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INTRODUCTION

This booklet is for those who are taking Math120 (Calculus of Functions of Several Variables).
What does the booklet offer?

Sufficient way to read the calculus subjects.

Organized way to understand calculus theorems and some proves as well as some necessary rules.
Sample examples to understand how to solve the related problems

Some suggested problems to practice

Appendix which contains functions and their graphs Geometric formulas

Short answer key of the suggested problems as well as full solution in the answer key booklet.

ISR A A

Read -» Understand -» Practice ~» AA

What are the sources used on this booklet?

1. Calculus a Complete Course Textbook
2. James Stewart's CALCULUS Textbook
3. Thomas' Calculus Book by George B. Thomas Textbook

To have chance of having mock/sample exams as well as other online extra recourses and support, you may join
MATH120 Course page via https://Ims.rishabooklet.com

If you have any inquiries, please do not hesitate to contact me via
Email: rishabooklet@gmail. com

WhatsApp: https://wa.me/00201553122454

| hope such a work helps you to reach AA letter grade.

Best Regards,

(D
. Y[—’At’/

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

*UG*

1 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

MAKINA MUH. BOLUMU B BLOK NO:105 TEL



Booklet Sections (RISHA BOOKLET)

Section 1.1: Sequences and Convergence

Section 1.2: Infinite Series

Section 1.3: Convergence Tests for Positive Series
Section 1.4: Absolute and Conditional Convergence
Section 1.5: Power Series

Section 1.6: Taylor and Maclaurin Series

Section 1.7: Applications of Taylor and Maclaurin
Series

Book Chapters (A Complete Course Calculus)

9.1 Sequences and Convergence

9.2 Infinite Series

9.3 Convergence Tests for Positive Series

9.4 Absolute and Conditional Convergence

9.5 Power Series

9.6 Taylor and Maclaurin Series

9.7 Applications of Taylor and Maclaurin Series

Section 2.1: Analytic Geometry in Three Dimensions
Section 2.2: Vectors

Section 2.3: The Cross Product in 3-Space

Section 2.4: Planes and Lines

Section 2.5: Quadric Surfaces

10.1 Analytic Geometry in Three Dimensions
10.2 Vectors

10.3 The Cross Product in 3-Space

10.4 Planes and Lines

10.5 Quadric Surfaces

Section 3.1: Functions of Several Variables
Section 3.2: Limits and Continuity

Section 3.3: Partial Derivatives

Section 3.4: Higher-Order Derivatives

Section 3.5: The Chain Rule

Section 3.6: Linear Approximations

Section 3.7: Gradients and Directional Derivatives
Section 3.8: Implicit Functions

12.1 Functions of Several Variables

12.2 Limits and Continuity

12.3 Partial Derivatives

12.4 Higher-Order Derivatives

12.5 The Chain Rule

12.6 Linear Approximations

12.7 Gradients and Directional Derivatives

12.8 Implicit Functions (“Systems of Equations” is not included)

Section 4.1: Extreme Values

Section 4.2: Extreme Values of Functions Defined on
Restricted Domains

Section 4.3: Lagrange Multipliers

13.1 Extreme Values

13.2 Extreme Values of Functions Defined on
Restricted Domains

13.3 Lagrange Multipliers

Section 5.1: Double Integrals

Section 5.2: Iteration of Double Integrals in Cartesian
Coordinates

Section 5.3: Double Integrals in Polar Coordinates
Section 5.4: Triple Integrals

Section 5.5: Change of Variables in Triple Integrals

14.1 Double Integrals

14.2 Iteration of Double Integrals in Cartesian
Coordinates

14.4 Double Integrals in Polar Coordinates
14.5 Triple Integrals

14.6 Change of Variables in Triple Integrals

Section 6.1: Vector Functions of One Variable
Section 6.2: Curves and Parametrizations

11.1 Vector Functions of One Variable
11.3 Curves and Parametrizations

Section 7.1: Line Integrals

Section 7.2: Vector and Scalar Fields
Section 7.3: Gradient, Divergence, and Curl
Section 7.4: Conservative Fields

Section 7.5: Line Integrals of Vector Fields

15.3 Line Integrals

15.1 Vector and Scalar Fields

16.1 Gradient, Divergence, and Curl
15.2 Conservative Fields

15.4 Line Integrals of Vector Fields

Section 8.1: Green’s Theorem in the Plane

16.3 Green’s Theorem in the Plane

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

*UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117



Section 1.1 | Sequence and Coverage

° NOTE 1.1.1

N
A sequence {a, } is a set of terms {a,, a,, as, ay, ..., a,_1, @, }, where “n” is a positive integer (Z*).
Sequence can be donated by {a, }n-x
In case the initial value (k) is Not shown, then start the sequence witn = 1
a, is the first term and a,, is the nth term of the sequence.
J

1
Example 1

Find the terms of the following sequence.

-1 n+1i on
) = {%}

n=1 = a, =1

=2 = __ 2
n= a, = 3
n=3 = a, =2

_4 - 16
n= a, = =
N _ 16
n= a5—3

B (-pn*i2n _[q 4 ) 16 16
@l = —=—t=f1-3. 2-% 3]

Find the terms of the following sequence.

(@} = {-DVn =2} _,

n=2 = a,=0
n=3 = a; =-—1
'n=4 = a4=\/§

n=5 = a5=—x/§

n=6 = ag =2

{a}={(-D™n=2} _ ={0,-1,v2 ,-V3,2}
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How to Find a,

Find the general form of the sequence related terms to “n”.

11 1 1 1
[_ ’2"6'24"120""}

: : _—1
n=1 = a, =-1 i
: _1
n=2 = az———i
3 1 1
= =3 e p—
: T
A 1 1
—4 = - __
" “=uT
B 1 _1
n=5 = (g —m—ﬁ

Example 4

Find the general form of the sequence related terms to “n”.

n=1 = a1—2=i=£
V1 1
n=2 = a==itl
V2. V2
n=3 = agzizﬂ
Vi V3
n=4 = a.@;—5=ﬂ
2 4
n+1
(o = =]

') Nore 112

A recursive formula is a formula that defines each term of a sequence using preceding term(s). Recursive formulas

must always state the initial term(s) of the sequence.

Suppose

a1=2 a2=4

Find the first 5 nonzero terms.

This is a recursive sequence.

Aps1 = 20y — Ay

a;=2a,—-a,=2(4)-2=6

a,=2a;—-a,=2(6)-4=8

The recursive sequence is { 2,4,6,8,10, ..}

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

*UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117



) ore 113

The limit of a function is equivalent (same as) to the limit of a sequence. Just the notation is different.

If}i_’rgnf(x) =Land a, = f(n)

then lim a, =L
n—oo

L\ Nore 1.4

Sequence in the form of limit:

If r]an;tn a, = L then {a,} is called convergent if the limit exists and has a finite value and divergent if the limit does not exist or has infinite value.

What is the difference between the following sequences?

-G

o {(e"}

1. s .1
l. {;] is convergent (exist) since 111_)12); =0.
. {(e)"}is divergent (Does Not Exist) since

lim (e)™ = co.
n—oo

Example 7

_qyn
Evaluate lim ct
n—oo n
—1n _1\n

lim || = tim 2 = 0 thus, lim =2 =0
n-ol N n-oon n-oo N

_q M _qynt+1 _yn
Anlpyr = e % <0 - [%} is alternating

Show whether the following sequences are convergent or divergent.

L {=D" I,

[ WO 1.5

If {a,,} and {b,,} converge n = 1, then.

e Lim(a, + by,) = lim a, + lim b,
n—oo n—oo n—om

* Mmea=clina,

+ bimGon o) = (Jim on) (tim )

lim a

. — n .
e Lim (ﬁ) =22_ wherelim a, # 0
n-oo \by lim by, n-co

n-00

e |fa, < b, foralln > 1then ?!i_,r%an < 711_1’2’ b,

N

p
e Lim (a,)? = (Lim an) wherea, >0 andp > 0
n—ow n—0o0

~N

/

) NoTE 116

{a,}is alternating if a,a,4+1 <0 forn>1

That is, if any consecutive terms have opposite
sign.

V. a,=vn+1-vn
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. {-0D"=-1,1,-1,1,-1,.... - divergent.

Zn

2n - 2
. a, == r{ﬂ?}om = il_m “+l == 2 — convergent.
_n
2+(-1)" .24+ (-1)" . %+( ,? 0+0
n.  a,=——-lim =lim2t2—=—=0 — convergent.
n n—o 7 n-w 1
L'H 1
Inn . Inn
V. ey =—= lim T( ) lim2 =0 - convergent.
n—-00 co n—ow
_ Y _ Vnti+/n
V. an—\/n+l—\/ﬁ—1£%(\/n+l x/ﬁ)(\/mhﬁ)
n+i-

r{-»m =" \/_ =0 - convergent.

') nore 117

Squeeze Theorem

Ifa, < b, < ¢, and Lima, = lim ¢, =L Then
n—:0o n—=o
lim b, =

n—oo

.

[ NOTE 18 \

n!'<n"as
n=nn-1n-2).... are called n-terms.
n=n-n-n... are called n-terms.
n! <n*1

n" 3 <pmt<p <t

The last term of
n=nn-1)n-2)....is1

n=n-n-n...isn

Thus, n™ > n!

- /

a, = o Convergent or divergent?
1 241 2
= - = — < —_—
0 =1 =350
321 3-3 4-3-2-1 4-4-4
a, = 21 33 a, = <t
333 333 4-4-4 4-4-4-4
n! _at? n?
=—< < <
n nt = an 0= an = n
-1
lim>—= lim==0. Then, hma11 =0
n—oo n™ n—oo N

Thus, a,, is convergent by squeeze theorem.

) nore 115

n-oo

[ If f(x) is continuous and Lim a,, = L, then L1m f(a") f (le(an)) f

Example 10

a?’l = eSiTl(%)

lim sin

en—-c0

. 5 o
Convergent or divergent? 0, =e Sm(ﬁ)!

since e* is continuous

1
lim sin (—) = (Oexists(convergent)
n—oo n

( ) ed=1 Thus,a,= esm(i) is convergent.
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a, = tan~1 n? Convergent or divergent?

_, , [since tan™'x is continuous
a, =tan"tn limn? = oo
n—oo
_ . _ I
tan~! (llm nz) =tan~! () = -
n—o 2

Thus, a, = tan™! n? is convergent

P vore 110

A sequence that is called Monotonic:

if the sequence is always (strictly) increasing like a, < a, < a; < - © Uy =a,

or the sequence is always (strictly) decreasing like @, > a, > a; > -

© Opyp S 0p

Example 13

Show that {L} is monotonic.
n+1

Let f(x) =—

X
x+1

Frlay=0"2- 1 S ofryx>1

To(x+D)? T (x+1)2 T

Thus, {E} is monotonic since it is strictly increasing.

[\ ) NOTE 1.1.11 .

If a, < M, then the sequence is called Bounded Above.

If a, = m, then the sequence is called Bounded Below.
If m < a, <M, then the sequence is called Bounded.

Every Bounded sequence is called a monotonic sequence.

\ J

Example 14

n

Show that {ei} is monotonic.

Letf(x)=ex—x
f'(x)=e;ie =£ it;x)=1;—xxs OforvVx>1

Thus, {e%} is monotonic since it is strictly decreasing.

() NOTE 1.1.12 |

THEOREM
If {@,,} is bounded and monotonic then {a,, } is convergent.

If {a@,,} is convergent then {a,, } is bounded.
1If {a, } is bounded, then {a, } is convergent. (WRONG)

For example: {(—1)"} is bounded but not convergent.

A

L NOTE 1113

THEOREM

If sequence {a,, } is bounded above and is (strictly) increasing, then it converges.

If sequence {a,,} is bounded below and is (strictly) decreasing, then it converges.
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P\ nore 1134

limr™® =
n=co

{0, -1<r<1
1, r=

Example 15

L) Nore 115

If Lim| a,| = 0, then Lima, =0
n—co n—oo

=~ {a,} is convergent.

If Lim| a,| # 0, then Lim a,, = DNE (Does Not Exist)
n—oo n—oo

~ {a,} is divergent.

Determine whether the following sequences are convergent or divergent.

_ (@2n)
T (nl)24n
_ (em)y
On = Conagn > 0 vn>1

Uy (2n+2)! .(n!)24”
G ((n+ D)ttt Cn)!
_@n+2)@n+DEe} @AY -4
T+ DMmb?4-4n @a)
2(n+4r)(2n+1) (2n+1) _ 2n+1

a(n+1)®  2(n+1)  2n+2

—<1 ¥n=>1

Then, a,, is decreasing and it is bounded from below by 0.

Hence, {a, } is a convergent sequence.

x—-o0 2%

a3 ®
{( 12)"n3}n=1

n3

o

(_l)nn3
n

LH 32 oo LH
im 3 5] = tim gl = ih’&wfz)z[;]

L'H
=
So ltm— =0 and hence ltm( Dn? =0
n-ow 2 n—o 2n

Hence, {a,} is a convergent sequence.

V) NOTE 1.1.16

1
3. limxn=1 (x>0)
n—oo

5. lim (1+ E)n =

n—=co

e* (anyx)

.

2.

THEOREM: The following six sequences converges to the limits listed below:

limVYn=1
n—oo

iin;x" =0 (x| <1)

. oxt
1{1_)123; =0 (anyx)

In formulas (3) through (6), x remains fixed (constant value) as n — oo.
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Section 1.2 | Infinite Series

') nore 121

~
Definition:
A series is a formal sum of infinitely ordered list of terms (numbers), for example the series of positive integers:
142+3+4+54+6+7+8+9+ 10+...© They are the terms of a series, which equal to Y-, n
Sometimes a series starts with a, (index zero) instead of a;.
\ J
'\) NoTE 122 \
The series is denoted by s = Y- a,, whichequaltoa; + ay +as +ay + -+ ap_q + @y + ayyq + -
However, nth partial sumis s, = Y- a; =a; +ay +az +a, + - +ay,
\ J
[3) NoTE 123 \
Series in the form of limit:
Note: Yy Gy = 7{% Yhia o s= 15.%5“
If lims,, = s exists, then the series is called convergent. Otherwise, the series is called divergent.
. " J
) NoTE 124 |
DO NOT CONFUSE YOURSELF!
@y is the nth term Sp, is the sum of the nth term
Apn4q isthe (n + 1)th term s is the sum of all terms
. S
) NoTE 125 .
Geometric Series in two main forms:
Y« ar"t=a+ar+ar?+ -, whose nthtermisa, = ar™?
Y oar® =a+ar+ar?+ -, whose nthtermis ap.q =ar®
So, for |r| < 1 the series is convergent, and its sumis Y- ar®t = 32 jar™ = &
So, for |r| > 1 the series is divergent, thus s = ?{E?osn does not exists.
\ J
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o0 n-1
Find the sum sz 3 (—l)
n=1

2

The type of the series is Geometric

1

Since |r| = |—%| =%< 1

. ° "1
Then SEI‘IeSZ 3 (——) converges.
n=1 2

Its sum is 31=%:2

(=) 3
_ o oo (3_5,5_5
Find the sum of Y-, a, = (3 9 + 27 81 *

(11+11+)
1 3 9 27

n=1

The type of the series is Geometric

5 1 . 1 1
a=; r=—3 Smcelrl—|—§|—3

) z :°° 5/ 1\"1
Then series —(——) converges.
n=13 3

w e | n
Il
Lol

5
Its sum is —— =
1-(=5)

<1

o n-1
Find the sum ofz 3 (— i)
n= 3
The type of the series is Geometric

Since |r| = |—§| =§> 1

oo -1
Then series Z 3 (— 5) is divergent.
n=1

Its sum does not exist.

Example 4

Find the sum of Z 3 3n+1
e" ee™l e e\n-1
3n+l 32 3n-1 Z §(§)
n=1 n=1 n=1

The type of the series is Geometric

T 9 T3

Since |r| = |§| = g <1

- © o en
Then series Z —7 converges.
n=13

wllfjeln

e
° e
Itssumis— s =555 = ——
—( —= — 3(3-
1( ) (3-e)
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) nore 126

Telescopic Series

A telescopic series is a series whose terms can be rewritten so that most of them cancel out.

