: If the result of the limit is NOT restricted to one specific value, then you have two cases

s Type |: Use Two-sided Limits (Use of the absolute functions in limits)
lim f(x)= lim f(x)or lim g(x) = lim g(x)
x—=a x=at x—=a x—=at
o for this case, the given limit Does Not Exist (D.N.E)
s Type lI: having the indeterminate form nf(%, E oo —00,0% 1%, ° and 0 x ou)

o thenyou need to simplify the expression. Simplification can invalve any number of techniques

including but certainly not limited to the 6 given techniques in the following notes.

o 4

Type I: Use Two-sided Limits (Use of the absolute functions in limits) (chapter 1.2)

m )

Theorem: A function f(x) has limit L at x = a if and only if it has both the right and left limits there and

these one-sided limits are both equal to L:

x!i—ranuf{x) =L = x]LI]&__f(X} = xlln}" f(x) =L

L -

Evaluate lim ——
W
x = —2% [x+2|

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

x*—4 " (x—Z)éx—+—2—}= im [x—2)=—_4=

o X4 L W ovprag s L W PO TR W —5 =2 - M
x-o-2x|x+2] . x2—4 L GoDern (x—2) -4 , @
T, —x(x+2) LS —xfe+23 L -x 2 -
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xt -
From (1) and (2), we can conculde that “mz FIFTS]l Does Not Exist (D.N.E) Since both right and left side are NOT equal.
X ==
. . ) 1 1
lim —=10 lim, == +oo lim —=-—ow lim — Does Not Exist (D.N.E)
X-eio X x=0tX x=0- x x-0 X

) Nor 16 .

For absolute limit questions, you need to know when you are going to use positive or negative sign.
lim f(x) Hints A ) At
xol x> 2 x<2
x—2 x>2
Jx — 2] [—(x—Z] <2 =x=2 x—2 —(x—2)
xr—4 r>=4
w-a | Il A2h  —=x=d —(x—4) —(x—4)
2 >-2
|x + 2| [i;;c+2] ;{_2 = x=-2 x+2 x+2
. J

) Nore 1.7 w

Type lI: having the indeterminate form of (E, E,m —0,0° 1%, and 0 x m)

# then you need to simplify the expression. Simplification can involve any number of techniques

including but certainly not limited to the & given technigues.

- -

.Uﬁ*

%+ Technique 1: Factoring {chapter 1.2)

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

Example 4

. Xx%+Zx-3
Evaluate lim
r=1 x+1

xf+2x-3 . (43—} .
—= lim ————= lml1 x+3=4 factaring the limit to get rid of (x — 1)
X —+
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%+ Technique 2: Using Squeeze Theorem (chapter 1.2)

) NoTE L5 .

Theorem: suppose that g(x) = f(x) = h(x) holds for all x in some open interval containing a, except

possibly at x = a itself. Suppose also that lim g(x) = lim h(x) = L Then, lim f(x) =L
X=+l X=+l =+

Also, similar statements hold for left and right limits.

Remember that:
—1<sin(x)<1 0 < |sin(x)] =1 0 <sin?(x) <1
—1<cos(x)<1 0<|cos(x) <1 O<cos?(x)=1
AN J
2sin(x?)

Evaluate lim
yoaom X341

Answer

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

2zin(x? . . . -2 . 2sin(x3
Zsin(x?) since —1 <sin(x*) <1 A lim == < lim 2000 o
F 1] P | e ] ri4l y—som X +1 —son 341
] ) =2 - 2sin(x®)
since  lim = lim = & lim ————=10 By Squeeze Theorem
x—:mx3 + 1 x—smxg + 1 X+ x3 + 1
. sinx . Sin - . sinx _ sin %
Squeeze theorem is applicable for lim — = lim —===10, Notfor lim — = lim —/—==1
¥ —=m X =0 3 r¥r=0 X x—sm =
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%+ Technique 3: Use of the limit rules Finding a commaon denominator (chapter 1.3)

Example 6

2r+"\.'31x5+_t5—3x+?
Evaluate lim

=  Sx+8+VxI4x-2

—

 answer |

3
Check the highest power in the denominator then factor it out from both denominator and nominator (15)

81x® x° 3x 7 1 a 1 1 1
JT+F_F+F (2(-;)+J31+; —3(?:)+7"(x-=-'))
3 = xl 1 1 1
x""” 5x 8 X X 2 I
SLERE R e)
xZ xZT x2 Xz
[n+,,|'31+u 3(0)+7(0)) _ V&1 L1
(0+8(0)+,1+0-2(0)) 1 =3 (where xll—tmm; - D)

m 7

*  The general formula of lim 2 is lim ip =0 where 0<p<o

X=00 X Xr=>mX

on 2
v V=l { L = - x>

X X+ — X — —o
L. -

%+ Technique 4: Multiplying by the conjugate (chapter 1.3)

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58

Example 7

Evaluate lim (x — Vx2 + x + 2)

K=

=

_ x+VvxZ+x+2 x2—(x*+x+2)
lim (x—\."x2+x+2l = lim
Koo x+Vxi+x+2 T e oy oy 4+ 2

-1 1
= lim = llm =—_ (where lim - = {])
x—,mx+'-'x2+x+2 x—mnx x 2 x—m g [1ed +2{x2 2 X=»@X
1|| tEt 1,||
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%+ Technique 5: Applying some memorized limit (chapter 2.5)

) NoTE LT

. sinx . CoOsXx sin x
lim =10 lim =10 | =1
¥—-om X ¥—on X x—=0 X
Example 8
. Sx
Evaluate lim 22
x=+) 5in3x

k tan5x K sin 5x " 1y i sin 5x i 1 I 3x 5y W) 5\, 5
0sin3x (x]-'??lcnssx) (x]-lat]lsinEx) B (II-TJ 5x )(II'I‘]?”:USE") (Il'r'%sm BX) (3) - (3) 3

. sinx
= where lim —=1
x=0 X

%+ Technique 6: Using the definition of the Derivative (chapter 2.7)

) NoTE 132

. fx) = f(a)
lim ——
—a

x—a xX

= f(a)

Example 9

cos(x)—1

Evaluate lim
x—=0

m@0 1 OO g

=0 X — =0 r—10

where f(x) = cos(x) L f(x)=—sinx =~ f(0)=0

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58
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o D

Some Continuous Functions

Partial list of continuous functions and the values of x for which they are continuous.
1. Polynomials for all x.

2. Rational function, except for x’s that give division by zero.

3. Vx (n odd) for all x.

4. Yx (n even) for all x = 0.

5. e* forall x.

6. Inxforx = 0.

7.cos(x) and sin(x) for all x.

in
PR

-3
8. tan(x) and sec(x) provided x # ---,TI, —g,%,

9. cot(x) and csc(x) provided x # ---, —2m, —m, 0, w, 2m, ...

. /

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58
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V) NOTE 114

/ General Notes about limits:

I. Look how to take the factor out from the equation: (this is just one way of factorizing)

3 1 3
Sx+8—x3+x—2 =xi(51_f+ﬂx"§—«f1 +x‘z—2x‘3)

N

Before factoring Sx 8 X3 oo — e -t X — e et —2
After factoring Ex_% Bx_% N . \,»’ + =2 — .. ,f + e — 2x-3
Power of x after 3 1 3 3

l-==—=| 0—-==—= 3-3=0 1-3=-2 0-3=-3
factoring 2 2 2 2

Il. Polynomial Function Degree

Large Degree
f(x) Tx"+x3+1
—_—= - i — — Polynomial
rlrmg(x) @ flx) = g(x) e:c.xllng5 T = y
Function
it
g flx) = g(x) ex: lim ———— = = Polynomial
xsm 55 —1 5
0<L <eo Functions
Small Degree
f(x) Tx*+x3+1
lim ——=10 x) < glx v iRy — — Polynomial
X g{'x:] f{ ] -g( ] ex: x:!.Lngo Bx5 — 1 0 ¥
Function
w_ oo a>1 —— 1" _
. a _{ﬂ = =  ex:5% = o, (5) =0
o _ [0 a>1 e 7
a _[m 2<1 = ex:57% =10, (5) = oo
IV. Rememberthat: e = 2.7 Inl=10 lne=1 Indl=—-ce Ineo =ca

\ e = e ¥ =0

/
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') NOTE2.1 -

Contin I.I“!:

Rule: A function f(x) is continuous at x = a if and only if the following two conditions are satisfied:

1-  f(a)is defined

2- lim f(x) = f(a) Jim f(x) = lim_f(x) = f(a)
This is mainly used in the piecewise This is mainly used in the piecewise function shown in
function shown in example 1 example 2

EK’

X, x=0
xZ x=0

e ={

show that the function f is continous at x =0

lim—x=0 and f(0)=(0)2=0

x—0

*

E I
MAKINA MUH. BOL. B BLOK N0:105 TEL: 21052 58

. the function f is continousat x =0

— 0
Hﬂ:{ xxz, ;;D

-

show that the function f is continous at x =0

Answer

i

T 2 _ _ e —
'xl—l.]E+x =f(0)=0 and Jr1_1'1':“"1_ x=0

#

v the function f is continousatx =10
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r Differentiation:

(Formal) Definition of the Derivative

Does NOT require a point (x = a) to use

Definition of the Derivative

Requires a point (x = a) to use

flx+h)=f(x)
h

e = jim,

@) = tim LR~ S@

r=a X—a

If f(x)is dif ferentiable at x = a then

. fla+h) - f(a)
lim

If f(x)is dif ferentiable at x = a then

: . fla+h)—f(a)
f(a}=hlln3+ h T h= - h

r=ea” X—=—a

flx)—f(a)
x—-a

f'(a) = lim,

_ flx) - fla)
m =21

If fix)is dif ferentiable at x = a then

fla+h)—f(a)
h

f'(@) = lim

If f(x)is dif ferentiable at x = a then
f(x) = f(a)
x—a

f'(@) = lim

!