Find the sum ofz n{n+1)
Since 1

nn+1)  n  n+l

So, the nth for the sum is

After the terms are cancelled, then the remaining terms

are
— 1__

n+1

Hence, the sum of the series is

= fimts) = lim (1-35) =

n+1
Example 7

Find the sum ofz >
1»m—1
4 4 A . B
m2—-1 (2n-1DC2n+1) 2n—-1 2n+1
A(2n+1) B(2n—-1)

S D@n+D)  n-Dn+ D
4=ACn+1)+B(2n-1)
4=(2A+2B)n+A—B

h {2A+23=0—>(1)
we have A—B=4-(2)
From equation (1) & (2),

wehaveA=2andB = -2

Thus, the series is convergent to 1

1
Find the sum of Z m+3 2n+1)

+ (2(n—12)+3 B 2(n—12)+1) + (2(n—11)+3 B 2(n—11)+1)

1 1 )
+ (2n+3 2n+1
1 1

Sp=—-+——
n 3 2n+3

Hence, the sum of the series is

s = lim(s,) = lim (——+ 2n+3) = _§

. . 1
Thus, the series is convergent to — 3

@y ® 2

Thus, s = Zn=14n2—1 - zn=1 n-1  2n+1
(2 3)+(2 2)+(2 2)+
=\172)7375) 7577

+( 2 2 )+( 2 2 )
2n—-3 2n-1 2n—-1 2n+1

2
2n+1

Hence, the sum of the series is

= e = i (2 557) =2

2n+1

Thus, the series is convergent to 2
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) nore 127

\
The harmonic series 1s the divergent infinite series
@ 1
The general formula is Z — where a # 0 and b are real number (R)
n=1
o]
1 1 1 1 1 . .
For example,z -=1+4+-+-+-+_-+isdivergent
n=1™ 2 3 4 5
\ J
(\) NOTE1.2.8 N
Theorem: if the series s = Y.;_; a, is convergent, then lima, =0 (The converse is false)
n—oo
1 @ 1
The converse is false since lim o= 0, howeverz - 1s divergent (harmonic series)
n-—oo n=1
The nth term of divergence test, if lima,, # 0, thus the series s = .o, a,, is divergent.
n—o00
\ J
Determine whether the following series are convergent or divergent.
i n This series is divergent because lim
n—oo 2n-1
n-1
n=1
Example 9
Z(— 1)"nsin(1/n)
n=1
. * .
This series is divergent because lim |(—1)“n sin (l)| = lim sinli/n) _ lim sink) _ 1#0 xletx == then x—-07F
n—co n n—=o 1/ x-0t «x n
() NOTE 1.2.9
'\
Theorem: the series s = Y5, a, is convergent, if and only if Y, a,, converges for any integers N > 1
Operations with Series.
If ¥y ay and Yy~ byare convergent series and c is a constant, then the following series are also convergent and:
1-¥no1€a, = C Xpq Qn
2-Yo=1(an £ by) = Xpman £ Xz by
3-ifa, < by foralln =123, then Xy_  a, < Y1 b,
- J
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Example 10

Find the sum of the series Z

The given series is the sum of two geometric series,

2 = 56 =
ne13 net3 T1-(1/3) 2

o 142n+1

n=1 3n

Zw 2n+1_zw i(E)n—l_ 4/3 _
n=1 3" - n=13 3 T 1-(2/3)

Thus, its sum is % +4 = ;

Section 1.3 | Convergence Tests for Positive Series

) Nore 131

\

~
Integral Test: If f is a continuous, positive, and decreasing function where f(n) = a,, on the interval [N, ) for some
positive integer N,
then the improper integral |, ;o f(x) dx and the infinite series Yp—y @n
either both converge or both diverge to infinity.

vy

Determine whether the following series are convergent or divergent.

1
nz+1
n=1

If f(x) =

[1,00), then we can apply integral test.

f
1

= ltm[tan hp—tant1] =

|s a continuous, positive, and decreasing on

b

= lim
b—=coo
1

— 14 =1..1b
1dx— gin;[tan x7

N|=1
.ma
SN

* 1
Thus, bothj -
1 xe+1

n=1

o

3
2n—1

n=1

3 . . " .
If f(x) = 5o is @ continuous, positive, and decreasing on

[1,0), then we can apply integral test.

o0 b
fo 4% = pm 2x—1dx'ﬁi’22]
1

1
= m [Inu]32-1 = Igirg [In(2b—1)—In1]=0w—-0=w
*letu=2x—1 >du=2dx

asx=b -ou=2b—1and asx=1-u=1

o 00
Thus, both f 2 _dxand Z — _are divergent.
1 2x-1 n=12n-1
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Inx . . " .
If f(x) = —- is a continuous, positive, and decreasing on

[3,00)*, then we can apply integral test.

=1BX < Qwhere 1 —Inx < 0

oy i x%—lnx
i) =—=7
- 1<Inx - e'<e™ - e <xwhichmeans

f(x) is decreasing for 3 < x

o b Inb

1 |
fﬂdx = Iim —nxdx=lim udu
X X b—oo
In3

b—oo b—oo

—hm[ ]m—um (lnb)z—%(ln3)2]=oo

*letu=Inx - du=§dx

asx=b »u=Inb and asx=3 -u=1In3

co

Thus, since both f
3

(ve]
Inx Inn .
—dx and E — are divergent,
X =3 n

“ Inn
then Z — s divergent.
n=1

Example 4

oo
1
en
nz
n=1
If f(x) =— |s a continuous, positive, and decreasing on

[1,0)*, then we can apply integral test.

of 1% L 1 1 1
x?(—ex —(2x)ex _ —ex-2xex _ —ex(1+2x)

- xt T

*f'(x) = <0

where —ex(1+2x) <0 - 1+2x>0 - xz—%

which means f(x) is also decreasing for x > 1

w0 b
1
1 L b
ex ex u
—dx=lim | —dx=lim | —e*du
X b—oo x b—oo
1
1 1
1 1
= lim[-e"]? = le —eb — (—el)] =-1+e
b—-o b—oo
1 1
*letu==- ->du=-=dx
X X

1
asx=>b —>u=E and asx=1-u=1

Z 1 ®oa
Thus, both f e—;cdx and E —2 are convergent.
X
1 n=1

) nore 132

\
The Comparison Test
Let Yay , ¥b,, and Y.c, be series with nonnegative terms. Suppose that for some integer N
b, < a, < c,foralln > N.
(a) If ¥.c,, (chosen) converges, then ¥a, (given) also converges.
(b) If ¥b,, (chosen) diverges, then Y.a,, (given) also diverges.
®
Recall: For positive integer N, z — is convergent for p > 1 and divergent forp < 1
n=N
J

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM m

'iUG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117



Determine whether the following series are convergent or divergent.

1
on+1

Since 0 < <2inforn21

. ® 1.
Since Z —is convergent
n=12

. . 1
geometric serles(lrl = |E| < 1),

o0
1 .
Then Zn=1 Sy IS convergent by

co
In+1
n3+1
n=1
. 3n+1 3n 1
Since 0 < n3+1  n3+1  n3+1
3 1 4
; ; = n—zforn >1

]
. 4
Since - IS Convergent
n=1"m

p-series (p =2 > 1).

Example 7

[e]

1

Inn
n=2

Wehave 0 < Ilnn<n,forn>2

1
Inn

[ee]
) 2 1
since nn
n=2'"71

—>j—1>0,forn22

diverges to infinity

because it is a harmonic series.

o) “ -
the comparison test. Then, Z 3?:'1 is convergent by Then, Z s divergent by the
n=qn°+1 - n=2
the comparison test. comparison test.
(\) NOTE 133 .
Limit Comparison Test
Suppose that a,, > 0 and b,, > 0 foralln > N (N an integer).
1.0f rllin;a—” = L > 0then ¥a,, (given) and }.b,, (chosen) both converge or both diverge.
2.If rllm[}: g—" = 0 and }¥b,, (chosen) converges, then ¥.a,, (given) converges.
3.If rllin;z—” = oo and }¥.b,, (chosen) diverges, then Ya,, (given) diverges.
J

-
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Determine whether the following series are convergent or divergent.

Since 0 <inforn =1

N
: Vi
14+4n_ . no_
il—ﬂlo i _15%14_\[7_1_1

n

©

Since Z — s divergent p-
nzl"’H

series (p = % < 1) , then

A T
Zn=1 SRS divergent by the
limit comparison test.

n+5
n3—-2n+3
n=1

Since 0<i2forn2 1
n

n+5
lim n3—2n+3
n—coo F

(n+5)n?

©

Since Z = is convergent p-
n=1

series (p =2 > 1), then

* n+5
Z T S convergent by the

n=1"
limit comparison test.

Example 10
[00]
1+sinn
nZ
n=1

Since 0 <%forn2 1
n

1+sinn
. 2 . .
hm—nl =liml+sinn=o
n—oo n—co
n2

Thus, the limit comparison test fails.
We can apply comparison test
instead

Since 0 <sinn <1,

then 0 < 1+sinn

2
<< forn21

Since Z % is convergent by p-
n=1"
series (p=2>1)

o0
1+sinn .
Then, E — is convergent
n=1 "

by the comparison test.

') NoTE 134

~N
The Ratio Test
Let ¥ a,, be a series with positive terms and suppose that

lim Ani1 _

n-w @,
Then (a) the series converges if p <1
(b) the series diverges if p > 1 or is infinite,
(c) the test is inconclusive if p = 1.

J
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Determine whether the following series are convergent or divergent.

| E

99"

=
Il
fly

99n+1
o AF DT _ 99"
nowm 99" mbew(n+ 1)1 99
n!
99 £997)  pl

= lim =0<1

nﬁm(n+1)€n¥'@:£ﬁ(n+l)

z :°° 99" .
Thus, —is convergent by ratio test.
n=1 "

[s0]
n!
nn
n=1

(n+1)!

. (ne1ntl . (n+1)! n"
m - l [ —
Jil—)cc lrl n-oo (n+1)“+1 n!
n
n+1n)! n" ] n"

:ﬁﬂi(m D+ 0l nown+ 1)

n n

= lim (——)

n

] 1 1
im————=-<1
e

n—00 1 n
(1 +ﬁ)

“
Thus, Z :—n is convergent by ratio test.
n=1

:,E"Iz(nil) :,{%(,1+—1)vz

[0.0]
nS
on
n=1
(n+1)°
li L I m+1)5 2"
lim L= lim S
2
5 n
. /m+1 2 1
= lim s lim 1:1—=—<1
n—oo n n—co 2n+ 2

Example 14

(2n)!
(n!)?
n=1
(2(n+1))!
VRPN
C (n+ 1) C (2m+ D) ()2
iﬂ'f}o( (Zn)!) =£f’é( ,)2'(2n)!
D2 ((n+1)-)
i 2n+2)! ()’

e ((n+1)1)° @)
im (2n+2)-@n+1)-@2n)! (nhH?
e (n+ 1)) (2n)!

(2n+2)-2n+1) = 4n+2
e (ADF wentl

4>1

T .
Thus, e is divergent by ratio test.
n=14Y"
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The Root Test
Let Y a,, be a series with positive terms and suppose that

Hmfan = p
Then (a) the series converges if p <1

(b) the series diverges if p > 1 or is infinite,

(c) the test is inconclusive if p = 1.
\.

n 2n+3 n 2n+3 1 2 n
] - . i[5 (1)
|ty Rl e il it e

= lim /23 ( - )n—z' 2 ( - )—1 0=0<1
= n+1) et gyt T

& _ 21’.‘.+3 .
Thus, Z (-t Gy IS convergent by root test.
n=1

Section 1.4 | Absolute and Conditional Convergence

L) nore 14

‘\
Absolute convergence
The series Yo @, is said to be absolutely convergent if ¥'>_, |a,, | converges
Theorem: if a series converges absolutely, then it converges.
G
Example: Z — is absolutely convergent.
n=1
[¢] (_ 1)1,1 ©0 1
sincez | —| = Z — is convergent by p-series (p =2 > 1)
n=1 n n=1 n
V)
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Conditional Convergence

If ¥, a,, is convergent, but not absolutely convergent, then we can that it is conditionally convergent or that is
converges conditionally.

\

Test the following series for absolute convergence:

o] ©
(_ 1)11—1 ncos (an)
2n—-1 n
n=1 n=1
—_1n-t 0 o
_ ‘(Zn%l _ n 1 ncos(nm) n(-1D"
fim = =50 7 ),
n n=1 n=1
: o U o (n+ (=D
Since the harmonic series Z - diverges to infinity, ) N+l o (m+1 27
n=1" lim n = lim n+1 T
® (-t n—co n(-1) n-w 2 n
the limit comparison test says that Z ———does 2"
n=1
1 n+1l 1
not converges absolutely. — Z lim — <
2noo0 M

0

ncos(mr)

Thus, E —— converges absolutely.
n=1

) Nore 143

\
The alternating series test
Let a,, > 0 for alln € Z*. The alternating series
oo
Ynei(-D"ay and ), (1) a,
converge by Alternating Series Test (A.S.T) when the two conditions listed below met.
1. Gpy <ayforallneZt o f'(x)<0
2. lima,=0
J
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Test the following series for absolutely or conditionally convergence:

(-1 cos(nm)
n Inn
n=1

5
n=1! N

| I

=

[ee]
1., . o
= Z —is divergent because itis a cos(nm)
n=1 =

P

harmonic series. Inn
© -yt o %
Thus,z does not converges absolutely. (-1)" _ 1. .
n=1 M 1 = i divergent by comparison
n=1' 07 n=1'0"
1 1 1
Letan—H>0for n>1 test(lnn>n>0).
1 < 1. isd H @ cos(nm)
1 = 5 3Ince a, Is decreasing Thus,z nn does not converges absolutely.
2. lim==0 et
n—ocon 1
Let a, :H>O for n>1
@ _1yn-1
Z s conditionally convergent by Alternating 1 1
n=1 " neD =i since a,, is decreasing
Series Test (A.S.T). .
2. lim—=
n—co Inn

Z col:;(:n) is conditionally convergent by Alternating
n=1

Series Test (A.S.T).

Answer
YL
p=1 ! 7t

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

= Z % is convergent by p-series (p =4 > 1).
n=1

G
Thus,z ——— converges absolutely.
n=1 "

4
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Important! For Absolute and Conditional Convergence Questions

To check whether the alternating series }.;-; a, is absolutely /conditionally convergent or divergent, then you need
to do the following:

Take the absolute value 7", |ay,]|

» If Y lay| is convergent by any test, then we can state that Y, a, is absolutely convergent.
» If Y lay| is divergent by any test, then we need to do the following:
» if Yo ila,| is convergent by Alternating Series Test (A.S.T), then we can say that Y5, a,, is conditionally
convergent.

» If the Alternating Series Test (A.S.T) fails, then we can say that Y., a,, is divergent.

N J

oo
For what values of x does the series Z

n=1

Firstly, we may apply the ratio test

(x=5)"
n2n

converge absolutely? Converge conditionally? Diverge?

(x_S)n+1
|+ 12 | k=5t w2t | m |x=5  |x—5]
lim [————=5— = lim el —| = lim :‘ :
nso | (x =5) noo [(n 4 1) 2041 (x — 5)1| ~ nown+ 1] 2 2 |
n2n

The series converges absolutely if |x7_5| > 1. Thatis|x—=5|>2-3<x<7-(37)

n2n

© n © . o\
At x=3 - Z C Z ¢ ;) is convergent by Alternating Series Test (A.S.T).
n=1 n=1

n [=2]
At x=7 - Z S;n = Z Zis divergent because it is a harmonic series.
n=1

n=1m

The series diverges if |x;—5| <1.Thatis|x=5/<2 - 3>x or7<x - (—-9,3)U(7,2)

o
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(x=5)"

n
n=1 n2

Thus, the series Z

* converges absolutely on (3,7)
= converges conditionally at x = 3

diverges everywhere else & (—,3) U [7, ).
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Error Estimate for Alternating Series ONLY

If Y01 ay converges, then the limit of the partial sum s,, is equal to S.

Recall: s = lims,

n—-oo

If lims,, = s exists, then the series is called convergent. Otherwise, the series is called divergent.

n-oo

So, iin;ao (s—s,)=0
Therefore, if n does not approach infinity, there will be some error between § & S,

Error =§ — §,, = The Whole Sum —The Partial Sum.

S
A — A+ a3 — Ay + 0 — Gy Fpsq — Qpyp T Gy - - |Error| =|S —5,| < a,,; = |first omitted term|

Sn Error

Important: in order to find the error estimation, you need to prove that the series is convergent by Alternating Series

Test (A.S.T). /

Example 7 Example 8

co

—1)n o _1\n
How many terms of the seriesz ——are needed to How many terms of the seriesz 1+12}n are needed to
n=0 ’ n=1
compute the sum of the series with error less than compute the sum of the series with error less than 0.001 ?
-
1
) let—>0 for n=>1
Letan=5>0for n=0 . .
) . . | 1. —— S5 since a, is decreasing
D) < — since ap is decreasing 2 lim =0
L1 nooo 142
2. lim=-=0
n—oom @ (_ n
o . Z ™y is convergent by Alternating Series Test
Z %45 convergent by Alternating Series Test =0
n=0 ™ (A.S.T).
(AST). 1
1 |Error| =S = $ul < @i = 5w

|Error| =S —S,| < a4 =

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

!
(n+ D! To compute the sum of the series with error less than

To compute the sum of the series with error less than 0.0005, i.e., |[Error| < 0.0005

0.0005, i.e., |Error| < 0.0005

1
Then we have —2-= < 0.001

Then we have 1 < 0.0005
(n+1)!

1
142" >—— =1000

. - 0.001

0.0005 215999 5 2101024 » n+1=10 ~n=9

n+1)!>2000 - n=6

- (m+1!>
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SUMMARY OF TESTS FOR SERIES

1. Iflima, # 0, ),,—ya, — For positive integer N
n—oo

2. By the type:
a. Geometric: Y @,

i. convergesif |r| < 1and its sum i
i. divergesif |r| > 1
b. telescoping: partial fractions to get S,, then find lims,,

n—oo
[*)

c. p-series: N € Z7, Z nipis convergent for p > 1 and divergentforp < 1
n=N

3. Integral Test: (easy to integrate) If f is a continuous, positive, and decreasing function where f(n) = a, onthe interval
[N, 00) for some positive integer N,

then the improper integral f;o f(x) dxand the infinite series ).y a, either both converge, or both diverge to
infinity.

4. The Comparison Test

Let ¥a, , Y.b, ,and Y.c, be series with nonnegative terms. Suppase that for some integer N
b, < a, <c,foralln>N.

(a) If ¥¢,, (chosen) converges, then Y.a,, (given) also converges.

(b) If ¥b,, (chosen) diverges, then Y.a,, (given) also diverges.

5. Limit Comparison Test

Suppose thata, > 0 and b,, > 0 foralln > N (N an integer).

If lim Z—" = L > 0 then }a, (given) and }.b,, (chosen) both converge or both diverge.

n—=00 &n

6. The Ratio Test (factorials & n" powers) 7. The Root Test (n" powers)
Let Y.a,, be a series with positive terms and Let ¥.a,, be a series with positive terms and
suppose that suppose that
a )
lim —= = p ltm'{/a_n =p
n—co an n—e

Then (a) the series convergesif p <1
(b) the series diverges if p > 1 or is infinite,
(c) the test is inconclusive if p = 1.

Then (a) the series convergesif p <1
(b) the series diverges if p > 1 or is infinite,
(c) the test is inconclusive if p = 1.

8. The Alternating Series Test

Let @, > 0 forall n € Z*. The alternating series

(D' ay and ¥ (-1,

converge by Alternating Series Test (A.S.T) when the two conditions listed below met.

1 ay<a,foralneZt o f'(x)<0

\ 2. lima, =0 /
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| Section LS | PowerSeries
() NOTE 1.5.1 .

A series of the form

Z apn(x—c)" =ag+a;(x —c) +a,(x — c)* +az(x —c)* + -

n=0

Is called a power series in powers of x — ¢ or a power series about c.

The constants a,, a,, a,, ... are called the coefficients of the power series.
- /

[ NOTE 152 .

The convergence of the series .= @, (x — ¢)" is described by one of the following three cases:

1. There is a positive number R such that the series diverges for x with |x — c¢| > R but converges absolutely for
x with |x — ¢| < R. The series may or may not converge at either of the endpointsx =c —Rand x = ¢ + R.
Note that (Radius) R and (Center) ¢

2. The series converges absolutely for every (R = ).

3. The series converges at x = ¢ and diverges elsewhere (R = ().
. J

') NOTE 153 .

How to Test a Power Series for Convergence

1. Use the Ratio Test (or Root Test) to find the interval where the series converges absolutely. Ordinarily, this

is an open interval
[x—al]<R or a—R<x<a+R.

2. If the interval of absolute convergence is finite, test for convergence or divergence at each endpoint. Use a
Comparison Test, the Integral Test, or the Alternating Series Test.
3. Ifthe interval of absolute convergenceis a — R < x < a + R, the series diverges for |x — a| > R (it does

not even converge conditionally) because the n™ term does not approach zero for those values of x.
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Determine the radius of convergence and interval of convergence for the following power series.

Y=o ! x"
Answer

. ()t
lim |———
n—co nlxn

0<1ifx=0

=liml(n+Dx|=limn+1)| x| =
n—o0 n—0oo

The series converges at x = 0. That means (R = 0)

Answer

l‘ n+1 x??. n+1 l ( n )l |

nson+1 n Hadts n+1 x" ot n+1 X
=|x| <1

x| <1 —  (Radius) R =1 and (Center) c
=0

x| <1 - —1<x <1 theendpointsareatx =

—landatx =1

Endpoints:

 (n
atx =-1: Z is convergent since it is
n=0 "

alternating harmonic series.

00
1, . o .
atx=1: Z — is divergent since it is harmonic
n=0M
series.

The interval of convergence is [—1,1)

[sa]

(_1)nx2n
(2n)!

n=0

Answer

(_1)n+1x2n+2 (_l)ann
noo| (2n+2)  (2n)!
. |(_1)n+1x2n+2 (Zn)!
= lim .
now| (2n+2)! (=1)nx2n

o (-1) x2 Y x _
= lim |l = MM G = 0 < Lforall
X

The series converges absolutely for every (R = ). Then
the radius of convergence is (—o, ©)

Example 4
z"" (x-2)"
n=1 %37

Answer

(x _ 2)?11'1 . (x _ 2)1‘[

noeo|(n + 1)2 - 3771 nZ.3"
. (x_z)n+1 n2_3n
= lim .
noo|(n+1)2- 301 (x —2)"
_ i (x—2)n?
now [3(n + 1)2
. n 2 |(x-2)| |(x-2)|
=lm (=) |3 ’_l 3| <1

lx—2| <3 -
=2

(Radius) R =3 and (Center)c

x—2]<3 -
andatx =5

—1 < x <5 theendpointsareat x = —1

Endpoints:

Z‘” 3" Z“’ ("
atx =-1: — = ~— is convergent by
n=1""3 n=1 "

Alternating Series Test (A.S.T).

co n
atx=>5: Z (23) =
n:ln .3n

series (p=2>1)

oo
z iz is convergent by p-
n=1"

The interval of convergence is [—1,5]
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0 (=1)2nyn
neo VAL
Answer

. |C_1)n+1zﬂ+1xn+1 (_]annxn
m -

we| Vntz | vnil

C_1)n+12ﬂ+1xn+1 m+1
= i :
mmw| Yotz | (—D2an
] n+1 . n+1
= lim 2x] = lim
now | [n+ 2 n-o | (N

-2x| = lim

2 =2 < 1
n+2 Xl =lex

1 1
x| <=— (Radius) R == and (Center)c=0

2 2

1 1 1 . 1 1
x| <= - —=<x<-=theendpointsareatx = —-andatx ==

2 2 2 2 2
Endpoints:

atx = —-
-2

|
=
I 8
[
—
|
—_
=
3 2
;t |
ro =
—
1]

Since z —is divergent p-series (p = % < 1) , then Z —is divergent by the limit comparison test.

=
1
n
lim ”“:zim/ -1
n—oo ;L_ nso\n+ 1
Vn
1
n=1 V1
1 N e
atx—z. N —anl
n=1
. 1
1. limo=—==0
1 1

>
n=1""

is divergent by limit comparison test.

o0

n=1vn+1

o n
Z SN convergent by Alternating Series Test (A.S.T).
n=1

Vn+l

) . 11
The interval of convergence is (_E‘E]
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m Taylor and Maclaurin Series
() NOTE 1.6.1

-

N
Series Representation
o
f(x) = Z ax—c)"=as+a(x—c)+a(x—c)+as(x—c)P+-+a,(x—c)"+ -
n=0
With a positive radius of convergence.
J

[\ nore 162

By repeated term by term differentiation within the interval of convergence we obtain

-

f'(x) =a,+2a,(x —¢) + 3a3(x — )+ -+ na,(x — ) L R Y
f"(x)=1-2a;+2 3a;(x—c)+3-4a,(x —c)* + -

fnr(x)=1_2_3a3+2.3.4au(x—6)+3'4‘5(15(x—C)2+-..

With the nth derivative, for all n.

In general:
f™ ()
f™(c) =nla, - G =
Thus, if f has a series representation, then the series must be
© " (n)
c c
fx) = Z an(x —c)" = f(e) + f'(c)(x — ¢) +f2(, ) (x—c)+ ---+f nl( )(x— o)+ -
& ! !

') NOTE 163

The Taylor series generated by f at x = ¢ (i.e., centeris ¢ ) is

co

(n) 1 (n)
Zf © o=@+ PO -0+ L -2 4 LD o

n! 2! n!

n=0

The Maclaurin series is Taylor series generated by f at x = 0 (i.e., center is zero) is

£™(0) £"(0)

" , O
n X =f(0)+f(0)x+Tx2+...+

X + e
n!

n=0

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

w* Uet

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117



f(x) =e*

Find Taylor seriesatc = 0

1. Find the derivative of f and flx)=¢e* f(0)=e"=1
look for its pattern.
! — pX ! — 50 —
2. Plugin the value of x which is fix)=e fl)=e"=1
x = 0 in this case.
f”(JC) — ex f”(O) — EO — 1
3. Setup the sum form.
4. Check the interval of f"'(x) =e* f"0)=e=1
convergence.
f(x) =e* f0)=¢e"=1
(n)
E :f ©.,_\'1,
n! n
n=0 n=0
n+1 XN xtl o
We can apply Ratio Test: ét_@ e e e n_m |m_1 = ii_@; |2x] = 0 < 1 forall x.

Therefore, the interval of convergence is (—co, )
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Frequently used Taylor series
1 co
1_x=1+x+x2+---+xn+---=2xn, x| <1
n=0
=1—x+x2—---+(—x)”+---=Z(—1)”xn, x| <1
1+x
n=0
x? x" 1
T=14x+—+- +—+ —x", x| <o
2! n!
n=0
x3+x5 +( )n x2n+1 .. (_1)nx2n+1 ||< I
- —— g — = _— 0
R TR @n+ D! @+ forall x
n=0
xz x4 Zn (_1)nx2n
n - _
cosx—1—§+E— + (- )(2 ) = o x| <0 © forallx
n=0
2 3 n n-1.n
X° x X (-1 *'x
1 =x——F—— (D" — 4. = — —1<x<1
In(l+x)=x 2+3 +(—1) n+ Z " , x <
n=1
xa xs x2n+1 (_1)nx2n+1
1, — e 4 ... Yy ... = -~ - <1
tan"x =x -t () ot mr1 0 s

Find the Maclaurin series of f(x) = x? sin 2x

Since sinx = Zm COP forallx - (=1)1(2)2n+1(x)2n+1
n=g (@n+1)! - .
. f(x)_zxz @n+ 1)
(_1)n(2x)2n+1 n=0
sin2x=Z— forallx ®
2n+1)! —1)1(2)2n+1 ()2n+3
=0 OF z( ) ((231 " 1)(?) for all x
f(x) = x*sin2x o
B (_1)n(2x)2n+1
fe= Z T
n=0
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Section 1.7 | Applications of Taylor and Maclaurin Series

Evaluate the following limits without using I'hopital rule:

x—sinx

lim 3
x—=0 X

—sinx [ ]
x—iD 0

3 .5
- __+ . X X
x (x 3' 5 ) . i_ﬁ-l_ '.. - (1 xz )

lim
x—0

ol

l ( D In(1+x3)
okl (1 —cos3x)?

(€ - 1) In(1 + %) [9] . (1+ (2 )+(2x)2+(2§c|)3 T ——L) (x —xz—ﬁ )
0 x—>0

x=0 (1= cos3x)? 2 4 :
[ GEer )

2x* 4 2x5 + - 24 2x+ - 2 8

x=0 (9 34 2 x5009 34 2 09\? 81
(2"2‘1"””') (2 4!x2+“') (2)

[4+]
N
| =
|
=
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Section 2.1 | Analytic Geometry in Three Dimensions

V) nore 211
\

In order to represent any shape (points /planes/ surfaces) in space, we need to determine the three coordinate
planes as shown:

ZA
o : .
e | Y plane
X
ol
e _
P, i

xa”

The equation z = 0 is the xy — (Horizontal) plane contains x - and y - axes.

The equation x = 0 is the yz — (Vertical) plane contains y - and z - axes.

The equation y = 0 is the xz — (Vertical) plane contains x - and z - axes.

For any constant ¢, the equation z = c is a horizontal plane which is parallel to xy — plane.
For any constant ¢, the equation x = c is a vertical plane which is parallel to yz - plane.
For any constant c, the equation y = c is a vertical plane which is parallel to xz — plane.

In two-dimensional analytic geometry, the graph of an equation involving x and v is a curve in R?.

\In three-dimensional analytic geometry, the graph of an equation involving x, y and z is a surface in R3. /

What do the following equations represent?

a) y=5inR?
b) y=5inR3
) z=3inR3
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A

y [
[
[
5 10 -~
_rA/ : 5 T
0 ' Y
X | [“:
5
a) y=75,linein R? b) y =5,aplanein R3 ¢) z=3,aplaneinR? R
=
=)
=]
10
2
What do the following equations represent? E
a) x2+y%=1inR? E
b) x2+y2=1inR3 2
5
-
0
n
— o
/ \ pr
| o
r=1 | g
d
\ I =
1n
\ / - S
LY . ¥ g
b) x?+y? =1, cylinder in R @
a) x2+y?=1,circlein R? Y y :g
=
=
i |
0
m
z
Which points (x, y, z) satisfy the equations i
=
x*+y*=1andz =3 %
=

When the cylinder x2 + y? = 1 (from example 2b) passes through the plane z = 3 (from example 1c), then the result of
their intersection is circle with radius 3.

Thus, all points that satisfy the given equations lie on the circle with radius 1 with center on the z-axis.

Thatis {(x,y,2)|x2+y?<landz=3, x,y,z€ R}
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x% +y? =1, cylinder in R? z = 3,aplane in R? Circle with radius 1 at z = 3 in R?

') ore 212 \

Distance formula in Three Dimensions

The distance |P; P,| between the points P, (x4, V4, 21) and Py (X5, V5, 25) is

|P,P,| = \/(xz —x1)2+ (2 —y1)? + (2, — 71)?

\
Example 4

The distance from the point P(2,—1,7) to the point Q(1,—3,5) is

POl =y (1-2)2+(-3+1)2+(5-7)2=1+4+4=3
NOTE 2.1.3
(<) NOTE2.13 | N

Equation of a Sphere

An equation of a sphere with center C(h, k, [) and radius r is
(x—h)2+@-kil+(z-0D*=r?
In particular, if the center is the origin 0, then an equation of the sphere is

x%+y?+ 2% =r?

y

o
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Show that x* + y2 + 2%+ 4x — 6y + 2z + 6 = 0 is the equation of a sphere and find its center and radius.

By rewriting the equation in complete squares form:
(K +4x+ D)+ —6y+9D+ (2% +2z+1)=-6+4+9+1
(x+2)2+(@y-3?%+(z+1)?=8

Thus, the center of the sphere is located at (—2,3, —1) and radius v8 = 2v2

Example 6

What region in R? is represented by the following inequalities?

1<x?+y?+z2<4 z<0

1 < x? + y? + z?% represents the region outside the sphere with radius 1.
x% +y? + z? < 4 represents the region inside the sphere with radius 2.

z < 0 the points lie on or below the xy —plane.
Thus, the given inequalities represent the region that:
lies between (or on) the spheres x2 + y2 + z2 = 1and x? + y2 + z? = 4 and beneath (or on) the xy —plane.

The region is sketched as following:
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Vectors
° NOTE 2.2.1 .

Vector is a quantity that has both magnitude and direction.

Definition of Scalar Multiplication

If cis a scalar and v is a vector, then the scalar
multiple cv is the vector.
The length of the vector is |c| times the length of v / i

\’

-2 I

and whose direction is the same as v if ¢ > 0 and )
is opposite tov ifc <0 . If c=0orv =0 ,then

cv=0.
—v/ =1.5v

. /

') nore 222 N

Given the initial point A(x4, y4,2;) and terminal point B(x,, ¥, Z;), the vector a with representation 4B is:

a={(x;—x,Y2 — V1,22 — Z1)
The magnitude or length of the vector v is denoted by the symbol |v| or [|v]].

The length of the two-dimensional vector @ = (a, a,) is:

lal = fa% +a3

The length of the three-dimensional vector a = (ay, a,, as) is:

la| = /a§+a§+a§

- J

') NoTE2.23 .

Properties of Vectors

If A, B, and C are vectors in 1, and ¢ and d are scalars, then

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

1. A+B=B+A 5 c(A+B)=cA+cB
2. A+(B+C)=(A+B)+C 6. (c+d)A=cA+dA
3. A+0=4 7. (cd)A = c(dA)
4. A+(-A)=0 8 14=4
. J
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The vectors i, j, and k are called the standard basis vectors.

X
A unit vector is a vector whose length is 1. For instance, i, j, and k are all unit vectors.
In general, if @ # 0, then the unit vector that has the same direction as a is

a a
u=—oru=—
|al llall

|a|=|la|| is the magnitude (scalar value) of the vector a.

a is the direction (vector value) of the vector a.

N

Find the unit vector in the direction of the vector 2i — j — 2k.