Important: If f(x)is dif ferentiable at x = a Then, [f(x)is continousat x = a (NOT the inverse)

M
—x, x=<0 . . . .
flx) = { 2, x>0 Find f(0)if it exists

Answer using (Formal) Definition of the Derivative

Answer using Definition of the Derivative

flx+h)—f(x)

f(x) = lim

h
e — 1 JOFD =) . f(R)
FO=m= -

2
lim L _ lim h—=h.=[] \
h—o* h h—o* R

n]-l.nﬁl— h =hl—1.-u- e
fih) R )]
w lim — 2 lim —
h—0+ h h—o0- h

~ the function f is NOT dif ferentiable at x = 0

DO YRGET O RESEA POMOLIT ALL ENGHTS RESLEVID AT 80T B FOSTID COFED SCANSDN. 08 DOFLICATION IS WSO 0 I8 FART. @HA BOM0LET EEHEVIES TEEL R0GET T HEMNT ABHTDNAL OOSTINT AT ASY TIML F SORSLOULNT @ HTS @ISTICTHSES OoUikL Im.

Copyright © RISHABOOKLET All Rights Reserved. Website: https:/fIms.rishabooklet.com

f’(a_} = lim w

¥—a Xx—a

, ) =f(0) o f(x)
FO=lm=—=— i
lim [ _ lim E=;|r:=1‘.3'r s

=0t X r-0t x

lim £2 = jim =X=—1
¥=0- X ¥Y—=0" X

v lim 22 & qjm L2
x=0% X =0 X

~ the function f is NOT dif ferentiable at x =0

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58
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Example 4

o ox, x#0 . , o .
flx) = { 0 =0 Find f'(0) if it exists

Answer using (Formal) Definition of the Derivative | Answer using Definition of the Derivative
, -~ flx+h)—f(x) f(x) = fla)
x) = lim PR 0 LD
£ = lm = F'(@ = lim ==
fO+R)—f©O)  f(h) £(x) — £(0) £(x)
'(0) = lim = lim — (0} = lim ————’ = lim ===
fO) = fim—— Ao R f1(0) = lim ———4—= lim —
_f(h)  R? LS00 xR
A = Mm g =h =0 SO T
= the function f is dif ferentiable at x = 0 ~ the function f is dif ferentiable at x = 0

f{x)={ ;xz, i;g Find f'(x) forx # 0
Answer

. -1, x=10
f(x}={2x, x>0

To solve this question, you need to be aware of Derivatives Rules (section 3)

) Norez3 :

Note: if f(g(x)) is defined on interval containing a, and if f(x) is continuous at L and lim f(g(x))
=+ a

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

then

lim £(g(x)) = £ (lim g()) = F(L)
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Example 6

,-lcl_l.rﬁ In(cos(x))

| |
lim In(cos(x)) =1n (}:iﬂ] ms(x]) =1In(1) = 0

m since cos(x) is continous at x =0

') NOTE3.1 .

The first derivative form:
d p— —_ :__}'_ —_
Ef{x)—f(x]—r = x—ﬂl—ﬂﬂﬁﬂ

Basic Properties/Formulas

. (f) +9(x) = f(x) +g'(x) . ;—x{cf[x)) =c f'(x), cisany contant.

A "y

V) NotE32 .

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

Common Derivatives [where a is constant]
Polynomials Trig Functions Inverse Trig Functions

d 2 (sinx) 2 (sin"1 x) = — (arcsinx) = ——

—(c) = —(sinx) = cosx —(sin~! x) = —(arcsinx) =

dx () =0 dx dx dx V1-x2
d d d 1

%(x‘] =1 E{msx} = —sinx H{ms“ x)= E(ar-::msx] = —m

d d d d

—_— = —_— = 2 —_— -1 = —_— =

P (ex)=r¢ T (tanx) = sec’ x e (tan™'x) T (arctan x) 172
d

—(x™) = nxn~1 —(secx) = secxtanx

P (x™) 7 x{ )

d

—_ ny — n—1

= (cex™) = nex
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n'f Exponential/Logarithm Functions [where a is constant]

Derivatives Properties
d
H{ﬂ") = a*In(a) In(xy)=Inx+1Iny
d ) x
H{EI)=Er [hint e = 2.7 ] In 3 =Ilnx—Iny
il 1 1
E{ln{x}] =;,x =0 In(;)— —Inx
d 1 = =0 In(x™) =rinx
H{ﬂg“[xn_xlna & B
d Inx
— g}y — qaix) o il
5 (a?™) = a?™ (g'(x) Ina) log,(x) = —
d g'(x) -
—_— = - flx)
T (In g(x)) 700 f(x)=e

f(x)9x) = eln f)9) — pg(x)Inf(x)

Some facts about Exponential /Logarithm Functions:

Inle)=1;In(1)=0; In(0) = —eo ; In(ee) = e

x_e—x x+e—x EI_E.—I
coshx = tanhx =

- i R _ e
Hyperbolic Trig Functions: sinhx = ~ -

The rules of Hyperbolic Trig Functions are the same as the Trig Functions in terms of inverse and

derivatives. For example,

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

d d
1) P (sinhx) =coshx 2) E[msh x) = sinhx (except)
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Inverse Trig Functions:

Function Domain Function Domain

sinx R arcsinx = sin"lx -1<x<1

Cos X R arccosx = cos” ' x —1=x=<1

T
tan x R—{E-I'ﬂ'k],k €EZ arctanx = tan"1x R

) ) o T T
sin(aresinx) = x -1<x<1 arcsin(sinx) = x -3 =x< 3

cos(arccosx) = x -1<x<1 arccos(cos x) = x D=sx<=mu
T T
tan(arctanx) = x R arctan(tanx) = x -3 <x < 7

‘Uﬁi’

Some Remarks about inverse Functions:

“1(y) = = -1 —
fTX)=y = f(y)=x ) # 755
cos"lx=y —cosy=x I cos™lx# —

Cos X

o )
') Noreas— \

One to One Function [ Inverse of a Function (Unigueness)

Condition 1: [f the function is increasing or decreasing, then it is invertible
o this is called one to one function

Condition 2: If f'(x)=0Vx - f(x) is (strictly) increasing for all x

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

If f'(x) =0Vx =~ f(x) is (strictly) decreasing for all x

Note that: f(x;) = f(x;) and x; = x; =~ f(x)is invertible and it is called one to one function

How to find the inverse derivate of a function:

= _ 1 __1 -1 _ . _
x) = = We assume ¥1l=a & f(a)=x
[ o) fa) UG /(@)

\ J
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f)=x*+7x+2  Find f~1'(10)

=

-

v f(x)=3x24+7>0 - f(x)isincreasing forallx - f(x)isinvertible - f(x)is one to one function
1

1
Fran) - Fa Vhere /A0 =a - f(@)=10

f1'(10) =

111
FOFiao)) () 3(WE+7 10

ORZE N

Derivatives Rules:

a*+7a+2=10 ~a=1 thus f71'(10) =

(1) Product Rule: (fg)' =f'g+fg' — check example 2

(Il) Quotient Rule: (ﬁ) =[afs — check example 3

gz
(1) Chain Rule: i(f(g{x}]) = f'(g(x)) g'(x) — check example 4

(IV) Implicit Differentiation: :—x{y} =y' — check example 5 and 6

. ) d _ =
(V) General Technigues: (1) - {1,»' flx) ] =7 — check example 7
(2) i(eﬁﬂ) = e/ (f'(x)) — check example 8
ANy J
=
—(x?sinx) —(x%sinx) = (x? sinx)' = 2xsinx + x% cos x
r'—‘\
e
d [ x* d [ x* _ (sinx)(2x) - (x*)(cos x)
dx \sinx dx\sinx/) sin? x
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Example 4

d 3 2
E[smx )

d
= (2y*)

Example 6

(yZ

S
Ly
a
)

SIS
—
t
:‘
B
—

x2

Example 8

(Erzsinr)

Bl
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2
:

d
E[sinxz} = (cos x%)(2x) = 2x cos x*

-

Answer

d [
E[E}fg) =(6yY)y

-~

(y?sinx) =2y y'sinx + y®cosx

S

|

Answer
|

d (JZ_) 2xsinx + x%cosx
—(Vx2%sinx | =
2Vx?sinx

&

d
= (ex"sinx) = ¢X*sinX(2x sin x + x? cos x)
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NOTE 3.7

i
J

(V1) Higher-Order Derivatives:

dy d

1st derivative y' f'(x) o Ef (x)
1 dz}? dz

2nd derivative " fr(x) Tz ﬁf (x)
d? d?

3rd derivative T "' (x) d_x}; e f(x)
d* d*

ath derivative y@® F®(x) d_;:: Teil (x)
d™ d"

nth derivative y® ) (x) dx::: rrd (x)

\_ J
I-‘i 1,3 2
filx) :T-I-?-I-?-I' 3x + 2023

x*  2x 2x 2 2
f'{x}=x3+?+?+3 ~ f”{x}=312+?+§ ~ ') =6x+g o~ fPx) =6

Thus: f™(x)=0 forn=5

Example 10

y = (x)sin* Find y' (Exponential/Logarithm Question)

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

. , 1
Way I: &y = (x)snx [msx In(x) +sinx (;)]
— sinx _ In(x)sinx — plsinx In(x) ]
y= ¢ € Way 1i:
d
Then, y' = elsinx In(x)] (E[sinx ln{x)]) y=(x)*"* = Iny=sinx In(x)

d
d 1 ;
where E[sinx In(x)] = cosx In(x) + sinx (;) Then, take dx to both sides

y _ 1
&yt = elsinx '"lﬂ][cusx In(x) +sinx 1] 5 = cosx In(x) +sinx (—)
X
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. . 1 . ot — sinx ; 1
Ly =yl|:nsx In(x) +sinx (;)] “y = (x) [EUSX In(x) +sinx (;)]

Tangent Lines and Their Slope
° NOTE 4.1 N

Slope of tangent line is (m =y'=f'"(x)= j—i)

Let Curve equation is y = f(x),Tangent equation of line (L) and, Normal equation of line (L)
» Tangent equation of line (L,) that touches a curve (y)at one and only one point.