The given vector has length |2i — j — 2k| = JZZ +(-1)2+(-2)2=+v9=3

So, the unit vector with the same direction is
Qi—j—-2k) 2 1 2

=—i——j—=

3 3 3 3

Note:

To prove/show that gi - %}‘ - gk is a unit vector, its length has to be 1.
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Definition:
If a = {(a;,a,,az) and b = (by, by, b3), then the dot product of @ and b is the number a - b given by
a-b= a1b1 + azbz + a3b3

Properties of the Dot Product:

If A, B, and C are vectors in V3 and c is scalar, then
1. A-A=|A)? 4. (cA)-B=c(AB)=A-(cB)
2. A-B=B-A 5 0:4=0
3. A(B+C)=A-B+A-C
Theorem:

If 6 is the angle between the vectors a and b, then

a-b
lallb|

a-b=|a|lblcos® thatis cosf =

Two vectors a and b are orthogonal /perpendicularif and onlyifa- b =0

aM a‘bh>0
f acute
a‘b=0
M 0=m/2
a‘b<0
0 b 6 obtuse
a

) nore 226

The scalar projection of b onto a : comp, b =

/
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ab

lal

The scalar projection of b onto a : proj,b = (%) 2= (compa}:»)l%:iI

la|

Note: % is the unit vector of a

proj, b

P Ib| cos 6 = comp, b

Vector projections Scalar projection
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Find the scalar projection and vector projection of b = (1,1,2) onto a = (—2,3,1).

Since |a| = +/(-2)? + 3% + 12 = V14

The scalar projection of b onto a is

b (DWW 41Q) 3
la| V14 V12

The vector projection is this scalar projection times the unit vector in the direction of a:

comp b =

ol ~ VIzlal 14"

ab) 3 a 3 (3 9 3)
7 '14° 14

proj,b = (
|al

Section 2.3 | The Cross Product in 3-Space

() ore 233

Definition:

j
a, a, as
by b, bs

a;

axb = =[5, bli=lo; b1+

axb ={azb; — asb,,azb, — aybs,a,b, — azb,)

Commonly Used Determinant Types:

A determinant of order 2
. a; a;
The determinant of| | =ab, —ayb
b, b, 102 — az01

A determinant of order 3

\The determinant is (a1b2C3 + a2b3C1 + a3b1C2) - (C1b2a3 + C2b3a1 + C3b1a2)

If a = (ay,a,,a;) and b = (by, by, bs), then the cross product of @ and b is the vector:

axb = (azh; —azh,)i— (azh; — ayb3)j+ (a;b; — azby )k

\
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Finda x b ifa=(1,3,4)andb=(2,7, =5).

Lokl 413
b= = - “
“ é 3 _45 |7 —5|l |2 —5|]+|2 7|

axb =(-15-28)i— (-5-8)j+ (7— 6)k
axb =-43i+13j+k=(-43,13,1)

(V) nore 232 ~

The vector a X b is orthogonal /perpendicular to both @ and b.

If is the angle betweena and b (so 0 < 8 < m), then
la x b| = |al|b| sin6
Two nonzero a and b are parallel ifand onlyifa x b =0

The length of the cross product a X b is equal to the area of the parallelogram determined by a and b.

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

Recall
ixi=0 ixXj=k i-j=0
ixj=0 JXi=—k jri=0
kxk=0 JXk=1i j k=0
iri=1 kxj=-i k-j=0
jj=1 kxi=j k-i=0
k-k=1 ixk=-j i-k=0
Note: the result of the dot product is a scalar quantity, whereas the result of the cross product is a vector
Qantity. The result is a scalar quantity, so it has only magnitude but no direction. /
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Find a vector perpendicular to the plane that passes through the points P(1,4,6),Q(—2,5,—1), and,R(1,—1,1)

The vector P_Q' x PR is perpendicular to both P_Q’ and PR and is therefore perpendicular to the plane through P, Q, and R.
We have that

PQ=(-2-1i+(G-4)j+(-1-6)k=-3i+j—7k
PR=(1-1Di+(-1-4)j+(1-6)k=-3i+j-7k

We compute the cross product of these vectors:

ik
POxPR=|-3 1 -7/=(-5-35)i—-(15-0)j+ (15— 0)k=—-40i—15j+ 15k
0 -5 -5

So, the vector (—40,—15,15) is perpendicular to the given plane. Any nonzero scalar multiple of this vector, such as
(—8,-3,3), is also perpendicular to the plane.

Find the area of the triangle with vertices P(1,4,6),Q(—2,5,—1),and ,R(1,—1,1)

In Example 2, we computed that
PxPR=-40i—-15j+ 15k

The area of the parallelogram with adjacent sides PQ and PR is the length of this cross product:

|PG x PR| = J(—zw)z +(-15)2 + 15% = 5V/82

The area A of the triangle PQR is half the area of this parallelogram, that is 5_\/23_2
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Properties of the Dot Product:

If A, B, and C are vectors in /3 and c is scalar, then
AxXxB=-BxA
(cA)xB=c(AxB)=Ax(cB)
AX(B+CO)=AxB+AxC
(A+B)xC=AxC+BxC(C
A-BxC)=(AxB)-C
AXx(BxC)=(A-C)B—(A-B)C
Triple Products

a - (b x c) is called the scalar triple product of the vectors a, b, and c.

as
b3]

C3

i
a-(bxc)= [bl

4]

a;
b,
Cz

If the value of the scalar triple product of the vectors a, b, and ¢ is zero, then the vectors must lie in the same
plane; that is, they are coplanar.

The volume of the parallelepiped determined by the vectors a, b, and ¢ is the magnitude of their scalar triple
product:

V=la (bxc)

bxe¢

y

Example 4

Use the scalar triple product to show that the vectors a = (1,4,—7), b = (2,—1,4), and ¢ = (0,—9,18) are coplanar.

1 4 -7
a-(bxc)= [2 -1 4
0 -9 18

] - |:‘§ 148| B 4|f21 148| =7 |(2; :;| = 1(18) — 4(36) — 7(~18) = 0

Therefore, the volume of the parallelepiped determined by a, b, and c is 0. This means that a, b, and ¢ and are coplanar.
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| Section 2.4 | Equations of Lines and Planes
(\) NOTE 2.4.1 \

» Lines

If ais the vector with representation PD_P) as in the figure below, then the Triangle Law for vector addition gives
(position vector) r = 1y + a. But, since a and v are parallel vectors, there is a scalar t such that @ = tv. Thus

r=ry+tv whichisavector equation of L

Po(xg, Yo Zo)

X =Xy +at
Y =Y, + bt where t € R. These equations are called parametric equations of the line L.
z=1Zzy+ct

(x,y,z) = (xo + at, y, + bt, zy + ct) This equation is called vector equation of the line L.

X=X - Z—Z, . . . .
- oY by" == 2 These equations are called symmetric equations of the line L.

The line L passes through the point Py (x,, Vo, Zo) and parallel to the vector v = (a, b, ¢)

The skew lines do not intersect and are not parallel (and therefore do not lie in the same plane).

N /

(a) Find a vector, parametric, and symmetric equations for the line that passes through the point (5,1,3) and is parallel to

thevectori+4j— 2k
(b) Find two other points on the line obtained from part (a).

(c) Find a vector, parametric, and symmetric equations for the line that passes through the points A(2,4, —3) and

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

B(3,-1,1).

(d) At what point does this line obtained from part (c) intersect the xy —plane?
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Answer

(a) the point (5,1,3) and is parallel to the vectori + 4j — 2 k.

Herer, =(51,3) =5i+j+3kandv =i+ 4j— 2k so the vector equation becomes
r=(5i+j+3k)+t(i+4j—-2k)

r=0G+)i+(1+4)j+B-2t)k

(x,y,2) =(5+t, 1+4t, 3—2t)

Parametric equations are

x=5+1t y=1+4t z=3-12t

Symmetric equations are

x-5 y-1 z-3
1 4 =2

(b) Choosing the parameter value t = 1 givesx = 6,y = 5,and z = 1 s0 (6,5,1) is a point on the line. Similarly, t = —1
gives the point (4,—3,5).

(c) the points A(2,4,—3) and B(3,—1,1).

Herery =(2,4,—-3)=2i+4j—3Kkandv=1i-5j+ 4Kk so the vector equation becomes
r=Q2i+4j-3k)+t(li—-5j+4k)
r=02+t)i+(@-5)j+(-3+4t)k

(x,v,z) =(2+t, 4—5t,—-3+4t)

1 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

Parametric equations are
x=2+t y=4-5t z=-3+4t
Symmetric equations are

x—2 y-4 z+43
1 -5 4

(d) The line intersects the xy —plane when z = 0, so we put z = 0 in the symmetric equations and obtain

x—2 y—-4 3

1 -5 4

o . (111
This gives x = 14—1 andy = i, so the line intersects the xy —plane at the point (T’Z’O)

MAKINA MUH. BOLUMU B BLOK NO:105 TEL
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Show that the lines L, and L, with parametric equations
x=1+t y=-2+3t z=4—t
xX=2s y=3+s z=-3+4s

are skew lines; that is, they do not intersect and are not parallel (and therefore do not lie in the same plane).

The lines are not parallel because the corresponding vectors (1,3, —1) and (2,1,4) are not parallel.

If L, and L, had a point of intersection, there would be values of t and s such that

1+t=2s
—24+3t=3+s
4—t=-3+4s

But if we solve the first two equations, we get t = 15—1 and s = g and these values don’t satisfy the third equation.

Therefore, there are no values of and that satisfy the three equations, so L4 and L, do not intersect. Thus, L, and Loare
skew lines.
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» Planes
A line in space is determined by a point and a direction.
The line L passes through the point Py (x,, Vo, 2,) and parallel to the vector v = (a, b, c).

A plane in space is determined by a point in the plane and a vector that is orthogonal/ perpendicular to the
plane.

n-(r—r)=0

is called a vector equation of the plane.
To obtain a scalar equation for the plane, we write
n={a,b,c)
r={x,,2)
1o = (X0, Y0, Zo)

(a,b,c)-{(x—x0, Y—=Yo, 2—29) =0

a(x—xo) +b(y—yp) +c(z—2)=0

is called the scalar equation of the plane.

When we represent a plane, we use the scalar equation form. The scalar equation of the plane passes
through Py (xy, Yo, Zo) with normal vector n = (a, b, ¢)

Po (X0, Yo, Z0)
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Find an equation of the plane that passes through the points P(1,3,2), Q(3,—1,6), and R(5,2,0).

The vectors a and b corresponding to Wj and PR are
a=(2,—44) b=(4,-1,-2)

Since both a and b lie in the plane, their cross product a X b is orthogonal to the plane and can be taken as the normal
vector. Thus

i j k
n=axb=|2 -4 4|=12i+20j+14k
4 -1 -2

With the point P(1,3,2) and the normal vector n, an equation of the plane is
12x-1)+20(y—-3)+14(z-2)=0
6x+ 10y +7z =150

Example 4

Find the point at which the line with parametric equations
x=2+3t y = —4t z=5+t

intersects the plane 4x + 5y — 2z = 18

We substitute the expressions for x, y, and z from the parametric equations into the equation of the plane:

42+ 3t)+5(—4t)-2(5+¢t) =18

This simplifies to —10t = 20, so t = —2. Therefore, the point of intersection occurs when the parameter value is t = —2.

Then,
x=24+3(-2)=-4 y=—-4(-2)=8 z=54(-2)=3

and so, the point of intersection is (—4,8,3)

Find symmetric equations for the line of intersection L of these two planesx +y+z=1andx -2y +3z=1

We first need to find a point on L. For instance, we can find the point where the line intersects the xy —plane by setting z =
0 in the equations of both planes. This gives the equations x + y = 1 and x — 2y = 1, whose solutionis x =1, y = 0. So,

the point (1,0,0) lies on L.
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Now we observe that, since L lies in both planes, it is perpendicular to both of the normal vectors. Thus, a vector v parallel
to L is given by the cross product

i j k
v=nxXn=1|1 1 1:51—2]—3k
1 -2 3
and so, the symmetric equations of L can be written as
x—-1 'y z
5 -2 -3

Example 6

Find the distance between the parallel planes 10x + 2y — 2z =5and5x +y —z = 1.

Answer

First, we note that the planes are parallel because their normal vectors (10,2, —2) and (5,1, —1) are parallel. To find the

distance D between the planes, we choose any point on one plane and calculate its distance to the other plane. In particular,

if we put y = z = 0 in the equation of the first plane, we get 10x = 5 and so 1, 0,0 ) is a point in this plane. The distance
2

between G 0,0) and the plane5x +y—z=1is

5(3) +10) +1(0) - 1] 32 3

D= =22
J52 412 + (—1)2 33 6

So, the distance between the planes is ‘?

Example 7

The lines
Li: x=1+t y=-2+3t z=4—-1¢
L,y x=12s y=3+s z=-3+4s

are skew (check Example 2 to see how such lines are skew). Find the distance between them.

Answer

The distance between L, and L, is the same as the distance between P; and P,, which can be computed as in Example 6.

The common normal vector to both planes must be orthogonal to both v; = (1,3, —1) (the direction of L;) and v, =
(2,1,4) (the direction of L,). So, a normal vector is

i j k
n=vixvy=[1 3 -1|/=13i-6j-5k
2 1 4

If we put s = 0 in the equations of L,, we get the point (0,3, —3) on L, and so an equation for P, is

13(x—0)—-6(y—3)-5z+3)=0 or 13x—6y—5z+3=0
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If we put t = 0 in the equations of L;, we get the point (1,—2,4) on L, and so
The distance between L, and L, is the same as the distance from (1,—-2,4)to 13x — 6y —5z+ 3 = 0.
This distance is

|13(1) — 6(—=2) — 5(4) + 3| 8
) J13Z + (=6)2 + (=5)? TV

° NOTE 2.5.1 N

In order to sketch the graph of a surface, it is useful to determine the curves of intersection of the surface with planes
parallel to the coordinate planes. These curves are called traces (or cross-sections) of the surface.

D 0.53

Cylinders

A cylinder is a surface that consists of all lines (called rulings) that are parallel to a given line and pass-through a given
plane curve.

If one of the variables x, y, or z is missing from the equation of a surface, then the surface is a cylinder.

Identify and sketch the surfaces.

(a) z =x? (b) x2+y?=1 (0) y?+z2=1

Answer

(b) x2+y%2=1 (c) y*+z¢=1

Y is missing Z is missing X is missing

The rulings of the cylinder are The rulings are vertical lines, which | The rulings are horizontal lines,
parallel to the y —axis. are parallel to the z —axis which are parallel to the x —axis
The trace of the cylinder in The trace of the cylinder in The trace of the cylinder in

the xz —plane is parabola. the xy —plane is circle. the yz —plane is circle.
Parabolic Cylinder Circular Cylinder Circular Cylinder
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Quadric Surfaces
A quadric surface is the graph of a second-degree equation in three variables x, y, and z.
Ax? + By*+ Cz* +Dxy+ Eyz+ Fxz+ Gx +Hy +1z+] =0
where 4,B,C,D,E,F,1,] are constants, but by translation and rotation it can be brought into one of the two
standard forms
Ax* +By*+Cz*+] =0 or Ax*+By*+1Z =0
J

) ore 253

Quadric Surfaces

Ellipsoid

Cone

Hyperboloid of One Sheet

All traces are ellipses.
If a = b = c, the ellipsoid is a

2 2 2

z¢ xty
2 a2t
c2 a* b
Horizontal traces are ellipses.
Vertical traces in the planes x =

Horizontal traces are ellipses.
Vertical traces are hyperbolas. The

sphere. kandy =kare axis of symmetry corresponds to
hyperbolas if k # 0 but are pairs the variable whose coefficient is
of linesif k = 0. negative.
Elliptic Paraboloid Hyperbolic Paraboloid

Hyperboloid of Two Sheets

Horizontal tracesinz = k are
ellipsesifk > cork < —c.
Vertical traces are hyperbolas.
The two minus signs indicate two

Qeets.

+_
c a® b2

Horizontal traces are ellipses.
Vertical traces are parabolas. The

z x* y?
2

variable raised to the first power
indicates the axis of the
paraboloid.

c a? b?
Horizontal traces are hyperbolas.
Vertical traces are parabolas. The

/

case ¢ < 0 is illustrated.
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Use traces to sketch the quadric surface with equation

2 2
@2+l +T=1 (b) z = 4x? +y? ©z=y*-x*
Answer
y2 72
Trace Type (a) x% + 5tT " 1 (b) z = 4x* + y? (c)z=y*—x?
2 2
y k 2 2
2 —_—= —_—— 4 == k
Horizontal Trace XT 9 1 4 Aty y:—x2=k
(z=k) =2 <k<2)
parallel to the
xy — plane Ellipse Ellipse Family of Hyperbolas
Vertical T 2 Ly K z = 4x% + k?
ert|ca_krace X +I_1_? = 7= —x2+ k2
v =k) (=3 <k <3)
parallel to the
xz — plane Ellipse Parabola Parabola
(Open Upward) (Open Downward)
2 ZZ 5 5
. — _ 1,2 =
Vertical Trace 5 +I 1-k z=y" +4k z=y?— k2
(x = k) If=1<k<1)
parallel to the
yz — plane Ellinse Parabola Parabola
P (Open Upward) (Open Upward)
Surface Name Ellipsoid Elliptic Paraboloid Hyperbolic Paraboloid
I.:()_ 02)
0 -
N0,0,0 pay
' \\/ V; #‘-
V&7 - T
2 2
xz+y__|_z_:1 z = 4x* + y* z=y?—x*
9 4
Ellipsoid Elliptic Paraboloid Hyperbolic Paraboloid
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Hyperbolic Paraboloid
2=y2 - 22
ZA
1
0

=Y

1

Tracesinx=kare z=y*—k* Traces in y=kare z=—x"+k* Tracesinz=kare y'— x’=k
zZA ) ZT
!