Let this point is (a, b) € curve and Tangent Line:

y=

# Tangent line eqn is o

2] = (SIGPE ﬂf tﬂng&‘nt} =my OR y = ]rni{x — ﬂ) +h

Normal equation has the same form as the Tangent equation. The only dif ference is their slopes.

L:] = (Slope of normal ) = m, OR y=my(x—a)+b

# Normalline eqn is o

-1
Remember: Slope of tangent =
pe of tang slope of normal

. /

% Case I: when the point (a,b) € curve

Find an equation of both the tangent and normal lines to the curve y = x? at the point (—1,1)

By substituting the point in the curve equation, we have 1 = 1°

Thus, (—1,1) € curve y = x* OR (—=1,1)is on the curve y = x*
vy =2x &y'|yey = —2=m(Slope of tangent)

y—1
-1~
y—1 1 1

1
Normal line egn is ———=— S V==Xx+===(x+3)
(x 27 2 2

Tangent line eqn is =2 - y=—2x-1
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% Case Il: when the point (a, b) & curve

Find an equation of the tangent line(s) to the curve y = x? + x at the point (1,1)

By substituting the point in the curve equation, we have 1 # 12 +1
Thus, (1,1) € curvey =x*+x letx = a thenthe pointis (a, f(a)) wherex # 1
The slope of the tangent line with the point (a, f(a)) mustbe y' = 2x+1 = y'l,op = 2a+1 — (1)

Because the line passes through the point (1,1), the slope of the tangent line is also:

fla)-1 _ a*+a-1 . _ ,atta-1 2 I RS S 2 _ =
——= — - (2) ﬁ{‘l)_[ZJ..—a_l =2a+1—-a*+a-1=2a*-a—-1-a*"—-2a=0

—»ala—2)=0 ~a=0or a=2 +2y|yp=1land y'|,-z =5

Tangent lineeqgnare y=(x—1)+1 and y=5(x—1)+1

NOTE 4.2
ChEEE ~

' When the slope of line is zero this means the line is horizontal

i.e.f(x) = 0wherey = f(x) = ¢ where c is constant
Let the slope of the line (L,) is my & the slope of the line (L;) is m,
If mi=m,  then (L,)//(L;) where// is parallel

» exxy=2x+1 & y=2x+3

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

If my*+my; =—1 then (L,) L (L;) where L is perpendicular
 exxyv=2x+1& y=—§+3

If m; *+m, =—1 then (L,) intersects with (L,)

DO YRGET O RESEA POMOLIT ALL ENGHTS RESLEVID AT 80T B FOSTID COFED SCANSDN. 08 DOFLICATION IS WSO 0 I8 FART. @HA BOM0LET EEHEVIES TEEL R0GET T HEMNT ABHTDNAL OOSTINT AT ASY TIML F SORSLOULNT @ HTS @ISTICTHSES OoUikL Im.

Copyright © RISHABOOKLET All Rights Reserved. Website: https:/fIms.rishabooklet.com



.Uﬁ*

m Prove Rules with their conditions
° NOTE 5.1 .

Formal definition of the limit (Chapter 1.5)

Rule: the formal definition (the €|Epsilon] — 8| Delta]definition) of ng f(x)=1Lis

For everye = 0, there exists 8 > 0 suchthat if 0 < |x—al| <4, then |f(x)—L|<e€

Yo -

Show that chin%(zx +1)=7

'3
For everye = 0, choose § = 2

by using the formal definition of the limit.
yusing the 1 4 f such that ifﬂ{lx—BI-::ﬁ:%,

£
then|23r+1—'?|=|Zx—6|=2|x—3|::':2§=5

\) NoTES2 .

Mean Value Theorem (MVT)

Rule: Suppose f (x) is a function that satisfies both of the following:
1. f (x) is continuous on the closed interval [a ,b ]

2. f(x)isdif ferentiable on the open interval (a,b)

f(b) — f(a)

Then there is a number ¢ suchthata < c < b and f(c)= -

.

Iff(0)=2and3 < f'(x) <9 forallx, Show that5 < f(1) < 11.

Since f is differentiable for all x € R we have, by MVT, w = f'(c) forsomece (0,1)

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

fi1)-2

Then 3ﬂ:f[r:]-=:9_3::ﬁﬂuz -

<9 j=—— =9 5<f(1)<11
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Rolle's Theorem

Rule: Suppose f (x)is a function that satisfies both of the following:
1. f (x) is continuous on the closed interval [a ,b ]

2. f(x)isdif ferentiable on the open interval (a,b)

3. f(a) = f(b)

Then there is a number ¢ suchthata < c < b and [f'(c)=0

L

Let f be a dif ferentiable function on R such that f" exists everywhere and f"(x) = 0 for all

xinlK.Show that f cannot have three roots.

assume to the f has three roots,say a < b < c are roots of f, thatis, f(a) = f(b)=f(c) =0
since f is differentiable, then by Rolles’s theorem, there exista < x; < b and b < x; < ¢ such that

f'(x;) = 0and f'(x;) = 0. Now we have two roots x,;and x,

since f' is dif fenetiable and ['(x;) = f'(x;)

By Rolles's theorem, there exists x; between x, and x, such that f"(x3) =0,

but f"(x) = 0 for all x. Thus, f can not have three roots.

Intermediate Value Theorem (IVT)

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

Rule: Suppaose that f (x) is continuous on [ a, b | and let M be any number between f (a) and f (b)

Then there exists anumber ¢ such that 1. a<ec<bh 2. f(e) =M
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Condition 1: If the function is increasing or decreasing, then it is invertible
& this is called one to one function
Condition2: If f'(x) = 0Vx ~ f(x) is (strictly) increasing for all x

If f'(x) <0WVx -~ f(x)is (strictly) decreasing for all x

MNote that: f(x;) = f(x;) and x; = x; -~ f(x)is invertible and it is called one to one function
p J

Example 4

Show that the equation x* + 6x + 3 = 0 has a root, but no more than one.

Let f(x) = x*+6x+ 3 then f(x)iscont. and dif f. for all x

f(0)=3>0
f(-D)=-2<0

thus by IVT f(x) is cont.on [—1,0] and there is a point ¢, € (—1,0)

such that f(c;) = 0 which means x = ¢, isaroot of f(x)
[ (x)=2x+6=20 forall x € (—1,0) so f(x) is a strictly increasing function and hence one to to one

Therefore, the equation f(x) has at most one solution. f(x) has only one root which is ¢,
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NOTE 6.1
\) NotE6 .

Procedure for Solving Related Rates Problems:

1) Draw a picture (if one is not provided) and define the variables. Assign ALL numbers to variables.
Remember, rates ALWAYS correspond to a derivative.

2) Determine and CLEARLY STATE goal of the problem, which is ALWAYS finding a rate/derivative.

3) Build your related rates equation. Usually, this involves the implicit differentiation of an equation from
geometry. Note: If there's only ONE rate/derivative in your related rates equation, you did something
wrong!

4) Isolate the goal rate in 2) and make sure you have the numbers for all the other variables and
rates/derivatives. If not, you have to find the missing numbers, usually by solving another equation.

5) Plug in numbers and solve, making sure to INCLUDE UNITS. Think about the solution and its plausibility!

- /

Question: How fast is the surface area of a cube changing when the volume of cube is 64 cm® and is increasing at
2 em? [sec?

surface area 5(x) = 6x° volume V(x) = x? % = +2em?/sec & V(x) = 64 cm?
dav X dx dx 1
. — —_—— 2 — 2 2% —_—

Vix) =x*=64 -x=4cm dE_Ex T - 2=13(4) i dt_ncm[ser:

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

Thus, % = 12x;—1f =12(4) (i) = 2 cm?/sec The surface area of a cube is increasing at rate 2 cm?/sec
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NOTE 7.1
\) NOTE7.1 \

L"Hospital’s Rule:

Suppose that we have one of the following cases,

fx) 0  f(x)  feo

—_— OR —_—

im0 2o g(x) | +eoo
where @ can be any real number, infinity, or negative infinity. In these cases, we have:
O )
lim =1

—a g(x) x]—]-.[;jz g'(x)
kN vy

[\) Note72 .

# In case you have the following types of indeterminate forms in a limit,

(0)(£») 1= 0° cal o0 — oo

Then you need to change the function of the limit to G) or (i g) types.

too e . In1 0

(a) (ﬂ)(im)=T=i; () In(1 }:t:a:rlrll:T:E
0 o

o _lnﬂ_m oy _lnm_m

(© I@)=0m0=—=— (d)  In(o®) =0lnow=——=—
0 0

MAKINA MUH, BOL. B BLOK NO:105 TEL: 21052 58

# when you have the following indeterminate form types 1*, 0%and " in your question, then apply the

logaritem rule: (check Example 1)

\ J
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Evaluate lim (1 + 4x)x
x—=0*

2 ®
: - It lim 21 4
[fEt rlE]n1+(1 +4x)7 = JL%‘E_}’] I.l[n_‘_{l + 4-1’}1' =g xwot % nitean * where e is continues

By taking the | item to both sides:
¥y taking the: ‘ogarriem o sides Solving the power of e

2 In(l+ 4x) 0
Jtllrn'h':}r = 1|rn 1?:[1 +4x) = leiI'I]'I' @(E) type 2 ] In(1 + 4x) 70
| Jim 7 nCL+ 42) = 2, =)
L'H .
=2lim—=2+4=8 L'H

+ . 4
x—0F 1+dx = 2lim —=2+4=8
x—a0t+ 1+4x

2
- liminy =8 ~y= e® o lim (14 4x)x = e® 2
x—-0+ x=0t 1!111011-(1_'_41:'}1. — EB

() NoTE73 -

For (o0 — oo) indeterminate forms, you should do the following steps to have (E) or (E) types)

%+ Ist vou neet to use the factor method

lim a/™ + p9®) = Jim q/™ [‘l + —=| . where (a & b can be Constant or variable)

x—+om Xevde o0

% Ind: yvou need to use the limit for both functions separately

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

= [im /@] [1+ 1im 2]

To solve | lim a’ I”“7"] you should know that

e ]

# lima* =90, lima*=0 foranya=>1

X =00 X——00

# lima* =0, lima*=o foranyl<a<l1

\ X—0d X—s—00 _//
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Evaluate lim (e* — 2x)

X =400

Answer

i

lim (e* — 2x) = lime* (1 -Z—I) —wsl=uw since lim z—x(f) _em m 2 _2_
A=s00 A= Ex X =00 Ex o0 X=+00 .E'I o0

. 3T2%
Evaluate lim

] 3+l

27 2\*
3x—2¢ l-=% .1—(3) 1 AN
LI aeg 2 an a3 T [5) ~piemd 5<1
3% 3+(3—,)

NOTE 7.4
BE AWARE!