\
N/ | N
\ s Do ﬂv 5=
-1 0 1 /\ h

Tracesinx=k Tracesiny=k Tracesinz=k

1
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Functions of Several Variables
NOTE 3.1.1
) NOTE3L.1 \

One Dimension Two Dimensions

x =| Function f(x) |» y (x,y) =| Function f(x,y) |- z
Domain (Input): Vx variables Domain (Input): ¥(x, y) pairs
Range (Output): Vy variables Range (Output): Vz variables

In the function z = f(x,y) the x and y variables are called the independent variables and the z variable is the
dependent variable.

.
For each of the following functions, evaluate f(3,2) and find and sketch the domain.

(@) flxy) =20

(b) f(x,y) = xIn(y* —x)

@) f23 =20 =0 (b)f (x.y) = xIn(y? = x)

: , , since In(y? — x) is defined only when
The expression for f(x, y) makes sense if the denominator

is not 0 and the quantity under the square root sign is x2 —x >0, thatis, x < y2, the domain of f(x,y) is
nonnegative. So, the domain of f(x,y) is
D ={(x,y)|x < y?}

D={(x,»)|x+y+1=20x#1
Gyl Y J This is the set of points to left of the parabola x = y?

The inequality x +y+1>0, 0ory > —x — 1 ,describes

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

the points that lie on or above the line yA
=—x-1 o
y o
While x # 1 means that the points on the line x = 1 must RN
be excluded from the domain. 0 X
x+y+1=0 —
. / YA |
\ \
\ } x=1
\
\ \
J‘ =
-1+0 | X
\ |
_l \ ‘
A
N
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Sketch the graph of the function f(x,y) = 6 —3x — 2y

To graph the plane, we first find the intercepts. Putting y = z = 0 in the equation, we get x = 2 as the x-intercept.
Similarly, the y-intercept is 3 and the z-intercept is 6.

The function in this example is a special case of the function
fx,y)=ax+by+c

which is called a linear function.

Sketch the graph of the function g(x,y) = /9 — x2 — y2.

The graph has equation z = ,/9 — x2 — y2. We square both sides of this equation to obtain z% = 9 — x? — y?, or x? +
y? + z? = 9, which we recognize as an equation of the sphere with center the origin and radius 3. But, since z > 0, the
graph of g(x, y) is just the top half of this sphere.
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) fores 12 |

An entire sphere can’t be represented by a single function of x and . The upper hemisphere of the sphere x? +
y? + z2 = r?is represented by the function g(x,y) = /r2 — x? — y2. The lower hemisphere is represented by the

function g(x,y) = —/r? —x% — y2.

A "y
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The level curves (contour lines are formed from points of constant elevation that are joined together) of a function
f(x,v) of two variables are the curves with equations f (x,y) = k, where k is a constant (in the range of f(x,y)).

Example 4

Sketch the level curves of the function f(x,y) = 6 —
3x — 2y for the values k = —6,0,6,12.

The level curves are

6-3x—-2y=k or
_ ~3x _ (k-6)

or y = 2 >

This is a family of lines with slope _?3

Vs

3x+2y+(k—-6)=0

Sketch the level curves of the function g(x,y) =

9 — x? — y? for the values k = 0,1,2,3.

The level curves are

VI—-x?2—-y?2=k or

x2+y?=9—k?

This is a family of concentric circles with center (0,0) and

radius V9 — k2

7).
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° NOTE 3.2.1 -

Let f(x, y) be a function of two variables whose domain D includes points arbitrarily close to (a, b). Then we say
that the limit of f(x, y) as (x, ¥) approache (a, b) s is L and we write

(x,yl)ﬁr(la.b)f (xy) =L

The definition refers only to the distance between (x,y) and (a, b). It does not refer to the direction of approach.

Therefore, if the limit exists, then f (x, y) must approach the same limit no matter how (x, y) approaches (a, b). Thus,
if we can find two different paths of approach along which the function f(x, y) has different limits, then it follows
that does not exist.

how to show that a limit does exist or not
1. Use any possible path method (valid ONLY to confirm that the limit does not exist)
2. Use the Squeeze Theorem (valid ONLY to confirm that the limit exists)

3. Use the polar coordinate trick (valid ONLY to confirm that the limit does not exist)

[Recall: x =rcos @,y =rsinf, x2 +y% =r2,and (x,y) = (0,0) convert tor - 0*]

Is

x2-y?

(x.yl)l—rf(lo,ﬂ} x2+y?

Method 1: Use any possible path

exist, or not?

x2

(x,0)~(0,0) ¥

Path 1: Along x —axis - y=0 -

2

lim —
(0,y)-(0,0) ¥*

Path 2: Along y —axis — x=0 -

Since these limits along two paths do not match, we say that the limit does not exist.
Method 2: The Squeeze Theorem does not hold for this limit

Method 3: Use the polar coordinate trick

2
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r2cos?0 —r?sin? . - ) .,
im = [im cos* 6 —sin“ 0 = cos“ @ —sin“ 0

. x-y
lim ———= 5
(xy)=00) x* +y° r-0* T r—0*

The resulting limit depends on the choice of 6 along the path, and so the limit does not exist.
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X
Is 4

i
(x.y)l—rf(lﬂ,ﬂ} x2+y?

Method 1: Use any possible path

exist, or not?

Path 1: Along x —axis — y=0 - (x,oi)ﬁr(lo,o}x_z =
Path 2: Along y —axis — x=0 - lim —==
(0y)-(0,0)Y
x(mx) . mx? m

Path 3: Al = —_=
ath3:Alongy =mx - (x’mil)rf(o’g) 1+m  1+m

(MO (0,0) FHIN? . (xma) x(0,0) F2AmEE
Since we have obtained different limits along different paths, the given limit does not exist.
The resulting limit depends on the choice of m along the path, and so the limit does not exist.
Method 2: The Squeeze Theorem does not hold for this limit

Method 3: Use the polar coordinate trick

_ . (rcos@)(rsin@) _ ,
lim ———==1lim 5 = lim cos@sin6 = cos 0 sin@
(x¥)=00,0)x= +y< r-0t T r—0+

The resulting limit depends on the choice of 8 along the path, and so the limit does not exist.

3x2
Is Y

(x.yl)lﬂo,o} x2+y?

Method 1: Use any possible path

exist, or not?

Path 1: Al —axi = li ==
at ong x —axis - y=0 - (x,o)l—T»r(lo,o)xz
Path 2: Along y —axis — x=0 - lim —=
(0.y)-(0,0)¥
X
3x%(mx) , 3mx3 . 3mx

Path 3: Alongy = mx - (x,mx)=(0,0) X2 +(MX)2  (x,mx)-(0,0) x2+mx2 (x,mgcl)zl(o,o) 1+m
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This doesn’t prove that the given limit is 0 but let us try the limits along the following parabolas.

x
3x%(x?) _ . 3x* 3x2

= —— = [im
(x,x2)-(0,0) X2 +(xD?  (xx2)>(0,0)¥2+x*  (xx2)>(0,0) 1+X2

Path4:Alongy = x> -

x
3(y2)2y ) 3y5 3y3

= = li =
(yz,y)zl(ﬂ,ﬂ) 54y (yz,y)r—r'l(ﬂ,ﬂ) yiy? (yz,yﬁT(O,O) yi+1

Path5: Alongx = y* -
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The resulting limit also turn out to be 0, so we begin to suspect (means method 1 does not confirm the existence of the

limit, then method 2 is required) that the limit does exist and is equal to 0.

Method 2 (Required):

Not that S 1 because x% < x? + y?
2
oo IS 57 S i on !

since “ yl)i_:g%o'ﬂ)Sl y| = (x'yl)i_?!?%&m -3lyl=0

So, we conclude by the Squeeze Theorem that

3x%y
@)= +y2
Method 3: Use the polar coordinate trick
3x?y . 3(rcos6)*(rsin®) _ lim 3r3 cos3 @ sin@

lim ——— > > = lim3rcos®fsinf =0
(x, y)—>(0 0) x2 + y T oot T r-0t T r-0t

The resulting limit depends NOT on the choice of 8 along the path, and so the limit_exists.

) tore 322 .

A function f(x,y) of two variables is called continuous at (a, b) if

T B:) = f(@.B)

We say f(x,y) is continuous on D if f(x, ¥) is continuous at every point (a, b) in D.
Some Special Cases

1. A polynomial in two variables is continuous everywhere.

2. A rational function is continuous everywhere on its domain.

Recall that if you know that a function is continuous at a point that you're taking a limit to, you can use direct
substitution to figure out the limit.

.
Example 4

Evaluate lim (x?y3 —x3y2+4+3x+2
(x,y)ﬂ(l‘z)( y y ¥y)

Since f(x,v) = x%y3 — x3y? + 3x + 2y is a polynomial, it is continuous everywhere, so we can find the limit by direct
substitution:
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li 2y3 —x3y?2 4 3x 4+ 2y) =11
(x]y)g(llz)(x yr—x7y x +2y)
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Suppose that g(x,y) = {x2+y2 if (x,y) # (0,0)

2 if () # (0,0)
0 if (x,y)=(00)

Suppose that f(x,y) = {x“y2
0 if (xy)=(00)

Is lim x, V) exist, or not? Is x,y) exist, or not?
(xy)—>(00)g( V) (xy)—-(ﬂﬂ)f( Y)

g(x,v) is defined at (0,0) but g(x,y) is still We know is continuous for (x, y) # (0,0) since it is equal
discontinuous there because does not exist (see Example to a rational function there. Also, from Example 3 in this
1 in this section). section, we have
fy) = "zy =0=£(0,0)
etoo! O = o2 v y2

Therefore f(x,y) is continuous at (0,0), and so it is
continuous on R2.

Section 3.3 | Partial Derivatives

1 ~\

» The Definition of a Derivative:
* f.(a,b)is the first partial derivative of with respect to x at (a, b).

f(a+h,b)—f(a,b)
h

* fy(a,b) is the first partial derivative of with respect to y at (a, b).
f(a,b+h)—f(a,b)

fi(a,b) = lim

fy(a b) = lim

h
» Notations for Partial Derivatives: If z = f(x,y), we write
f d 0z B
) = fo=mo= oo f()) = 5= = fi = Dif = Dif
of ad

4
=f; :sz:Dyf

0
Hy)=1f = - a—yf(x,y) =3y

» Rule for Finding Partial Derivatives of z = f(x,y)

To find f, , regard y as a constant and differentiate f(x, y) with respect to x.

To find f, , regard x as a constant and differentiate f(x, y) with respect to y.

N .
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If £(x,y) = x3 + x2y® — 2y, find £.(2,1) and £, (2,1)
y

fe(x,y) = 3x% + 2xy?

21 =32)*+22)(1)* =16
fy(x,y) =3x%y? — 4y

£,(21) =3(2)*(1)* - 4(1) =8

If f(x,¥) = sin (;—y) find 2—£ and z—;:

Using the Chain Rule for functions of one variable, we

have
7= (r) a () = () 13

€os x\i+y) ~ C\ay) 1y
5= () (o)
ay—cos +y/ ax\1+y

P
1

( X

cos\ T

=

1

+
<

\-.__,/‘\<
f_"\.
—
+| =
<
N
(3]

y

OLEER

» If the graph z = f(x, y) is a smooth surface near the point P with coordinates (a, b, f(a, b)), then that graph

will have a tangent plane and a normal line at P.
» The normal vector to z = f(x,y) at (a, b, f(a, b)) is

n=fi(a,b)i+ f,(a,b)j—k
» The equation of tangent plane to z = f(x,y) at (a, b,f(a, b)) withn = fi(a, b)i + f2(a,b)j — k is
z=f(a,b) + fi(a,b)(x — a) + f>(a, b)(y — b).
» The normal lineto z = f(x,y) at (a,b, f(a, b)) withn = f,(a,b)i + fo(a,b)j — kis
x-a _ y-b _ z-f(ah). . .
@n e - -1 is a symmetric equation form.
x=a+ fi(a b)t
* or{y=b+f,(a b)t wheret € Ris a parametric equation form.
z=f(ab) -t

» or{x,v,z) ={(a+ fi(a b)t, b+ f,(ab)t, z=f(ab)—t)isavector equation form.

» The horizontal plane equation which is tangent to surface z = f(x, y) is
z = f(a,b), itis independent of x and y.
The point of tangency of horizontal plane where f;(a, b) = f,(a,b) = 0is (a, b, f(a, b)).

/
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Find the tangent plane and normal line to the elliptic
paraboloid z = 2x? + y? at the point (1,1,3).

Let f(x,v) = 2x% + y%. Then

fe(x,y) = 4x f(LD) =4

fy(ey) =2y f,(1,1) =2

z=fAD+AHADE-D+LADE-1)
z=3+4(x-1D+2(y-1)

z = 4x + 2y — 3 is the equation of the tangent plane at
the point (1,1,3).
%1 =Xl ? is the normal line to the elliptic

paraboloid z = 2x2 + y? in symmetric equation form.

Example 4

Find the horizontal plane which tangent to the elliptic
paraboloid z = 2x2 + y? + 2022 and what is the point
of tangency?

We have f;(a,b) = f,(a,b) = 0 at the point of
tangency.

fe(x,y) = 4x as f.(x,y) =0
f(xy) =2y asf,(x,y) =0

For these values we have z = 2022

.’.x:O

.’.y:o

The required tangent plane has equation z = 2022 and
the point of tangency is (0,0,2022).

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

*UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117



) e

» Ifz = f(x,y), we use the following notations to represent the second partial derivatives:

Higher-Order Derivatives

d
(fx)x =fx=fu=%

a (6f) _0*f 0%z

ax) ~ ox2 9x?

means that we first differentiate with respect x to and then with respect to x

a jof a%f 9’z
)y = fay = frz _5(5) “dydx  dyox

means that we first differentiate with respect x to and then with respect to y

ad

(fy)x = fyx =fa = a(

6f)_ ’f 0%
dy/  dxdy axady

means that we first differentiate with respect y to and then with respect to x

6(6f) Bz_f 9%z

(fy)y:fyy:fzf@ ay) =32 3y2

means that we first differentiate with respect y to and then with respect to y

» Clairaut’s Theorem: If the functions f;,, and f,,, are both continuous on D, that contains the point (a, b) then

fxy(@,b) = fyx(a,b)

/

E/

Find the second partial derivatives of f(x,y) = x* + x?y3 — 2y

fe(x,¥) = 3x* + 2xy?

fxy(x: y) = 6xy2

fex(x,¥) = 6x + 2y3

2

fy(x,y) = 3x%y* — 4y
fyx(x:y) = bxy*

fyy(x:y) = 6x2y -4
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» Partial derivatives of order 3 or higher can also be defined. For instance,

B 0 a*f B a3f
Fryy = (fey), = @(ayax)  0y?0x

means that we first differentiate with respect to x and then differentiate two times with respect to y

» Clairaut’s Theorem: fy,,, = fyxy = fyx if these functions are continuous.

. J
Calculate fiyy if f(x,¥) = sin(3x + yz). fr =3cos(3x + yz)

fox = —9sin(3x + yz)
fxxy = =9 cos(3x + yz)

fxxyz = -9 cos(3x + yz) + 9yz sin(3x + yz)

Section 3.5 | The Chain Rule

) tore 351 :

The Chain Rule (Case 1): Suppose that z = f(x,y) is a differentiable function of x and y, where x = g(t) and

vy = h(t) are both differentiable functions of t. Then z is a differentiable function of t and

dz_afdx_l_ﬁfdy
dt odxdt Odydt

N
If z=x2y + 3xy* where x = sin2t and y = cos't, find%when t=0

dz _ofdx ofdy

T ——= 4 2 30 i
dt ~ dx dt +6y dt (2xy + 3y*)(2cos 2t) + (x* + 12xy>)(—sint)

Ast =0,thenx =sin2(0) =0and,y =cos0=1.