In(a* — b*) #Ilna* —Inb* sincelna®—Inb* =In (g)
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Curve Sketching Steps

To sketch a function, you should check the following & steps as well as the following notes. Such notes will make you
understand the properties of the function that you are going to sketch.

<) wotea: .

Step 1: Determine the Domain
= Definition: The domain of a function f(x) is the set of all input values (x - values) for the function.
= Rule: In rational function, which means (M), the denominator can not be zero (denominator # 0)
denominator
* How to find the domain of the funcation (y = %): make the denominator fucntion equal to zero to find
what value of x that makes B(x) = 0
a0
+  Recall: JF(x),where f(x) =0 In(f(x)), where f(x) >0 E
=
—b+b? - 4ar ) v
x= , Where A= b* — 4ac R
2a =
|_||
« A <0means the function has no real roots a2
3
= A =0means the function has equal real roots 2
=
- : s
\ A > 0means the function has 2 real roots / -
3
=
° NOTE 8.2 \ 2
=
Step 2: Find both the x and y Intercepts é
-
it x — Intercepts : i1y — Intercepts:: =
»  Definition: +  Definition:
* Anx = intercept of a function f(x)is any * Any = intercept of a function f(x) is any point
point where the graph crosses the x — axis. where the graph crosses the y — axis.
* Tofind the x — intercepts, solve f(x) = 0. + Tofind the y — intercept, solve f(0) whenx = 0.
The x — intercept point form is: (x, 0). The ¥ — intercept point form is: (0, ¥) = (0, f(0)).
* Recall: there is no x — intercept point when = Recall: there is no y — intercept point when
A=b—4ac<0 f(0) is undefined
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em -

,-'K Step 3: Find Asymptote(s) (chapter 4.6)

: Vertical Asymptote ::

= Definition: A Vertical Asymptote (V. A) for a function is a vertical line x = a showing where the function becomes
unbounded/ undefined.

* When we have lim f(x) = +oo,0r lim f(x) = *coor both. Then, x = a is Vertical Asymptote (V. A)
X=rd K=kl

= MNote: At x =a , the fi(x)isundefined, where "a"is constant. Therefore, If the domain is defined and
continuous for all x, then there is no Vertical Asymptote (V. A)

:: Horizontal Asymptote ::

= Definition: A Horizontal Asymptote (H. A) for a function is a horizontal line ¥ = b that the graph of the function
approaches as x approaches oo or —oo,

*  When we havEIILn;ID f(x) = b (right),or xl.i.r."mf (x) = b (left), or both. Then, v = b is Horizontal Asymptote
(H. A)

= MNote: If we havelimf(x) = +oo, then there is no Horizontal Asymptote (H. A} on the right.

b 1v al

Similarly, if we havexﬁr_nmf (x) = oo , then there is no Horizontal Asymptote (H. A) on the left.

* Recall: The function (y = % has no Horizontal Asymptote (H. A) when the degree of A(x) is greater the

degree of B(x), but it has obligue asymptote instead.

: Obligue Asymptote ::

= Definition: An Obligue Asymptote for a function is slanted line ¥ = ax + b (where a# 0) that the function
approaches as x approaches @ or —oo,

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

*  When we have Ii_.ri(f(x} - (ax + b}] =0 (right), or Erpm{f(x} - (ax + b)] = 0 (left), or both.

Then, vy = ax + b is Obligue Asymptote

_ Alx)

T B
A(x) is smaller than or equal to the degree of B(x), but it has Horizontal Asymptote (H . A) instead.

. |

o /)

* Recall:The function (y has no  Oblique Asymptote when the degree  of
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) 2+ 4
Determine all asymptotes of f(x) = T
Answer
The domain of f(x) is R — {0} hint:2x#0 ~x#0

Vertical asymp. lirlr:r"1+ flx) =0 & lirgj flx)=—w &x=0is Vertical asymp.
X =0~

Horizontal asymp. lim f(x)=o & lim f(x)=-w & there is NO Horizontal asymp.
b 1] b LT r ]
. x*+4 x 2 X X, ’
Oblique asymp. Asx = +oo, f(x) = — =5 *t=: approaches the line = thus isan oblique asymptote

, x 2
Note that _tI—ETm { flx) — E) = x'I—,;Tm; =0

Determine all asymptotes of f(x) = e?/%,

Answer

i

The domain of f(x) is R — {0} hint:2x =0 ~x %0

Vertical asymp. lirt!§1+ flx) = & lila]_ fix)=o s x=0is Vertical asymp.
X=5 A =h

Horizontal asymp. lim f(x)=1 & lim f(x)=1 &y = 1is Horizontal asymp.
=k p e Tt ]

There are no absolute extrema since f never takes on the value 0.
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e has a two-sided oblique asymptote aty = x

x

Show that the f(x) =

Answer

i

x24+1

Consider the function f(x) = .

1
=x+ T .The straight line y = x is a two — sided obligue asymptote

1
of the graph of f(x) because Iiiin (f(x)—x)= lim —=10
X=s400

x=+o X
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Example 4

Show that the graph of y = 11::1 has a horizontal asymptote y = 0 at the left and an oblique asymptote y = x
at the right.
xe* 0

:I—I;T—nml o =I =0 ~y=0isH Aof v from the left.

" (xe’f ) " (xe’f—x(1+e*}) li (x(e"—]—ef}) i ( =X ) 0
im —x|= lim = lim = lim =
x—w \1 + e* K- @ 1+ e* x— 0 1+ e* x—o w1 4 e*

&y = xis an oblique asymptote of v at the right

I\) NoTEB4 ~

Suppose that f is continuous on [a, b] and differentiable on (a, b).
If f'(x) = 0 at each point x € (a, b), then f is increasing on [a, b].

If f'(x) < 0 at each point x € (a, b), then f is decreasing on [a, b].
b A

() NOTESS N

Suppose that ¢ is a critical point of a continuous function f, and that f is differentiable at every point in some
interval containing c except possibly at c itself.

1. if f' changes from negative to positive at ¢, then f has a local minimum at c.
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2.if f' changes from positive to negative at ¢, then [ has a local maximum at ¢

3. if f' does not change sign at c (that is, is positive on both sides of ¢ or negative on both sides), then f has

no local extremum at c.
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'f Step 4: Determine the Intervals of Increase and Decrease and local extreme values (chapter 4.4)

+ Check the continuity and differentiability of the function before taking the derivative
« Find f (x)
»  Find the values of x when the first derivative iszero | f '(x) = 0]
« Iff*(a;) = f (a;) = 0, then the "x = a, and x = a," are called the Critical Points (C.P)
* The singular points (5. P)are the points x where f"(x) is not defined except the one(s) on domain.
#* Draw a table with the values of x
* |including: critical points, singular points, and undefined points of both f(x), and f'{x)]
= From the table, the Intervals of Increase and Decrease can be determined as well as local extreme values (max/min)
o If f'(x) > 0onaninterval, then f is increasing on that interval.
« If f(x) < 0onaninterval, then f is decreasing on that interval.

» Remark: If f'(x) is postive (or negative) on both sides of a critical or singular point, the f(x) has neither
\ a maximum nor a minimum value at that point. /

N

Find the critical points of f(x) = x* — 12x — 5 and identify the intervals on which f is increasing and on which f
is decreasing.

The function f is everywhere continuous and differentiable.
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i) =3x*-12=3(x*-y)=3x+2)(x-2)
The first derivative iszero (f "(x) = 0)atx=—-2andx =2
f(x) is increasing on(—o,—-2) & (2,=)

f(x) is decreasing on (—2,2)

f(x) + @ - 09 +

Fx) 2 N »
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[\) wotear .

The critical points of a function locate where it is increasing and where it is decreasing. The first derivative
changes sign at a critical point where a local extremum occurs.

Absolute max
1 undefined
Local max

Mo extremum
fr=0
Mo extremum

=0

Local min

Local min

=0

Absolute min

a Cy sy Cy C4 Cy i

.

[\) Wotess N

Step 5: Determine the Intervals of concave up/down and all Inflection Points (chapter 4.5)

e Find f™(x)

= Find the values of x when the second derivative iszero | f"(x) = 0]
« Iff~(a;) = f(a;) = 0, then the "x = a, and x = a," are called the Inflection Points (C.P)

= Draw a table with the values of x

« [including: Inflection Points, and undefined points of both f(x), and f(x) ]
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+ From the table, the Intervals of concave up/down can be determined.

« If f7(x) > 0onaninterval, then f is concave up on that interval.

« If f7(x)<0o0n aninterval, then f is concave down on that interval.
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The Second Derivative Test

A

(a)if f'(xp) = 0and f"(xy) < 0, then f has a local maximum value at x,.
(b)Y if f'(xp) = 0and f"(xy) = 0, then f has a local minimum value at x,.

(a) if f'(xp) = 0and f"(xy) = 0, then no conclusion can be drawn.

() Nores 0

Step 6: Draw the graph (chapter 4.6)
* using the previous step, you can draw

+ Determine the symmetry of the graph:

Yi

/N

AR

the graph.

s+ neither odd nor even function: no symmetry

yi

» odd function: symmetric about the origin, where f(—x) = — f(x) for all x in the domain

+ even function: symmetric about the vy —axis ,where f(—x) = f(x) for all x in the domain

L

Even function
because it is
symmetric with

Neither even nor odd
because no symmetry
with respect to the y-
axis or the origin.

=

Odd function because
it is symmetric with
respect to the origin.

\ respect to the y-axis
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/ For step 4 (NOTE 8.6), step5 (NOTE 8.8) and stepb (NOTE 8.10), you should construct the following tab

which give you the properties of a function that you are going to sketch.
Step 4 fq = @y = 3 = 0y
x C.P undef C.P C.FP
——— [ | [ |
a; z Qg ay
f(x) + Q - - (0] O -
f(x) 7 N N 7 N
Local max Abs. Min Local Max
Step 5 by =>a;>b; = by o
wy
mmfL F undef mmfL P Infl. P e
= fom 5
! by @ b, by =
(x) n U n U n )
Concave Down Concave Up Concave Down Concave Up Concave Down é
b -
=
2
Step 6 a,>hby>a,>b, >0, > by >ay 2
X C.F mﬁ- 3 unde [ m{i‘ F CF m{i’ F C.p :
a by a; b, as bs ay =
-
f'(x) + 0 - - - - 0o + + o - =
-
() - - p T - ¢ t + 0o - - =
f(x) 2 N Y N 7 2
f(x) n n U n U U n n

\ f(x) /
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Existence of extreme values on closed intervals [chapter 4.4)

If the domain of the function f is a closed, finite interval or a union of finitely many such intervals, and if f is
continuous on that domain, then f must have an absolute maximum value and an absolute minimum
value,

L -

I\) Noresi2 \

Existence of extreme values on gpen intervals [chapter 4.4)

If f is continuous on the open interval (a, b), and if

]irrl+ fix) =L and lirj'? f(x) = M, then the following conclusions hold:
X X=0"

(Dif f(lu) =L and f(u) > M for some u in (a,b), then f has an absolute maximum value on (a, b)

(Dif f(v) <Land f(v) <M for some vin(a,b), then f has an absolute minimum value on (a, b)

]
1
ol
. vy e
=
&l
m
(«) NOTE8.13 e
[ , , 3
The following table summarizes how the derivative and second derivative affect the shape of a graph. 3
=
3
]
o]
o
D
]
Differentiable = v = 0 = rises from ¥ < 0 = falls from =
smooth, connected: graph beft to right: lef o right: '§
may rise and fall may be wavy may be wavy %
=
-
=
or or =
¥" = 0 = concave up ¥ < 0 = concave down v" changes sign at an
throughout; no waves; graph | throughout; no waves: inflection point
may rse or fall graph may rise or fall
/‘\ or w
¥’ changes sign = graph yv=0and y"=10 v=0and y">=0
has local maximuom or local at a point; graph has at a point; graph has
T local maximum local mimmum

- /
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Procedure for Graphing v = f(x)

1. Identify the domain of f and any symmetries the curve may have.
2. Identify any asymptotes that may exist (see).

3. Find the derivatives y" and y"'

4. Find the critical points of f, if any, and identify the function’s behavior at each one.
5. Find where the curve is increasing and where it is decreasing.

6. Find the points of inflection, if any occur, and determine the concavity of the curve.

7. Plot key points, such as the intercepts and the points found in Steps 4-6 and sketch the curve together
with any asymptotes that exist.

J

-
b
:
2
&l
(Bx+1)2 8(3x+ 1) 48(x + 1) K
let f(x) = ————— .You are given that f'(x) = - ——— and " (x) = ———— W
) =57 g f'(0) = - =5+ and () = =3 =
'
Answer the following questions (A - F) using the given information E
. =
Answer §
@
=
A. Find the domain of f(x) ,E'
The domain of f(x) is R— {1} hint: (x—1)2 %0 ox—1%0 2x %1 g
B. Find both the x and y intercepts of f(x) é
=
. (3x + 1) ) 1 , 1 z
x intercept: W =0 = 3x+1)=0 = 3x+1=0 - x= -3 x intercept point is (_i’ﬂ)
3(0) + 1)°
y intercepts: f(0) = ({(E];.——l)l-; =1-= f(0)=1 y intercept point is (0,1)
C. Determine all asymptotes of f(x).
Vertical asymp. Iir{1+ flx) = & lir§1_ flx) =900 s x=1is Vertical asymp.
Horizontal asymp. lim f(x)=9 & lim f(x)=9 .y =9 is Horizontal asymp.

There is no Obligue asymp.
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D. Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

fx)= —B{f:? when f'(x) =0 - —%z 0 - 8Bx+1)=0- atx= —%

f(x) has a critical point

There is no singular point. * "3 !

f(x) is increasin ! O] —er] -
gﬂn( 3'1) fol s | 2 N

1
f(x) is decreasing on (—m, —§) & (1,00)

f(x) has no local max point & f(x) has local min point at — % The critical point is (—%,f (— %))

E. Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

48(x + 1) C48(x+1)

f”{x}:mwhen}r”(ﬂ=ﬂ' --W=ﬂ - 48(x+1) =0 . 11
at x = —1 f(x) has an inflection point oo | - o + +
f(x) is concaving up on (—=1,1) & (1,0) f(x) n

f(x)is concaving down on (—oo,—1)
The inflection point is (=1, f(—1))

F. Using the partsa,b,c,d,and e above,sketch the graphy = f(x) in the coordinate axes

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58

provided below.
1 l 1
* 3
flix) | - -0 + -

f(x) n g v

o | NI |
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Extreme-Value Problem

Suppose a farmer wishes to enclose a rectangular field using 1000 m of fencing in such a way that the area of
the field is maximized. Find the dimensions and the Total area of the field when the area of the field is

maximized.

Let x and ¥ be the dimensions of the field and let A be the area of the field. Then, 4 = xy

1000 = 2x + 2y — y = 500 — x where 1000 m is the circurnference of the rectangular field
A = x(500 — x) = 500x — x* The maximum value of A on the interval x € [0, 500]
dA

dA
Fri 500 =2x when i 0 thenx=250m andy=250m A|y=330 = (250)(250) = 62500 m?

The end points: Aly=p = Aly=gp0 =0 where Aly=z50 > Aly=g and  Alyzs0 > Aly=sno

So A has a maximum value of 62500 m square when x = 250mandy = 500 — 250 =250m

° NOTE 10.1 :

The linearization of the function f about a is the function L defined by L(x) = f(a) + f "(a) (x — a)

We say that f(x) = L(x) = f(a) + f "(a) (x — a) provids linear approximations for values of f near to a.

The equation x?y* — x*y? = 4 defines a funcation y(x). Find the lineriztion of y(x) at (1,2)
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and use it to approximate y(1.01)

using the lineriztion rule: L(x) = f(a) + f '(a) (x —a) hint: a=1 and x = 1.01
from (1,2) since y =2 —y(a) = y(1) = 2

% [x2y3 —x3y?] = %[4] o 2xy? 4+ 3x%y?y " — 3x%y? — 2x3yy " = 0 using the point (1, 2)
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20)(2)° +301(2)%" - 3072 ~ 20y =05y (1) = Yarx -1 = 5= =

i. -1
~ the lineriztion of yat a =1 o LX) =y(D+y (D(x-1)=2+ T(x -1)

_ o -1 1 399
using the approximation rule, we have f(1.01) = L(1.01) = 2 +T{1.{}1 -1N=2- 500 = 200

° NOTE 11.1 .

n f(x) is continous on [a, b]
b . . )
. . B n is subinterval of width Ax
rltl-.nc?aizf (xi) Ax = _[I f(x) dx note that \ = o, interval is called x;
=1
Pn = (Xg, X1, X2, cen oey Xy )
A
B
:
uwy
2
Evaluate lim EE?ﬂcns (%r) %
=
2
3
=
b -
T - i . . s (" %
lim —st (E)= lim ﬂfo{x;‘] ==-f cos x dx = sinx|j =0 -
ey ) Tee TG : 3
. @
[ Ax = %(chasen] = t%(mfe], b—a=m = (1) = let f(x}) = cos (%) = (2) ) g
Let x{ = %(chns&n) =a+idx(rule) =a+i % — ca=0asb=m fromeqgn(1) E
L E =
Po={x=0=x=0...x=n = xg=0=a, x=1 =b ~
L fromeqgn (2), f(x{) = cos (%) = cos( x;) = let f(x) = cos x which is cont. on [0, TI]J
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For the funcation f(x) = xe(**)

write a Riemann Sum obtained by dividing the interval [1,2] into n equal length subintervals.

we have f

2 n
vel*) dx = lim Zf(xf] Ax = (using Riemann Sum)
1 FL—w00 !=1

=—="—"==, PB={xi=1,.ce.., x3 =2}, then x = 1+%where x; =u+£.ﬂx]

where f(x) = xe'*") which is cont. on [1,2]

2 . Lo N () ()
j xe®*) dx = lim _f(l + —) — = (using Riemann Sum) = lim (1 + —) e —
L i=1 o e i=1 n n

° NOTE 12.1 -
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Y a(x)
g(b) upper
Riemann
sum
lower
Riemann 1
sum +
= gla)
|
a b X
. J
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calculate the upper and lower riemann sum for the funcation f(x) = x*, corresponding to

the partition B, of [0,2] into 4 subintervals of equal lenght. N Y
Answer ?
Ay = b—a _ 2—0 a 1 e
YTThOTTT T2
1 1 3 |
LUp) = Ax[F() + F() + £1) + F)] = 5| FO + £ (5) + r) +£(5)
1 1,3 3¢ 9
=§l“*(§)““(§)]=; >
1 1 3 .
UGE.P) = Ax[f(u) + Flu) + Fu) + F)] = 5 [£(5) # F0 +£(5) + F @)
1[ nd oL ] 25 N
=2|@) +r+ ) +2|=7 . b
7-5_‘ 1 2 3

[\) o122 w

Suppose there is exactly one number I such that for every partition P of [a, b] we have L(f,P) <[ < U(f,P)

Then we say that function f is integrable on [a, b], and we call I the definite integral of function f on [a, b].

The definite integral is denoted by the symbol I = | : f(x) dx.