% = (2(0)(1) + 3(1)*)(2 cos 2(0)) + ((0)2 + 12(0)(1)?)(—sin 0) = 6
t=0
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The Chain Rule (Case 2): Suppose that z = f(x,y) is a differentiable function of x and y, where x = g(s, t) and
vy = h(s, t) are both differentiable functions of s and t. Then

dz _0fox 31 dy oz _0fox _ 37 dy
ds  dxads dyas at ~ dxat  dyat

.

If z = e*siny, where x = st? and y = s?t, fmd and —.

To remember the Chain Rule, it's helpful to draw the tree diagram in Figure below.

i 0z
ax . ff_\‘

ax [\ dx dy [/ \ ady

as [\ at  as \ ot
/ \

s [ N l

0z E)‘fax afay
ds  0xds ﬁyﬁ

dz dfodx dfd
at aﬁ ot a;a_}t] = (e*siny)(2st) + (e* cosy)(s?) = 2stet” sin(s?t) + s2e**" cos(st)

If g(s,t) = f(s? — t%,t% — s?) and f is differentiable, show that g satisfies the equation

Letx = s —t?andy = t% — s. Then (s,t) = f(x,y) and Chain Rule gives

= (e*siny)(t2) + (e* cosy)(2st) = t2eSt" sin(s2t) + 2stest” cos(s?t)

dg dg

vl

dg _ofox ofdy _of . of
35 9xds Toyds ox D) Ty
b U T o+ L

at  ox dt dy dt

Therefore, ¢ 22 + 522 = ¢ (2L (25) + 2L ( 25))+s("’f (-20)+2L (Zt))
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o NOTE 3.6.1
\

An equation of the tangent plane to the graph of a function f of two variables at the point (a. b, f(a, b)) is

z = f(a,b) + fy(a,b)(x — a) + f,(a,b)(y = b).

The linear function whose graph is this tangent plane, namely

L(x,y) = f(a,b) + f(a,b)(x — a) + fy(a,b)(y — b)

is called the linearization of f at and the approximation

f(x,y) = f(a,b) + fi(a,b)(x — a) + f,(a,b) (y — b)

is called the linear approximation or the tangent plane approximation of f at (a, b)

-
Show that f(x,y) = xe™ is differentiable at (1, 0) and find its linearization there. Then use it to approximate f(1.1,—0.1)

The partial derivatives are
felx,y) = e + xye™ £(10)=1
fy(x,y) =x*e™ £,(1,0)=1
Both f; and £, are continuous functions, so f(x, y) is differentiable. The linearization is
L(x,y) = f(1,0) + £(1,0)(x — 1) + £,(L0)(y — 0)
=1+1x-1D+1-y=x+y

/

The corresponding linear approximation is xe™ =~ x + y
Sof(1.1,-01)=11-01=1

(Optional) Using calculator, compare this with the actual value of f(1.1,—0.1) = 1.1e7%1! ~ 0.98542.
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Section 3.7 Gradients and Directional Derivatives

OLEEZS

» To begin, it is useful to combine the first partial derivatives of a function into single vector function called a

gradient.

» We define the gradient vector Vf (x,y) = grad f(x,y) = fi(x, V)i + f>(x, y)j.

» If f(x,y) is differentiable at (a, b) and Vf(a, b) # 0, then Vf(a, b) is a normal vector to the level curve of f
that passes through (a, b).

» Letu=ui+ vjbeaunitvector, so that u? + v? = 1. The directional derivative of f(x, y) at (a, b) in the

direction of u is

fla+ hu, b+ hv) — f(a,b)
h

Duf(a.b) = lim

» Using the gradient to find directional derivatives

If f is differentiable at (a, b) and u = u i + v j is a unit vector, then the directional derivative of f at (a, b) in the

direction of u is given by

D,f(a,b) =u-Vf(a,b)
» Recall: In general, if v # 0, then the unit vector that has the same direction as v is

u= Z oru=
vl ol

/

Find the directional derivative of the function f(x,y) = x%y3 — 4y at the point (2, —1) in the direction of the vector v =
2i+5j.

We first compute the gradient vector at (2, —1):
Vf(x,y) = 2xy%i + (3x%y? — 4)j
VF(2,—1) = —4i + 8

Note that v is not a unit vector, but since |v| = v29, the unit vector in the direction of v is

v 2 5
WV V29
D f(2,-1)=u-Vf(2 —1)—(in+—)-(—4i+8i)=_4'2+8'5: 32
v ' 29 V2o V29 V29

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM E

w* UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117



) wore 372

Geometric properties of the gradient vector

increase is |V f (a, b)|.
decreaseis |Vf(a, b)|.

(a, b).

.

» At(a,b), f(x,y) increases most rapidly in the direction of the gradient vector Vf(a, b). The maximum rate of

» At(a,b), f(x,y) decreases most rapidly in the direction of the gradient vector —Vf(a, b). The maximum rate of

» The rate of change of f(x,y) at (a,b) is zero in directions tangent to the level curve of f that passes through

J

(a) If f(x,y) = xe”, find the rate of change of f at the point P(2,0) in the direction from P(2,0) to Q G 2).

(b) In what direction does f have the maximum rate of change? What is this maximum rate of change?

(a) We first compute the gradient vector: V f(x,y) = (e¥, xe¥) V£(2,0) =(1,2)
The unit vector in the direction ofP_Q' =(-152)isu= (—%%}

so, the rate of change of in the direction from P to Q is

D f(2,0) = u-Vf(2,0) = (—gi + gj) (1,2)=1 (—g) +2 (g) —1

(b) f increases fastest in the direction of the gradient vector Vf(2,0) = (1, 2). The maximum rate of change is

Let f(x,y,2) = x% + y? + z2.

I7£(2,0)] = 1{1,2)| =5

(@) Find Vf(x,y,z)and Vf(1,—-1,2).
(b) Find an equation of the tangent plane to the sphere x? + y? + z2 = 6 at the point (1,—1,2).

(c) What is the maximum rate of increase of f at (1,—1,2)?

(d) What is the rate of change with respect to distance of f at (1, —1,2) measured in the direction from that point toward

the point c?
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(@) FindVf(x,y,z) =2xi+2yj+2zk =(2x,2y,2z) soVf(1,-1,2)=2i—-2j+4k=(2,-2,4).
(b) The normal to tangent plane at the point (1,—-1,2) isVf(1,-1,2) =2i—-2j+ 4k

Therefore, its equation is given by 2(x — 1) — 2(y + 1) + 4(z — 2) = 0 or, more simply, x —y + 2z = 6.
(c) The maximum rate of increase of f at the point (1,—1,2) is
I7F(1,-1,2)| = {2,-2,4)| = 2v6
(d) The direction from (1,—1,2) toward (3,1,1) is specified by 2i + 2 j — k
The rate of change of f with respect to distance in this direction is

2i+2j—k

4—4
— | Qi-2j+4K)=—————=—=
\/4+4+1)(l i+ 4k) 3

D f(1,-12) =u-Vf(1,-12) = (

That is, f decreases at rate % of a unit per horizontal unit moved.

Section 3.8 Implicit Functions

) Noress1

\
» We suppose that y is given implicitly as a function y = f(x) by an equation of the form F(x, y)=0
oF
&_ Gk
dx aF E,
dy
» We suppose that z is given implicitly as a function z = f(x, y) by an equation of the form F(x, y, z)=0
aF oF
iz 3x K oz 9y K
ox  OF dy OF  F
0z 0z
. J

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

w* UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117



Findy' = Z—i’ifx3 +y3 = 6xy

The given equation can be written as F(x,y) = x>+ y3 —6xy =0

dy F  3x*—6y x*-2y

dx  F,  3y?-6x  y*-2x

cq92 070 3 33 _
Fmdaxandaylfx +y*+z°+6xyz =1

let F(x,y,z) = x3+y3+ 23 + 6xyz — 1

dz K 3x*+6yz  x*+2yz
dx F,  3z2+6xy  z2+2xy

0z _ _y:_3y2+6xz:_y2+2xz
oy E, 322 + 6xy z2 + 2xy

Section 4.1 Extreme Values

\

Method I: Second Derivatives Test: Suppose the second partial derivatives of f are continuous on a disk with center

(a,b), and suppose that f,(a,b) = 0 and f,(a,b) = 0 [that is, (a, b) is a critical point of f]. Let

D =D(a,b) = fexr(@,b)fyy(@,b) = [fry (@ D)
If D > 0and f,(a,b) > 0, then f(a, b) has a local minimum at (a, b).
If D > 0and f,,(a,b) <0, then f(a, b) has a local maximum at (a, b).
If D < 0, then f(a, b) has a saddle point at (a, b).
If D = 0, then this test provides no information.
To remember the formula for D, it’s helpful to write it as a determinant:

fex fxy

D=

= fxxfyy - (fxy)z

-

o
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) vorea 12 .

Method II: Second Derivatives Test: Suppose the second partial derivatives of f are continuous on a disk with

center (a, b), and suppose that f,(a, b) = 0 and f,,(a, b) = 0 [that is, (a, b) is a critical point of f]. Let
A= fi1(a,b), B=fi,(a,b)=f,1(ab),and C = f,,(a,b)

If B2 — AC < 0 and A > 0, then f(a, b) has a local minimum at (a, b).

If B2 — AC < 0 and A < 0, then f(a, b) has a local maximum at (a, b).

If B2 — AC > 0, then f(a, b) has a saddle point at (a, b).

If B2 — AC = 0. then this test provides no information.

- /

Find the local maximum and minimum values and saddle points of f(x,y) = x* + y* — 4xy + 1.

fe =40 -4y and  f, =4y° —4x

Setting these partial derivatives equal to 0, we obtain the equations

x3—y=0 and  y*—-x=0

To solve these equations, we substitute y = x> from the first equation into the second one. This gives
x—x=0 x@®-D=x*-DE*+D)=xx*-DE*+DE*+1) =0

so, there are three real roots: x = 0,1, —1. The three critical points are (0,0), (1,1), and (=1,-1)

For critical points classification, you can use method | (see note: 4.1.1) or method Il (see note: 4.1.2), in this question,
method | is used.

frex = 12x2 f;cy = fyx =—4 fyy = 12)/2
D = foefyy — £, = 14422y — 16

For (0,0), we have D(0,0) = —16 < 0 ~~ (0,0) is a saddle point by the Second Derivatives Test.

For (1,1),we have D(1,1) =128 > 0and f,,(1,1) = 12> 0
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= (1,1) is a minimum local point and its value is f(1,1) = —1 by the Second Derivatives Test.
For(—1,—1),wehave D(—1,-1) =128 > 0and f,,(—1,-1) =12 >0

% (—=1,—1) is a minimum local point and its value is f(—1,—1) = —1 by the Second Derivatives Test.
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Find the shortest distance from the point (1,0,—2) tothe plane x + 2y + z = 4

The distance from any point (x, ¥, z) to the point (1,0, —2) is

d=(x-1)2+y%+(z+2)2

but if (x,y,z) lies on the plane x + 2y + z = 4, then z = 4 — x — 2y and so we have

d=Jx-D?+y*+(6-x—2y)
We can minimize by minimizing the simpler expression

d=fy)=x-1D*+y*+(6-x—-2y)*

=2x-1)-2(6—-x—-2y)=4x+4y-14 and  f, =2y—4(6 —x—2y) =4x+ 10y — 24

Setting these partial derivatives equal to 0, we obtain the equations

4x+4y—-14=0 and 4x+10y—-24=0
We find that the only critical point is (% g)

feix=4>0 fxy:fyx:4 fyyzlo

D :ﬁcxfyy_fxzy =24>0

11 5 11 5
For (— —), we have D ( —,=
6 6 3

11 5
I3 ?I

2) =24 > 0and fi (

3

)=4>0

(% g) is @ minimum local point by the Second Derivatives Test.

Intuitively, we can see that this local minimum is an absolute minimum because there must be a point on the given plane

that is closest to (1,0, —2).

d=¢(x_1)z+yz+<6_x_2y)z=j(g)2+(§)2+(g)2g«a

Therefore, the shortest distance from the point (1,0,—2) tothe planex + 2y + z = 4 is g\/g

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

*UG*

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117



Section 4.2 | Extreme Values of Functions Defined on Restricted Domains

) hore 21

N

» Necessary conditions for extreme values

A function f (x, y) can have a local or absolute extreme value at a point (a, b) in its domain only if (a, b) is one of

the following:

(a) a critical point of f, that is, a point satisfying Vf(a,b) = Oi.e., fy(a,b) = f,(a,b) = 0
(b) a singular point of f, that is, a point where Vf(a, b) does not exist
(c) aboundary point of the domain of f.

» Absolute Maximum and Minimum Values

Extreme Value Theorem for Functions of Two Variables: If f is continuous on a closed, bounded set D in R?, then

f attains an absolute maximum value f(x;,V;) and an absolute minimum value f(x,, y,) at some points (x;,V;)

and (x5,¥,) in D.

~

J

) Nore422 :

-

To find the absolute maximum and minimum values of a continuous function f on a closed, bounded set D:

1. Find the values of f at the critical points of f in D.
2. Find the extreme values of f on the boundary of D.

3. The largest of the values from steps 1 and 2 is the absolute maximum value; the smallest of these values is

the absolute minimum value.

)s
A

Find the absolute maximum and minimum values of

on

thelinesx =0,y =0,y =9 —x.

f(x,y) =242x+ 2y —x%—y*?

the triangular region in the first quadrant bounded by
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Answer
(a) Interior points. For these we have
fi=2-2x=0, fy=2-2y=0
yielding the single point (x,y) = (1,1). The value of f there is f(1,1) = 4

(b) Boundary points. For these we have
() OnthesegmentOA, vy =10

The function f(x,y) = f(x,0) = 2 4 2x — x?
f'(x,0)=2-2x=0 Then,x =1~ f(1,0) =3
End points for the segment OA are f(0,0) = 2 and f(9,0) = —61

(i) Onthe segmentOB, x =0

The function f(x,y) = f(0,y) = 2+ 2y — y?
f'(0,y)=2—-2y=0 Then,y=1-f(01) =3
End points for the segment OB are f(0,0) = 2 and f(0,9) = —61

(iii) On the segment AB,y =9 — x

The function f(x,y) = f(x,9—x) =24+ 2x+2(9—x)—x? — (9 —x)? = =61 + 18x — 2x*

f'(x,9—x)=18—4x=0 Then,x :2.-.f(3 3) — _42_1

2 2’2

End points for the segment AB are £(9,0) = —61 and £(0,9) = —61

1 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

Therefore, the maximum is 4, which f assumes at(1,1). The minimum is —61, which assumes at (0,9) and (9, 0).
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o NOTE 4.3.1 N

Method | of Lagrange Multipliers (4)

To find the maximum and minimum values of f(x,y, z) subject to the constraint g(x,y, z) = k [assuming that these

extreme values exist and Vg # 0 on the surface g(x,y,z) = k]:
(a) Find all values of x,y, z and 4 such that

Vilx,v,z) =AVg(x,y,2) i.e., 3 equations
and gx,y,2) =k i.e., 1 constraint equation

(b) Evaluate f at all the points (x, y, z) that result from step (a). The largest of these values is the maximum value of

f; the smallest is the minimum value of f.

» Recall: Vf(x,y,z) =AVg(x,y,2)is f, = A9y fy = 4gy f; =g,

» BEWARE: This is a system of four equations in the four unknowns x,y,z and 4, but it is not necessary to find

K explicit values for A. /
) noreasa -

Method Il of Lagrange Multipliers (1)

To find the maximum and minimum values of f(x, y, z) subject to the constraint g(x, y, z) = k [assuming that these

extreme values exist and Vg # 0 on the surface g(x,v,z) = k)
(a) Find all values of x,y, z and A such that

At any critical point of L we must have

L(x,y,z,A) = f(x,y,2) + Ag(x,y,2)

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

aL
O=E=f1(x-y;z)+ﬁg1(x:yjz)
Thatis, Vf is parallel Vg, < 0 = Z—; = fo(x,v,2) + 19, (x,v,2)
aL
0=£=f3(x;y.z)+ﬂgz(x:ylz)
0_6L_ ( )
o 9w

(b) Evaluate f at all the points (x, y, z) that result from step (a). The largest of these values is the maximum value of

\f; the smallest is the minimum value of f. /
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Find the shortest distance from the origin to the curve x2y = 16

We want to solve the problem

minimize f(x,y) = x2 +y?  subject to g(x,y)=x*y—-16=0

Method | of Lagrange Multipliers Method Il of Lagrange Multipliers
As Vf(x,y) = AVg(x,y), then we have Let L(x,y,4) = x* + y* + A(x%y — 16)
2x=22xy  (A) 0=2"=2u+20xy (A
2y = Ax? (B)
0 =g—;=2y+ﬁx2 (B)
xty =16 Q)
0=2=x2y-16  (0)
Then dividing the (A) by (B), we have % = z?y that is
x? = 2y? By rewriting equation (A), we have 2x = —2Axy (D)
By rewriting equation (B), we have 2y = —Ax? (E)
Then dividing the (D) by (E), we have ;C—’ = Zx—y that is
x2 — 2y2
Plug x2 = 2y? in equation (C). Then, we have (2y?)y — 16 = 0 y3=8 s0,y =2

Thus, x2 =8 x=+2v2.
Therefore, there are two candidates for points on x%y = 16 closest to the origin, (£2v2, 2).