By using example 1, Prove that f(x) = x? is integrable on the interval [0,2]

Let] = J'nz x* dx. such that for every partition P of [0,2] we have L(f,P) <1 < U(f, P) and

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

9 25
;i: I = " from example 1

Then the function f(x) is integrable on [0,2], and we call I the definite integral of function f on [0,2].
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Properties of the Definite Integral
(«) NOTE13.1

‘ If f is an odd function (i.e., f(—x) = —f(x)), then [* f(x) dx = 0.

Find_|"_ﬂ:I sinx dx

T
f sinx dx =0 since sinx is odd function i.e sin(—x)=—sinx
-

) Nore132

‘ If £ is an even function (i.e., f(—x) = f(x)), then [* f(x)dx =2 f(x)dx.

Find _f_"ﬂ cosx dx

T

bi
cosx dx = Ef cosx dx = —2sinx|f = -2(sinm—sin0) =0

=TT o

since cosx is even function i.e cos(—x)=cosx

[\) NoTE 133
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ff(x)dx:ﬂ

Find ['(2 + 5x) dx 2
J-(E +5x)dx =0

2
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The Fundamental Theorem of Calculus [F.T.C]
(~) NOTE 14.1 ~
f

Suppose that the function f is continuous on an interval | containing the point a.

PART I: Let the function F be defined on I by

F(x) = ff{:}dr

Then F is differentiable on [, and F'(x) = f(x) there. Thus, F is an antiderivative of f on I:

d x
— f F©)dt = F()

PART II: If F(x) is any antiderivative of f(x) on [, so that F'(x) = f(x) on I, then for any b in | we have

b
f F(x) dx = FGIE = F(b) — F(a)

o
F(x) = I Ee—“‘ dt find 4 F(x)

dx
Answer

d d 5 d " 2
By F.T.C, we have T F(x) = [E (3]] x e (37 _ [ﬂ (x]] xe M =[0]xe®—[1]x e™* =—7*

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

2
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() NOTE15.1.1 -

If(x) + g(x) dx =f flx) dx + Ig(x) dx fr: f(x) dx = cf f(x) dx, ¢ is constant

I flx) de=F(x)+c
[2 f(x) dx = F(x0)|5 = F(b) - F(a)

where F(x)is an anti-derivative of f(x)

b

b a
Is dx = c(b—a), cisconstant ff(x] d:c:—ff(x} dx
a b

a

AN Iy

NOTE 15.1.2
O N

Common Integrals

1 1 X
k dx =kx + i dxy = — -1
f X X C fsmx X cosx+¢ I_ﬂz 5 dx = =tan (_ﬂ) +c

X
= " tenzl fseczx dx =tanx +c¢ dx = sin™ (E) te

[ o=

f dx =In|x| +¢ fse-::xtanx dx =secx+c
sinfx +cos?’x=1

in(2x) = 2si
*dx=e*+c fcsczx dx = —cotx +¢ sin(Zx) sin(x) cos(x)

1
cos?(x) = 5(1 + cos(2x))
Inxdx=xlnx—x+c¢ ftanx dx = In|secx| + ¢

MAKINA MUH, BOL. B BLOK NO:105 TEL: 21052 58

sin®(x) = %(1 — cos(2x))

Jeras
J
jﬂx+b
J<
J
J

cosxdx=sinx+c¢ fse-:x dx = In|secx + tanx| + ¢
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gia)

‘ The substitution u = g(x) will convert f: flg(x)g'(x) dx = f‘g{h} f(u) duusing du = g'(x) dx

Evaluate ff 5 x2 cos(x3) dx

a8

1

2 B

- (5 5
foz cos(x?) dx ==I§ms{u) du = Esm{u) =
1 1

3 2 2 1
-[ uUu=x" = du=3xdx —>xdx=§du

x=1-u=1=1and x=2-u=2*=8

;(sin(ﬂ) —sin (1))

) wore 1521

Products and (some) Quotients of Trig Functions

For [ sin™(x) cos™(x) dx we have the following:

For [ tan™(x) sec™(x) dx we have the following:

1. nodd. Use the substitution u = cos x

2. m odd. Use the substitutionu = sinx

(1) & (2) convert rest using sin® x + cos®x =1
3. nand m both even. Use Trig Formulas:
sin{2x) = 2 sin(x) cos(x)

cos?(x) = %{1 + cos(2x))

sin®(x) = %{1 — cos(2x))

1. n odd. Use the substitution u = sec x

2. m even. Use the substitutionu = tan x

(1) & (2) convert rest using sec®x —tan‘x =1

3. n odd and m even. Use either step 1. or 2.

4. n even and m odd. Each integral will be dealt with
differently.
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Evaluate [ tan? xsec®xdx

Answer

f tan® xsec®xdx = f tan® xsec*x tan x sec xdx = f (sec’x — 1)sec*xtan xsecxdx  (u= secx) — (du

= tan x sec x dx)

1 1 1
= f (u? - Dutdu = $u5 —=u*+c==sec’x —Esea::Ex +c

5 7

g s
Evaluate | ——

Sin°x sin*x sin x (sin‘x)? sin x (1 — cos®x)?sinx
f dx:f—d f—dx:f dx

cos3y cos3x ros3x cos3y
(U = cos x) = (du = —sinx dx)
1—u®)? 1-—2u? +u* 2
_fu;m:_f I—du+[—du—fudu
u? R u
L 21n |ul le L cec? 21 L os?
_zu +2In|u —zu +c—zsec x+ n|cnsx|—2ms x+c

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58
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() NOTE153.1 N

Indefinite Integral | Definite Integral

b

b
[udv=uu—[udu fudls':uvlﬂ—jvdu.
¥

[}
()’
u — du
| dv
dy — u

Choose u and dv from the integral [u dv = [

The choice of u — function to differentiate. The choice of dv — function easily to integrate

Erﬁ

Evaluate [ x e *dx

U=x dv = e *dx

du = dx v=—e
J-xe"fdx =—xe * + f e~ dx

=—xe f—e T +¢

5
Evaluate [, Inx dx

MAKINA MUH, BOL. B BLOK NO:105 TEL: 21052 58

5 5
In xdx =xlnx|§—f dx=(xIn(x)—x)3=5In(5)—-3In(3)-2

3

—
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o N

How to choose u and dv in Integrate by Parts Questions

Function Example u dv
Log function I In x dx Inx dx
Log times algebraic [ x*Inxdx In x xtdx
Log composed with algebraic I Inx? dx Inx? dx
Inverse trig forms I arcsinx dx arcsin x dx
Algebraic times sine [ x?sinxdx x? sin x dx
Algebraic times cosine I 3x°cosx dx 3x° cosx dx
Algebraic times exponential I % 2e3% dx %xz e dx
Algebraic times integral f I ) f ; dt xdx
Vit s Vi+e?
Sine times exponential I ; sinx dx sinx E% dx
Cosine times exponential I e*cosx dx COS X e* dx

Order of choosing duv is (easiest: exponential = sine fcosine = algebraic) which have a simple form

- /

MAKINA MUH, BOL. B BLOK NO:105 TEL: 21052 58
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NOTE 15.4.1 ~
O N

Partial Fractions: If integrating _f;(—{‘:;dx where the degree of f(x) is smaller than the degree of g(x).

Both f(x) and g(x) are ONLY polynomial functions.

1. Factor denominator as completely as possible
2. Find the partial fraction decomposition (P.F.D.) of the rational expression.
3. Integrate the partial fraction decompaosition (P.F.D.).
4. For each factor in the denominator, we get term(s) in the decomposition according to the following
table.
Factorin g(x) | TerminP.F.D Factor in g(x) TerminP.F.D
A k ‘q‘l AZ ‘q‘t
ax + b prrograys (ax + b) ax+b (ax+b)2 T(ax+b)F
Ax + B Ayx + B, Apx + By, B
3 2 k ———
ax“+ bx + ¢ PR (ax“+ bx + ¢) ax2+bx+c+ +(ax2+bx+r:}’f §
e o
—
&
'
=
=
S
Txi4+13x
EVE'UEtEJ- m g
i
0
Answer =
-
e
=
o
7x? + 13x A N Bx+C A(x*+4)+(Bx+0C)(x-1) =
x-Dx*+4) (-1 2+4) (x—1(x*+4) P

T2+ 13x=A(xX*+4)+ (Bx+O)x—1D)=(A+B)x*+(C—-B)x+4A-C

the coefficient of x2 A+B=7
the coefficient of x = C—EF=13 A=4 B=3 (=16
the coefficient of the constant 44 -C =10
7x% + 13x 3 4 3x+16 p 4 3x 16 4
f C-DZ+4) "‘I G-1) (Z+4) "‘f -0 +a wra”

3 X
— _ - 2 -1(_
= 4In|x 1|+2]n|x + 4| + 8tan (2)+£‘
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I\) NOTE 1551

~y

Trig Substitutions: If the integral contains the following roots, then use the given substitution and formula to
convert into an integral involving trig function. The form type with (2 ) symbol needs to be at the denominator
of the integrable function. However, the following roots can be shown at both the denominator (commonly)

and numerator (rarely) of the integrable function.

choose \l’bzxz_ bx

a®— bIx? —— sinf =

Vaz  a

h vb* b
b2xZ — @ —— sec = =
va? a

h vbix2 b
a? + b2x% — tanf = o
va* a

choose W 5212_ bx

(8) a® + b*x? —— tanf =

2 a

5

h V32x2 3
J22— 322 TS g Y2 X
N
choose 32y 3Ix
3IxZ -2 —— secf = = —
V22 2
choose 32x2  3x
V22 +3%x2 —— tanf = = —
V22 2
8 22 4 3252 choose 9= 32X2_ 3x
{ } + XL ———s tan = ,_22 = ?

Another form:

h
1,.":12 — b (x+ r:)zlmr sinf =

T
b(x +c)
=
Va2
bix +¢c)
T a
T
_b(x+c)
a
T
b(x +c)
=

hy
Vb (x+€)2 — aZ — secl =

choose
Ja2 + b (x + ¢)2 —— tanf =

h
{ﬂ}az+hz(x+f}z'”iertanﬁ =

V32 + 1)2
42_2
3(x + 1)
-~ 2

J3x+1)?
e
3(x + 1)
==
32(x + 1)2
V22
3(x+1)
-T2
JEGE+1)?2
S
3x+1)
-2

h
JZZ=3%(x + 1)Z — sinf =

choose

V3(x +1)2 —22 — secf =

h
JZZ+32(x + 1) —— tanf =

2 2 zchuuse
(B)2°+3“(x+1)* ——tand =
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Evaluate | %d}:

let sinf@ = 3'2—1 -+ x= Esin £ by taking the derivative for both sides, then we have dx = ; cos@ de

2 2
Vi —9x2 = Jat— 9(§sinﬂ) =4 —4sin28 =+ 4cos26 =2cosb

2
replace dx by 3 cosf df

2
replace x by Esin a8

Lreplate J4—9x2by 2 cos@

2 .
6 dx_fm(gsm&)(z ﬂ)dﬁ—ng' oap— g 16—
f—,_4_gxz = —(ECUSE) ECI’.‘IE —? sin = ECGS +L = ? X<+

Improper Integrals
° NOTE 16.1 :

Integral is called convergent if the limit exists and has a finite value and divergent if the limit does NOT exist
or has infinite value.

<) Nore 162 .

l. Direct test:

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

If f is continuous on the interval (a, b], we define the improper integral ) :' f(x) dx = cliT+ _I':’ f(x) dx

If f is continuous on the interval [a, b), we define the improper integral f: f(x) dx = f“'};‘_ j: f(x) dx

>>> Important: The following test is used QNLY for positive functions. <<<

i} i
J‘ 1 ;u =1 converges 1 p <1 converges
— test: —ﬁ [
i

pi:l diverges (0<a<w) prile S p=1 diverges

1]

- J
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\) NorE 163 .

L. Comparison test:

Suppose f(x) and g(x) are two positive functions with 0 < f(x) < g(x). Then we have the following
statements:

If f g(x) dx converges then so does f f(x)dx. 0= f(x) = g(x)

If 0= g(x) < f(x) I g(x) dx diverges then so does I f(x) dx.

MNote: the inverse statements are NOT applicable.

N J

) NOTE164 .

M. The Limit Comparison Test (LCT):

Suppose f(x) and g(x) are two positive functionsand I, = [ : f(x)dx and I, = | : g(x) dx.

Further suppose that the 3 different conditions are 1. lim [ ¢ 2. lim [ ¢ 3. lim o c
= eon glx) ¥ =t glx) x — g 9lx)
I is improper 1. atx =w 2atx=10 Jatx=a wherel<a<w

A.lfc # 0 and ¢ # oo then both integrals converge of both divergent.
B.If c = 0 then 0 < f(x) < g(x). Check NOTE 16.3 Comparison test
C.lIfc = wthen0 < g(x) < f(x). Check NOTE 16.3 Comparison test

\_ J

This problem has 3 unrelated parts about improper integrals:

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

a) Evaluate the improper integral I = mxe"‘z dx
(a) prop g 0

(b) Determine whether the integral J';'=| dx is convergent or divergent.

(x+exj 13

(c) Find the values of p for which the integral J'ﬂl m is convergent.
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Answer

(a) Evaluate the improper integral I = _[:n xe ™ dx

This integral is improperat x = co Using Direct test, we have lim J'UR xe ™ dx
R—=o
(e gy = — 2o = _ (e B _ 1) =i(1—eF Lim(1—e®)=1
letlp = [ xe™ dx=—ze™| =—=(e 1)=-(1-e™™) Hence, lim(1-e™)=-
" t [ i .
(b) Determine whether the integral J'ﬂ T dx is convergent or divergent.
. - _ x x = =
This integral is improperat x = o Forx=0,x+e* =2e¢ - =<
o R R
1 1 _x _R
0< —<— where J' — dx=lim | —dx= ]irnIe 3 dx = —3lim (e 3—e“)=3
(x+e¥)3 el ) €3 TS el o e
o 1 . . %
[~ —— dx is convergent by comparison test. e
[x+eX)3 1
2
&l
m
(c) Find the values of p for which the integral _fn w is convergent. =
8
1 8
lim, 207 2 (osxP =1 U p. Recall [ — d <1 <
im ————= lim cosx)F = or all p. Reca — dx — converges
x= 0* 1 x- 0+ (COS X)P f P I xP P g =
P -
So, by the Limit Comparison Test, [ ——— is converges for p <1 2
- Dy the Liml pari Jo TGnar 9 P -
=
=
L
=
-
L=
=
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° NOTE 17.1 -

b . . .
Net Area: | . f (x) dx represents the net area between f(x) and the x — axis is with area above x — axis is
positive and area below x — axis negative.

™ i
N

Area Between Curves: The general formulas for the two main cases for each are,

y=f(x)=2A4= J’: [upper function]| — [lower function] dx

¥x=f(y)=A= j:! [right function] — [left function] dy

) NotE172 .

If the curves intersect then the area of each portion must be found individually. Here are some sketches of a
couple possible situations and formulas for a couple of possible cases.

y y=f(x) a2 y  y=f{(x)

2

y=g(x)

MAKINA MUH, BOL. B BLOK NO:105 TEL: 21052 58

b

b i £
A= f f()—g(x) dx| A= f F)—go) dy | A= f () — g(x) dx + f 9(x0) — f(x) dx

\. /
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Find the area of the bounded, plane region R lying between the curves y = x2 —2xand y = 4 — x°.

Answer

First, we must find the intersections of the curves, so we solve the equations simultaneously:

¥ —2x=y=4-x* 2x2-2x—4=0 2(x—-2)(x+1)=0sox=20rx=1

Sinced4d —x? = x? —2x for—1<x < 2, the area A of R is given by ¥ y=x2_2x
2 y=4—x2

A =f ((4 —x?*) — (x* —2x)) dx :

2 2 2 E R
=f [4—2x2+2x)dx=(4x——x3+xz) E xS

-1 3 -1 A - £

2 2 , - — X3

=4(2) — 3 (8) +4-— (—4 + 3 + 1) =9 square unites.

MAKINA MUH. B0OL. B BLOK N0O:105 TEL: 21052 B&
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Volumes by Slicing-Solids of Revolution
(~) NOTE18.1 :
r A

Table 1. Volumes of solids of revolution
¥

y = glx)

If region R —

is rotated about

J
a x [ x
use plane slices use cylindrical shells
e b d
the s V= ﬂf ((€x)? = (f))P)dx V= erf ¥ (k() — k() dy ©
i (o
B
use cylindrical shells use plane slices 2
&l
the y-axis b d -
i V=2n f x (g(x) = flx))dx V= :frf ((k(¥))* = (h(¥))?) dy =
\J J 8
g
-mm Yy y= z° i
\ | :
let D be the region in the plane described by all four inequalities y=12 3
, 1 2
x =0, y =2, y2x,ys-— i), =
X =§
(See the figure on the right). Answer the questions in bold form. ¥y= % =
5 =
X <
:

a) Let § be the solid of the revolution obtained by rotating the region D about y-axis.
(1) Set up the integral(s) which give the volume of § using cylindrical shells method

(DO NOT EVALUATE).

b
Divide D into two regions Dy and D, using v = _I; 2nrh dx cylindrical shells method.

Thus, v = J'ﬂ”z 2rx(2 —x¥ dx + f:ﬂ 2mx G — x3) dx
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‘UG
(1) Set up the integral(s) which give the volume of § using washer (slicing, disc) method

(DO NOT EVALUATE).

using v = J'; m(R? — r?) dx washer method

InD-q-:r:ﬂ' R:i IrID_.‘_: r‘=ﬂ.R = w *."vz.]‘:n(mz l-:I'I-Jir-l_JFIZ.H-[%)E d}'

b) Let T be the solid of the revolution obtained by rotating the region D about the line x = —1. Set up but (DO
NOT EVALUATE) the integral(s) which give the volume of T using cylindrical shells method.

using v = _[; 2nrrh dx cylindrical shells method. a |

Thus, v = J'ﬂ”?' 2r(x+ (2 - x¥dx+ J'llJ,ZEH(x +1) G - x3) dx

0o

|
|
ET
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[\) NOTE182
/ _

: ’ y=gin :
r=x+z asx<0 DI
bg)-f) | A 1
=
fon | =0(y- E
At2=0(y-axi) L) #r=00-et) E
Py | ‘ iF=a |
P . o
1=-1 r=+z
* g
wy
ol
uwy
¥i [=]
Py
e
_-,r:+z‘ ﬂ II"--'1
r=y+z asy<0 r=z-y asy>0 n
y T
h=0)-40) h=0)-H0) 1 2
=
el
-
Atz =0(x - axis) At z=0(x - axis) .
o0
r=y ar=y =
=
z
] E
Y=l el LA -
i

For the cylindncal shell method, the representative rectangle 1s always parallel to the axss of revolution (rotation)
b d
V= ZFJ’ rhdx (Vertical Rectangle Element) - V=1 [ rhdy (Horizontal Rectangle Element)
r: Distance between ﬂle::n's of revolution and rectangle element.  h: height of rectangle :I;:uu:l

In a horizontal rectangle element:  y: Distance between the x-axis and rectangle element (fixed).
In 3 vertical rectangle element: 1: Distance between the y-axis and rectangle element (fixed).

\ _/
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° NOTE 18.3

/ =

As x <0

R=k(y)+:z
r=hiy)+z

At z=0(y-axis)

Asx>0
R=z-h(y)
r=z-k(y)

At z=0(y-axis)

R =k(y) ' ~R=ky) ¢ "
A r=hy) x;-z RS 1=+
y=gl)
As y <0 Asy>0 T ¥
iR=g(0)+1 S 5 :R=2-f() il
ar=flx)+z X .'I : “r=1-g(1) -
f & Bl ]
At 2= 0(x - axis) 2= At 2=0(x - axis)
2R=glx) b ¥ | +R=gl)
ar=flr) f “r=f(x)

In a horizontal rectangle element:
In a vertical rectangle element:

V=n [[RE -r?)dx (Vertical Rectangle Element)

V= a‘rJ{R2 -r*)dy (Horizontal Rectangle Element)

dy 15 the width of the rectangle element
dx 15 the width of the rectangle element

R (Outer Had'lusJ:Dism:Lc: between the axss of revolution and the ending (furthest) edge nflh:rcrlmgkclm
r (Inner Radms): Distance between the axss of revolution and the starting (nearest) edge of the rectangle element.