Both of these points are at distance v/8 + 4 = 2v/3 units from the origin, 50 this must be the minimum distance from the
origin to the curve.
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Find the maximum and minimum values of f(x,y, z) = xyz on the sphere x% + y% + z% = 12.

We want to solve the problem

minimize f(x,y,2) = xyz subject to gy =x*+y*+z>-12=0

Method | of Lagrange Multipliers Method Il of Lagrange Multipliers
As Vf(x,y) = AVg(x,y), then we have Let L(x,y,4) = xyz + A(x®2 + y2 + z2 — 12)
z = 2x A o _
y (A) 0=——=yz+2x (A)
xz =2y (B)
0=g—;=xz+2/1y (B)
Xy =24z Q)
aL
X2+y2+72=12 (D) O—E—xy+212 Q)
_OL_ 2, .2, .2 _
Then dividing the (A) by (B), we have % =§ that is 0= i 12 D)
xz = y2 - .
=Y By rewriting equation (A), we have yz = —21x (D)
- z oy .
Then dividing the (B) by (C), we have >3 thatis By rewriting equation (B), we have xz = —21y (E)
2 _ .2
2=y By rewriting equation (C), we have xy = —24z (F)
Thus, x* = y? = z* v x
Then dividing the (D) by (E), we have =5 that is
x% = y?
Then dividing the (E) by (F), we have i = % that is
22 = y?
Thus, x? = y2 = 22
Plug x? = y? = z% in equation (D). Then, we have 3x?> = 12 xZ =4 50, x = 12

Thus,x =12 or y=4+2 or z==2

We obtain eight distinct points, and they are classified as following:

At four of these points, (2,2,2), (—2,-2,2), (=2,2,-2),and (2,—2,—-2), we have xyz = 8
At four of these points, (-2, —2,-2), (—2,2,2), (2,—2,2),and (2,2, —2), we have xyz = —8
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b

Find the minimum value of f(x,y,z) = y subject to the constraint equation g(x,y) = y* — x? = 0.

We want to solve the problem

minimize f(x,y) =y subject to gx,y)=y>—-x2=0

Method | of Lagrange Multipliers Method Il of Lagrange Multipliers
As Vf(x,y) = AVg(x,y), then we have LetL(x,y,4) =y + A(y® — x?)
0=-2Ax (A) 0= B_L — —ZAX(A)
dx
1 = 31y? (B)

0=%=1+3w2 (B)
yi—x2=0 (Q
Ozg—;=y3—x2

(C)

From equation (A), we obtain that either 4 = 0 or x = 0. Although, as x = 0 from equation (A), we obtained from equation
(C) that y = 0, Such solution of x and y cannot satisfy the equation (B)

Therefore, the three equations have no solution (x, y, 1)

The method of Lagrange multipliers breaks down because Vg = 0 at the solution point (0,0) where the curve g(x, y) is not
smooth at the origin.

° NOTE 5.1.1
\

If f(x,v) = 0, then the volume V of the solid that lies above the rectangle R and below the surface

Z=f(x,y)is

d b

V= ffRf(x.y)dA - fbf(x,y) dx dy = ff(x,y) dy dx

c a
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Where R = [a,b] X [c,d] = {(x,y) ER®la < x < b,c <y < d}

Where dA = dxdy or dA = dydx

N /
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) vores 12 .

Main Properties of Double Integrals

> Rl Gy + g ]dAd = [[, f(x,y)dA+ [, 9(x,y)dA
» JficfCoy)dA=c[[ f(x,y)dA wherecisa constant
» Iff(x,y) = g(x,y) forall (x,y) in R, then

ﬂf(x.y) dAzgg(x.y)dA

J[ dA'is the area of a closed, bounded plane region R, where f (x,y) = 1
o /)

Find the volume of the solid bounded above by the plane
z = 4 — x — y and below by the rectangle

R={(x,y):0<x<1, 0<y<2}

The volume under any surface z = f(x,y) and above a
region R is given by

n/2 1
Evaluatef J, ysinxdydx
0

Oh'_'_ﬂwl:]

1
fysinxdydx
0

V=J’Lf(x.y)dxdy

0

2

e

2

z
[y el
—sinx = | =sinxdx =|—=cosx 1 7
2 2 :f[tlx——xz—yx] dyzf(—— )dy
0 2 x=0

E
In our case
y sinxdy dx 5
1
work out treatmg X as constant V= f f(l} —-X - y) dx dy

2

0

N =
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Evaluate [[

x2+y2=l

2022 dA

Z+y?z1

The domain of the integration is a circular disk of radius 1
centered at the origin.

2022 dA = 2022 x areaof D = 2022m

x2+y?<1

Evaluate ffxzﬂzﬂ\/l —x?—y%dA

This integral represents the volume of a hemisphere of radius 1 and so has the value 21 /3.

Section 5.2 |Iteration of Double Integrals in Cartesian Coordinates

) Nores 21

Iteration is the process of reducing the problem of evaluating a double (or multiple) integral to one of evaluating

two (or more) successive single definite integral.

» Let f(x,y) be continuous on a region R.

1. IfRisdefinedbya <x <b,g,(x) <y < g,(x) with g; and g, continuous on [a, b], then

b
92(x)
gf(x.y)dA = gi) f(x,y)dydx

a

2. IfRisdefinedbyc <y <d, hi(y) <x < h,(y) with hy and h; continuous on [c, d], then

d
hy()
f Fx,y)dA = f £(x,y) dxdy
R hi(¥)

N c

~

/
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Find the volume of the prism whose base is the triangle in the xy —plane bounded by the x —axis and the lines y = x and

x = 1and whose top liesinthe planez = f(x,y) =3 —-x—y

Answer

Using Horizontal Cross-section (dxdy)

Using Vertical Cross-section (dydx)

The y —limits of integration
0<y<x

The x —limits of integration
0<x<1

The x —limits of integration
y<x<l1

The y —limits of integration
0<y<l1

1

:ff@—x—y)dydx
[l

xgx'l
= |— =1
2

X

=0

1

2

5 3 5
(——4y+—yﬂdy= PR iy

[

f(B—x—y)dxdy

1 y?
3———y 3y+?+y dy

2

1
1

y=0
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Find the volume of the solid in the first octant bounded by the region above line y = 1 — x and inside the circle with radius

1 and whose top lies in the plane z = f(x, y)

Answer

Using Vertical Cross-section (dydx)

Using Horizontal Cross-section (dxdy)

Leaves at

/Sy = V1 - x?

A

_ Enters at
N v=1—x

L
— X
0 X 1
/ /
Smallest x Largest x
isx=0 isx =1

Largest v -""
isy=1 Enters at
~ x=1-y
] /

\‘ >
Smallest y Leaves at :
isy=0 x= m

oo > X
0 l

The y —limits of integration

1-x<y<y1-—x*

The x —limits of integration

The x —limits of integration

1-y<x<|1-y?

The y —limits of integration

0<x<1 0<y<1
1 1
Vix? J1-72
V= j FOuy) dy dx v = f f(r,y) dxdy
1-x -y
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b

Sketch the region of integration for the integral

2x

f (4x +2)dydx
xZ

0

and write an equivalent integral with the order of integration reversed [DO NOT EVALUTE THE INTEGRAL].

4r $2.4) The x —limits of integration

/ 3
)= 2x / —<x<
y hl,. z_x_\”v‘

/)= The y —limits of integration

/ 0<y<i4
/ | 4
! ! . Vy
0 2
; V= j(4x+2)dxdy
: y
4r (2,4) . 2
/
y
=3 xr=Vy
_| [ L~
;
/
/: ‘ X
0 2
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Example 4

Evaluate ffD xy dA, where D is the region bounded by the line y = x — 1 and the parabola y? = 2x + 6.

YA YA
(5,4 s (5,4)
[ v
y=y2x+6 x=5-3
l y=x—1 : 7 x=y+1
-3 0 : 0 :
. / -~ |71.72] ‘_l._zj == _2
y=—2x+6
(a) Das a type I region (b) D as a type I region

D is both type | and type II, but the description of D as a type | region is more complicated because the lower boundary
consists of two parts. Therefore, we prefer to express D as a type Il region:

Type Il region:

The x —limits of integration
2
y? -3<x<y+1

The y —limits of integration

—2<y<4

4
x=y+1

jr=3f e -5

2
x:y__
2

4
Therefore, ffnydA=f fé:xydxdy:f [x;y]
2
-2

-2

_2 —E+4 ®4+2y?—8y|d 1 —y—6+ 4+2y—3—4 2 4 =36
7 Rl bl 7 R B I
Type | region:
Part I: the y —limits of integration —v2x + 6 < ¥y < v2x + 6 and the x —limits of integration -3 < x < -1
Part II: the y —limits of integration x — 1 < y < v2x + 6 and the x —limits of integration -1 < x <5

If we had expressed D as a type | region using Figure (a), then we would have obtained
_1 5
Therefore, [f xy dA = f J’_'j%xy dydx + f fx_zi[%xy dydx =36
-1
-3

but this would have involved more work than the other method.
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Section 5.3 | Double Integrals in Polar Coordinates

) Nores 1

Change of variables formula for double integrals

in the xy —plane.

Let x = x(u, v),y = ¥(u, v) be a one-to-one transformation from a domain § in the uv —plane onto a domain D

Suppose that the functions x and y, and their first partial derivatives with respect to u and v, are continuous in S.

If f(x,y) isintegrable on D, if g(u, v) = f(x(u,v),y(u,v)), then g is integrable on § and

N

a(x,y)
,y)dxd =ﬂ V) |=——=| dud
fo(xy) xdy Sg(u V) 3, )|
_ _ 9 y)
dA =dxdy = o) dudv
s — R h >
(13, 1) T \‘-h
— )
0 u 0 X

~

) ores s

ox

0G| (6w
J=T= o(u,v)| (9
ou

du
dw,v)| |ox

-1 _ -1 _ _
F =T = oy~ |ov

dx

Note: the Jacobian (J) is a positive value.

o

The Jacobian (J) of the transformation T given by x = g(u,v) and y = g(u, v) is

ox

gy| 0xdy 0yox

dy|  dudv dvou

av

The Jacobian (J) of the inverse transformation T givenby u = f(x,y) and y = f(x,y) is

du
0| _oudw_ovou

dv[ oxdy dyox
dy
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b

Find the area of the finite plane region bounded by the four parabolas y = x%,y = 2x%,x = y?,and x = 3y2.

UV
11 ~
5
2/31 =
o
=)
(=2
38
1/3 -
=
=
> 251
;. =
u B
B
%
The integrand suggests the transformation as following E;:
= =
= x2 1 — 1,2/3,1/3 3 =
Let U xz/y ~ ) Routine algebra produces x and y as functions of u and v: X uz 3V1 3 S «©
v=y%/x > (2) y =v*Pull? - (4) 0
x? Sg
y=x2 - ;:1 ~ u=1 by using equation (1) o
(=)
(=)
=r o L=l L y=lpyus tion (1 %
y=2x y =3 Lou=g y using equation (1) 2
y? -
x=y2 - —=1 v =1 by using equation (2) o
3
=3 2 N ¥? _1 . _1 b . . 5 =
x=3y T =3 V=g y using equation (2) S
x
Thus, S
2]
> l<v<landi<u<i e
3 2 =
Jx 0x 2, -1/3,1/3 1, 2/3 .-2/3 2
> ]: a(x'y) = ou dv = 3u Y 3u v —_——_—=—= - =S
a(uv) dy T |Lo2/3-2/3 2-1/31/3) 9 9 9 :
du dv 3 3 5
u v ) =
-1 _ |0wy)| _|ox dy| _| ¥ y2| _ L1 =
e E it vrew) Y Bl ] I S
ax ayl 1Tz Ty %
» f(x,y) =1convertedto f(u,v) =1
1 1
1 1

ﬂf( )dxd f1|j( ) dud fldd 1(1 1) (1 1) 12 1

x,y)dxdy = u,v)|dudv = —dudv==X[1—-=]X[l-=]==X=X===

= /3 3 2 3) 73727379

v 2 2
3 3
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2
y
Evaluatef L \Ee@dxdy
1y
v
3 y=2x )
.) - A
y=2 2F————-1 uww=2sy=2
R / )
u=loxy=1—
A 4
T . G
1 Lf }—
xy=1 v:'lc:v_\':x
|
|
| | >X > U
0 1 2 0 1 2
The integrand suggests the transformation as following
u=./xy
Let
v= |2
X
wW=xy o) . x==-(3)
Theny Routine algebra produces x and y as functions of u and v: v
ve=y/x - (2) y=uv - (4)
x=y - %z 1 v=1 by using equation (2)
x==- - xy=1 u =1 by usingequation (1)
y=2 - 2=uv v = % by using equation (4)
Thus,
> 1<v<Zand1<u<?2
ey leu av| _ |- — _2u
>j—a(u,v)_6_yﬁ‘_y_;;ﬁ_v or
du dv
wogp | X X
> _1_ 0wy _ |ax  ay| _ | 2V Zm_i 1_1_v . 2u
I =l Tl o Tl i [TutuTnTw TS
dx dy 2Jy/x  2{y/x

> fey) = \Ee‘/ﬁ converted to f (u, v) = ve*
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2 2

—_—

1

2
y
fﬁeﬁdxdy =
1
vy

1

2 2 2

1 1

2uetdvdu

)—‘k____’:IN

2
u
2u
ve*|J(u,v)|dvdu = fve” (7) dvdu =
1
1

2
= 2f[vue“]:zzdu =2 f(Ze” —ue')du = 2[(2 —w)etdu = 2[(2 —u)e™ + e*]4z2 = 2(e? - (e + €)) = 2e(e — 2)
1

1
1-x
_ 2
Evaluatefﬂ _fo Jx+y(ly—2x)"dydx

| P o=u
I/ 4
. N ox+y=1 Ve
O\ G
R
‘ v=-2u 7\
| > ¥
0 \ 1 -2
y=10

The integrand suggests the transformation as following

u=x+y = (1)
Le‘{v=y—2xa(2)

y=1-x - x+y=1 s~ u=1 byusing equation (1)
y=0 v = —2u by using equation (4)

x=0 v=u by using equation (3)

Thus,

» —2u<v<uand0<u<l

dx ox 1 a_u

3y _lou aw| _ |3 3 _1 1 |8y _ |ox
J=Banl oy |72 1|73 O T = oyl T v
du dv 3 3 ax

> f(x,y) = Jx+v(y — 2x)? converted to f(u, v) = u/?v?

Routine algebra produces x and y as functions of u and v:

Integrate by parts
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u

1 1
1-x u
1
JJ ,/x+y()’—2x)2dydx=f fulfzvz U(u,v)ldvdu=f fu”zv2 (g)dvdu
0
0

-2u —-2u

0 0

1
1

1] i1 7™ 10 1 s 7 29
= — 2= = — 2 = 2 = =2
3 u [319 L=_2udu gfu (u® +8u®)du fu du 9u
0 0
0

) ores 33 .

The Jacobian (J) of the polar coordinate transformation T given by x = g(r,8) =rcosf andy = g(r,8) =rsinf

1

2
0 9

is

dx Ox
90y lar 98| _|cos@ —rsing] 5 Caa
]_T_a(r,a)_a_y 6_y_|sin9 rcos 0 =rcos*@+rsin“=r>0
ar 06

fo(x,y)dxdy= ﬂsg(rﬂ)|gg£ drdf = J’J.Sg(r, 0) rdrdo

a(x,y) _
M| drd6 =rdrdo

where 0 < 8 < 2m, ris positive and, dA =

-

Evaluate [ e+ dy dx

where R is the semicircular region bounded by the x —axis and the curve y = v1 — x2

==Y
Il
=
o
=
Il
=]
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m T
1 bid
x2+y? r2 1 r2 ! 1 m
e dydx = e" rdrdf = [Ee ]d9= 5(9_1”9:5(9_1)'
0
0 0
0

R
0
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Area in Polar Coordinates

The area of a closed and bounded region R in the polar coordinate plane is

A=ﬂrd'rd6
R

\ J

Using polar integration, find the area of the region R in the xy —plane enclosed by the circle x* + y* = 4 above the line

y = 1,and below the line y = v/3x.