For the disc (sheing, washer) method, the representatrve rectangle 15 always perpendicular to the axis of revolution (rotation)
b d

\

_/
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Section 19 | Arc Length and Surface Area

() NOTE19.1
arclenghis [ = f;:: ds where ds = ‘1 + (f'(x}]zdx o 1= j': ‘1 + {f'[x]]zdx

Write a difinite integral which is equal to the arclengh of the curve y = e* between the point (0,1) and
(1,e). DO NOT EVALUATE.

o’ _— X
1= j’: ‘1 + (f’(x]]zdx where{ai(g} _b i 1 arclengh | = ful V1 +eZdx

o D

Area of a surface of revaluation

If f'(x) is continuous on [a, b] and the curve y = f(x) is rotated about the

X —axis y —axis
The surface area is The surface area is
xr=h x=h
S=2HI |v|ds S=2rrj |x| ds
¥=a =a

x=h xr=h
S = ETEJ' IF () ’1 +(f'(x) dx S = 2nJ’ x| ’1 +(F(0) dx

=i

MAKINA MUH. BOL. B BLOK N0O:105 TEL: 21052 58

If g"(x) is continuous on [c, d] and the curve x = g(y) is rotated about the

x —axis y —axis

The surface area is The surface area is
}’=d }’:d

S=2HI |v| ds S=2HI |x| ds
¥= y=c

y=d y=d
S= zsz lv| ,1 +(g'0)) dy §= Efrf g ,ﬂl + (') dy
¥y=c

=C

- /
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Find the surface area of a parabolic reflector whose shape is obtained by rotating the parabolicarcy = x%, (0 = x < 1),

about the y¥ —axis, as illustrated in Figure below.
K

The arc length element for the parabola y = x? is ds = /1 + yx2 dx, so the required surface area is

u
5= ZTI'J-:I\I']. + 4x2dx=%ff ut/fdu = Euﬂzﬁ = E[SJE — 1) square units

-{ Letu=1+4x" — du=8xdx
¥x=0—-u=1and *x=1—-u=5

Section 20 | Polar Coordinates and Polar Curves

Polar-rectangular conversion

_ ¥

x=rcosf y=rsing x*+y*=r* tanf =7
Vo

[r.0)

A (5. ¥)
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Find the Cartesian equation of the curve

represented by the polar eqationr =sin2 8 r=sin29 =2sinfcos@

r? =2 (rsin@)(rcos8) — xZ4y%=2xy

) wote 202 .

Lemniscate Rose Curve (n even) Raose Curve (n odd) Archimedes' Spiral
[ r
rf = alcos2@ r= acosnd r = acosn# r=4@
= a?sin2g r = asinng r= asinng =0
awi n even, 2n petals n odd, n petals
o vy
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Cut here and keep for reference

REFERENCE PAGE 1

GEOMETRY

ALGEBRA
Arithmetic Operations
alb + ¢) = ab + .ﬂ+i‘_£ld+b|t‘
el = ai ac B P = bd
a
.ﬂ+|‘.‘_.ﬂ+|‘.‘ b_axd_.ﬂd
b b b c B e M
d
Exponents and Radicals
- — mta I. p——
x"r"=x —=x
X
1
(x™)"=x t=—
LA
y ¥
= iz = = = ()
— g n X \ll'I;
v XV = x4 _——
y

Factoring Special Polynomials
oy =x+yix-y

2+ =x+ pixt —xp + 39

xt -yt =l - it £y + )

Binomial Theorem
(x+ )7 =x*+2xy +
(r+y) ="+ 3% + 3 +y!
fx -y =x' -3’y + ' — '

wp — 1)
—s %

. +(:),.*y.+ by

)y _mn—=1)---n—k+1)
"hm(k)_ 1-2-3.---k

x+ ¥ =x"+mx""y + ¥

Quadratic Formula

Ifdr:+h+f=ﬂ,mmx=_':_bt b:_hf.
2a

Inequalities and Absolute Value

Ifa< band b < ¢, thena < .

Ifa = b thena + ¢ < b + c.

Ifa < b and & = 0, then ca < ch.

Ifa < b and ¢ < 0, then ca = ch.

If a = 0, then
|x| =a means x=a or x= —a
|x| <<a means —a<x<a

|x| >a means x>a or x < —a
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12 wverall Icasmang cparsmes Corpags Loamng reserves e g 1o remes ack R N S——

revie b de arry mapp

x—yrF=x"—2xp+p

Geometric Formulas
Formulas for area A, circumference ), and volume F:

Triangle Circle Sector of Circle
A=%hhk A=art A=z1rd
= tab sin # C=2ar 5= r@ (#in radians)
a * I r
L) n
.3

Sphere Cylinder Cone
F=3mr’ V= wrih V=3imrh
A =4dnr A=wrjrr+

Distance and Midpoint Formulas
Distance between Pylx, v and Paixs, ya):

d=flr: — 0 + (3 — wF

—_— + +
Nidpont of PP (2522 212 )

Lines
Slope of line through Py(x,, vi) and Palxs, ys):

=N
Xz — X

Point-slope equation of line through P (v, ) with slope m:
¥—y=mlx — x)
Slope-intercept equation of line with slope m and y-intercept b:

y=mx+5b

Circles

Equation of the circle with center (f, &) and radius r:

lx—hF + iy —kF=r"
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REFERENCE PAGE 2

TRIGONOMETRY

Angle Measurement
w radians = 180°

Ed
1* = == rad lmd ==—

180 - )
s=rf
{# mn radians

Right Angle Trigonometry
sin 8 = PP csc 8= P

hyp opp
cos 9= 2L sec § = 2L
hyp ad)
ad] opp

Trigonometric Functions

5'L|1|EI‘=l 1:54:&=£
r ¥

cos 8= sec ==
r x

tan 9= < cot == -
X ¥

Graphs of Trigonometric Functions

¥ ¥ ¥ ¥=lanx

N 5 DN
1T/ T

cosx
w

¥ ¥=EREN ¥ Ak - 4 ¥ = ol

EERINSNNN

LA A T

Trigonometric Functions of Important Angles

7] radians sin cos @ tan &
0 0 0 1 0
k{Is /6 1/2 V32 V33
45 /4 V2 V2 1
a0° =3 iz 1/2 J3
o’ /2 1 0 —

Fundamental Identities
1

8= = —
s sin @ see cos &
sin # cos f
fan 8 = L=
" cos & e sin &
1 . 4 3
cot @ = —— sin“f# + cos"@ =1
tan &

1 + tan’*# = sec’# 1 + cot*# = ¢sc™@

cos(—#) = cos #

ofg o)
N

sinl—#) = —sin A

tan(—#) = —tan @

The Law of Sines &
snd  smf  snl a
a b

The Law of Cosines
*=h et - Ibecos A

b =g*+ ¢’ — 2accos B

=g+ b — Jabeos C

Addition and Subtraction Formulas
sinix + ¥} = sinx cos y + cosx siny
sinix — ¥} = sin X cos )y — COS X S0y
cos{x + ¥) = coOSx oSy — SINX sIny
cosix —yl=cosxy cosy + sinx siny

IBI:I[I + .] = M
¥ | — tanx tan y
tanx — tan y
tan(x — ¥) = Janx —iany
1 + tanx tan ¥
Double-Angle Formulas
sinly = 2s5InxY cosx
cos2y =cosx —siny=2cosx — 1 =1— 2snx
2tan x
1 — tan’x

tan 2x

Half-Angle Formulas

. 3 1 — cos 2x 5 1 + cos 2x

Ll mi
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SPECIAL FUNCTIONS

REFERENCE PAGE 3

Power Functions [ix) = x*

[i} fix) = 2", n a positive integer

Cut here and keep for reference

vy =tan 'xr = arctan x

" even
nodd
lii) fix) = =" = y/x, n a positive integer y ¥
(1.1 (L1
0 X 0 1
f|1b=\.'f1 _f|.1.'|=<:.'lx
i) fix) = x =~
iii - =—
FLEY x s
Inverse Trigopnometric Functions ¥
T
= N _| N ﬂ- 'n- I I —
arcsiny =sin x =y <= sny=x and —?5_}'5?
0 lim tan'x = —
- #
arceos Y =008 r=y <= cosy=x and O=y=nm
____________________ lim tan~'x = —
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REFERENCE PAGE 4

SPECIAL FUNCTIONS

Exponential and Logarithmic Functions ¥

log.x=y < a'=x
Inx=log.x, where Ine=1

Ihrxr=y <« e'=x

&
|
Il
5
-

Cancellation Equations Laws of Logarithms A1 =
logfa®) =x a“==x 1. loglxy) = log,x + log. ¥
x
ln:ﬁ"] =X -E"h’ =x 2. I‘DE.;(;) = l’l:lg.:.'l.' - lﬁgn}' lim e*=0 lim e = =
3. logudx") = rlog.x liT. Inx = —= limInx ==

Vi y= I'D!Eﬂx
y=Inx
1+ y=log.x
y=log,x
ik 1 x
1] x
Exponential functions Logarithmic functions
Hyperbolic Functions ¥
¥ = cosh x
gt —e”
-“h e ——— h ]
s 7 CHR T = Gnhx y=tanh x
e +e” 1
cosh x = ——— sech x =
* 2 * 7 Coshx x
inh sh
fanh x = T coth x = m =
cosh x sinh x y=sinhx
Inverse Hyperbolic Functions
y=sinh™'x < sinhy=x sinh'x = Infx + 2T+ 1)
y=cosh™x < coshy=x and y=10 cosh 't =Inlx + VX — 1)
1+
y=tanh"'x < tanhy=ux tanh".t=1]gln(] I)
- X
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