T

NSRS
—
.
|
(o]
w
le]
(3% ]
fual
[
u
(el
Il
Do =
~
N
D>
+
(]
=]
(sl
2
3w
~
[=3)
Il
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° NOTE 5.4.1 N

Triple integrals over rectangular regions

Rectangular Regions - The limit boundaries of the integral are all constants.
Definition:
If f(x,y,2z) is continuous on the rectangular box B
B = [a,b]x|[c,d] x[r,s] or B={(xy2)|a<x<b c<y<d r<z<s}
Then

s
d

b
ﬂ flx,y,z)dV = !f(x,y,z)dxdydz

4
r

N J
) Nores 42 .

fo f G y,2)dV

6 possible orders of integration

0312 21052 58 WHATSAPP ILETISIM : 0539 4990 117

r “ b d oy
”ffcf:f(x,y.z)dxdydz 3)focdf(x:y,Z)dydxdz S)J; fafrf(x,y,Z)dzdxdy

d ) )
s s ‘.
2)f f f: f(x,y,z)dxdzdy 4)[ f fcdf(x,y, 2)dy dzdx G)J; jc [ f(x,y,2)dzdy dx

. J

) Nores 43 \

The volume of a closed, bounded region D in space is

oo

MAKINA MUH. BOLUMU B BLOK NO:105 TEL :

where f(x,y,z) =1
N\ /
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Evaluate the triple integral:

[

where B is the rectangular box given by

B={xy2]0<x<1 -1<y<2 0<z<3}

3 3 3
2 1 2 2 3
2,,,21%=1 2 2,21Y=2
x%yz z z
fﬂxyzde= fxyz2 dxdydz = Y dydz = y—dydz= Y d
2 2 y
B 0 x=0 y=—1
-1 -1 -1 0

0 0 0

¢ 2

Triple integrals over non-rectangular (general) regions

Non-rectangular (General) Regions  — The limit boundaries of the integral are NOT all constants.

Non-rectangular (General) Regions = Solid
Definition:
If f(x,y,z) is continuous on the solid (general) region E

E={xyz)|a<x<bh y;(x) Sy <y, (x), z1(x,y) £z < z,(x,y)}

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

Then
y2(x)
z(x,y)
ﬂ f(x,y,z)dV = f f(x,y,z)dzdy dx
E 2y (x,y)
y1(x)

a

N /
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Evaluate the triple integral:

[f-a

where E is the solid tetrahedron bounded by the four planes

x=0,y=0z=0 andx+y+z=1

1% step: Find Z limit boundary

I(\U,U.l) 0<z<1l-x—y

0 (01,0

=

(1,0,0) O - >
/ \ a

X

2" step: Find both x and y limit boundaries

dy dx y

0< y < 1-—x 1+

0<x<1 Y

D
0 v=1( =1 X
3" step: Set up triple integral 1
L J fol_x_y zdzdydx =
1-x 0 0

1-x-y

zdz x z =1
y Ufﬂ [2]z=0 dy dx .

0

1
f J'Ol_x(l —x—y)* dydx
0
4" step: Evaluate the triple integral
1
1

1 [[a—x— T 1 1 a-o 1
et foraet 5
0

y=0 0
0
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Evaluate the triple integral:
[ e
E

where E is the region bounded by the paraboloid y = x? + z% and the plane y = 4.

1% step: Find Z limit boundary

y = x%+z* 7zt =y —x*

z=+y—x2=12°

—y—x* <z <y —x?

2" step: Find both x and y limit boundaries

As z = 0, then the region in xy plane is bounded by y = x? and y = 4 A
yv=4
dy dx
D,
XZS}’S'q- y=2x2
-2<x<2 N
0 X

3" step: Set up triple integral
2

4
[v—x2
f f_%\/xz +z2dzdydx  Itis extremely difficult to evaluate
x2

-2

Try another method

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

1% step: Find y limit boundary
x*+z2<y<4
2" step: Find both x and z limit boundaries
Cross section Intersection between the paraboloid y = x? + z2 and the plane y = 4.

x*+z2=4
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Using polar Coordinate technique.

x2+z2 =12 Z)
0<r<2 P
0<g<2n ¥ 24
dA=rdrdo Y
/[ D;
1 | -
T T >
-2 ".‘“ 0 "“_.' 2 X

3" step: Set up and evaluate triple integral

x2+z2

2n 2 21 2 21 .
I, (_l.4 Vx2+zzdy)dA =f f (f:;rdy)rdrdﬂ :f f f:zrz dydrdﬁzf J [sz];:::z drdé
0 0 0
0 0 0

21 2 ) ) 2 2 . . 2n 473 .5 r=2 2”64 ot 128
_L for(4—r)drd9=f0 IRCs —r)drdH:fO [___r=0d6=f0 4o = 2% = 120y

3 5

| Section 5.5 | Change of Variables in Triple Integrals

o N

Triple integrals in cylindrical coordinates

15

To convert between (cartesian < cylindrical) coordinates, you need to know the following:

x=rcosf y =rsinf z=1z
dV =dzdydx —» dV =rdzdrdf f(x,y,z) = f(rcos@,rsin@,z)
62
T2
ﬂ flx,y,z)dV = ff(rcosé‘,rsinﬂ,z)rdzdrdﬁ
E -
g
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Va—x2
Evaluate f fm(x +y2)dzdydx
-2

Va—x?

1% step: Find Z limit boundary in polar form

Jx2+y?<z<2 o5 r<z<2 7_ =2

2" step: Find r and @ limit boundaries

0<r<2 0<6<2m

Va=x?

== e
f fw (x* +y?)dzdydx = f f rérdzdrdf= J;fr r3dzdrd6
-2

3" step: Evaluate the triple integral

2n
2 2n 2m 2
:f fffﬁdzdrdazf fjr?(z—r)drdazf NG 4)drdaf ——’"—
0 0 0
0

r=2 211-'
dG f —dB:—TI
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Triple integrals in Spherical coordinates

To convert between (cartesian & Spherical ) coordinates, you need to know the following:
x=psing cosB y=psingsind z=pcos¢p xt+y?+zt=p?

dV =dzdydx - dV = p?sing dpd¢ do fx,y,z) = f(p,0,¢)

e p=distance to origin,p = 0
e f =angle of projection to xy —plane with x —axis, 0 < 6 < 2m

o ¢=angletoz—axis, 0<¢p<m

6,
%2

myw%ﬂW=f'L.ﬁvma@ﬁmw@mme
9 1

1

N

3/2
Evaluate [[f, e(**+7*+2*)"" @, where Bis the unit ball x* + y? + z2 < 1.

1% step: Find p limit boundary
0<x?+y*+2z2<1 - 0<p<1
2" step: Find fand ¢ limit boundaries

0<6<2n 0<p<m
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3" step: Set up the triple integral in spherical form

2w

. 1
gf f(x,y,2z)dV = Of!ep p? sing dpd¢ d

0

4" step: Evaluate the triple integral

2m 21T T 2m
T 3 p=1 T
f | "¢ p? sing dpdgp d6 = [i sinqb] de do= f (E sin ¢>) dp do
0 0 ™ 0 0 ’ p=0 0 0 7

e—-1
3

2
=1 -1 2n -1 4
[~ cos 195 do="= ["2dp="=-2-2m =Zn(e 1)

Eo

Use spherical coordinates to find the volume of the solid that lies above the cone z = \/x? + y? and below the sphere
2 2 2
Xty +z-=z

Answer

1% step: Find p limit boundary -

0,0, 1)
x2+yt+zi=2z I

1 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

x4y + 2=z
p*=pcos¢
p =cos¢ ‘
g 4
0<p<cos¢ \ Gy s
\\ Z_.-.7i::\r3+,\' -
2" step: Find fand ¢ limit boundaries S e =
/ y =
0<@<2nm i <
T -
0<¢p<— pa
4 =
3" step: Set up the triple integral in spherical form g
2 %
o C p=cos =
volume= [[f, f(x,y,2)dV = f [0 p? sing dpdp df = = f [%sin m]p_o dp do -
0 0 0 0 E
L [P E 1% 3 1 3
-1 T e b S Sag_1.3 .9 _T
=3) J cos qbsmqbdti)dﬂ——gju —df = 2m=1
T (*) vz n V2
T rned Ao e (za3dy =2 |2 = _(L_N\_3
Where [+ cos®* ¢singdp = — [z u’du = 7, = (16 4) -

IS

(x) Where u=cos@ du=-sin¢dg Asp=0-u=1 Ascb:%%u:z
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Section 6.1 | Vector Functions of One Variable

) Nore i

When a particle moves through space during a time interval I, we think of the particle’s coordinates as

functions defined on I:
x=f(®), y=g(), z = h(d), tel (1)
The points (x,y,2) = (f(t),g(t), h(t)), t € 1 make up the curve in space that we call the particle’s path.
r(t) = 0P = ()i + g(0)j + h(Dk (2)

The vector from the origin to the particle’s position P(f (t), g(t), h(t)) at time t is the particle’s position

vector.
Equation (2) defines r as a vector function (vector-valued function) of the real variable t on the interval I.

Real-valued functions are called scalar functions to distinguish them from vector functions. The components of

7 in Equation (2) are scalar functions of t.

o

P(f(1), g(1), h(1))

N J

) voreei2

.

If r is the position vector of a particle moving along a smooth curve in space, then

v(t) = % is the particle’s velocity vector, tangent to the curve.
1. Velocity is the derivative of position: v(t) = % o velocity = |v| (ﬁ) = (speed)(direction).

2. Speed is the magnitude of velocity: Speed = |v|

Lo N . d d?
3. Acceleration is the derivative of velocity: a(t) = d—: = d—t:

4. The unit vector v/|v]| is the direction of motion at time ¢.

J
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Find the velocity, speed, and acceleration of a particle The velocity and acceleration vectors at time ¢ are

whose motion in space is given by the position vector

v(t)=r'(t) =-2sinti+ 2costj—10costsintk

r(t) =2costi+2sintj+5cos*tk =-2sinti+2costj—5sin2tk

a(t)=r'(t)=-2costi—2sintj—10cos 2tk

and the speed is |v| =
V(=2sint)2 + (2cost)? + (=5sin 2t)2 =
V4 + 25sin2 2t

) Nores 13

differentiable scalar function.

1. Constant Function Rule:

2. Scalar Multiple Rules:

3. Sum/ Difference Rule:
4. Dot Product Rule:
5. Cross Product Rule:

6. Chain Rule:

6. At any point where u(t) # 0

Differentiation Rules for Vector Functions

Let u and v be differentiable vector functions of ¢, C a constant vector, c any scalar, and f any

\

%c:o

~leu(®)] = cu'(t)

Z[F@u®)] = f/©ue) + £ (¢)
%[u(t) +v(D)] =u'(t) + v'(t)

%[u(t) V(O] =u' () - v(t) +ult) - v'(£)

% [u(t) x v(£)] = u'(t) X v(t) + u(t) X v'(t)
wlur)] =rwu(w)

d _ u(t)u’(t)
2 () = 2O

lu(t)] /
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) voree 14 :

A vector function r is differentiable if it is differentiable at every point of its domain.

The curve traced by r is smooth if dr/dt is continuous and never 0, that is, if f, g, and h have continuous first

derivatives that are not simultaneously 0.

A curve that is made up of a finite number of smooth curves pieced together in a continuous fashion is called

piecewise smooth.
\ J

Section 6.2 | Curves and Parametrizations

) ore 21 .

The set of points whose positions are given by position vector function

r=r(t) =xO)i+y)j+z(k a<t<b

The variable t ,which need no longer represent time or any other specific physical quantity, is called a parameter for

the curve.

The point (f (a), g(a)) is the initial point of the curve and (f (b), g(b)) is the terminal point.

-
The plane x + y = 1 intersects the paraboloid z = x* + y? in a parabola. Parametrize the whole parabola using t = x as
parameter. Could t = y has been used as parameter? what about t = z?

» Parametrizing the whole parabola using t = x as parameter.

x+y=1 y=1l-x=1-t
z=x*+y? z=t*+(1-t))=1-2t+2t?
Thus, the required parametrizationisr(t) = ti+ (1 —1t)j + (1 — 2t + 2t?)K, —o<t<mw

» Parametrizing the whole parabola using t = y as parameter.

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

x+y=1 x=1-y=1-t

z=x?+y* z=(1-t)*+t*=1-2t+2t*

Thus, the required parametrizationisr(t) = (1 — )i+ tj+ (1 - 2t + 2tH)k, —<t<®
» Parametrizing the whole parabola using t = z as parameter.

The equation x + y = 1 is independent of z.
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To solve the system of equations x + y = 1, x% + y? =t for x and y, we have two possible solutions, each corresponding

1

to a different half of the parabola starting at the lowest point (%,5,3) because there are two points on the parabola at each

height z > %

Thus, the whole parabola cannot be parametrized using z as the parameter.

Show that each of the vector functions

. . . m m
r(t) =sinti+costj (—EStS;)
L) =(-Di+V2t—t2j (0<t<2)
R(t)=tv2—t2i+ (1 -tH)j (-1<t<1)

all represent the same curve. Describe the curve.

r, (_ E) = —j I, (E) —i Thus, all three functions represent the same semicircle
2 2 although the three parametrizations trace out the curve

Iry(0)] = \/(sin )2 + (cost)? =1 with different velocities.

r(0) = —i () =i g
C

Il =yt-1)2+2t—-t2=1

r3(-1) =-i r;(1) =i
@Ol =Jt?@-t)+(1-t)? =1 =) 10 %

Parametrize the curve of intersection of the plane x + 2y + 4z = 4 and the elliptic cylinder x% + 4y? = 4.

It is easier to start parametrize the equation (with two variables/unknows) x? + 4y? = 4 ,which is independent of z.
Such equation can be parametrized in many ways; one convenient way is

x=2cost y=2sint 0<t<?im

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

Then,z=%(4—x—2y) = 1—%(cost+sint)

Thus, the given surfaces intersect in the curve

cost+sint

r(t):ZCosti+Zsinti+(1— 5 )k, 0<t<Zm
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Example 4

Find a parametric representation of the curve of the intersection of the two surfaces

x24+y+z=2 and xy+z=1
1) Since we have 3 variables/unknows in both equations, 3) Either of the given equations can then be used to
we should eliminate at least one variable. We might express z in terms of ¢:

eliminate the variable z and obtain the following

equation by subtracting both given equations. xyt+z=1

z=1-xy=1-t(1+t)=1-t—t>

x>+y—xy=1
. . . 4) Thus, a possible parametrization of the curve is
2) To parametrize this equation by let x = ¢, then we
have r(t) =ti+(1+0)j+ (1 —-t—-t>k
42
t2+y—ty=1 y:ll_tt=1+t —olt<o

BEWARE: this answer is NOT unique. Many other parameterizations can be found for the curve, providing orientations in
either direction.

° NOTE 6.2.2
|

The length of a space curve C is the limit of lengths of inscribed polygons as shown below

Suppose that the curve has the vector equation

r=r(t) =x(t)i+ y(t)j+ z(t)k, ast<b

The arc length of that curve C is

b b b
L=[ds=| Wwolde= [ wolde= | JFOP+HOP + FOF de
N\ i Y,

Find the length s of that part of the circular helix

MAKINA MUH. BOLUMU B BLOK NO:105 TEL: 0312 210 52 58 WHATSAPP iLETISIM : 0539 4990 117

r=acosti+asintj+btk, between the points (a, 0,0) and (a, 0,2rb)
We have v(t) =& —asinti+acostj+bk [v(t)] = Va? + b?
dt

The required length s corresponds to parameter interval [0,2m] is described by

2w 21
s=f [v(t)] dt=f va?+ b? dt = 2m/a? + b?
0 0
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Curve Parametric Equations
2 .2 Counter-Clockwise Clockwise
x= 0y
_2+b_2=1 x =acos(t) x =acos(t)
a (Ellipse) y = bsin(t) y = —bsin(t)
0<t<2im 0<t<2m
Counter-Clockwise Clockwise
x2+yt=1r? x =rcos(t) x =rcos(t)
(Circle) y =rsin(t) y = —r sin(t)
0<t<im 0<t<im
x=t
=f(x
_ x=g(t)
x=g0) y=t

N

Line Segment From

(X0, Y0, 2) to (x1,¥1,21)

X=X+ (x; —xp)t

y=yot O —yolt,

0<t<1

z=2y+ (27 — zp)t

/

Section 7.1 |Line Integrals

) o711

are called line integrals.

» Suppose that f(x, v, z) is a real-valued (scalar) function we wish to integrate over the curve C lying within

the domain of f and parametrized by

r(t) =x(Oi+yOj +z(Ok,

\where Ir'(®)] = v = VX' OF + [y ()] + [/ ()]

a<t<bh

» If f is defined on a curve C given parametrically by r(t) = x(t)i + y(t)j + z(t)k,

a<t<h

then the line integral of f over C is fc f(x,y,z)ds = f;f(x, y,z)|r'(t)| dt = f;f(x, y,z) - |v(t)| dt

\

» To calculate the total mass of a wire lying along a curve in space, or to find the work done by a variable
force acting along such a curve, we need a more general notion of integral than was defined in Calculus

I. We need to integrate over a curve C rather than over an interval [a, b]. These more general integrals

/
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Evaluate [.(2 + x?y) ds, where C is the upper half of the unit circle x* + y* = 1.

1% step: Find a smooth parametrization of C

Recall that the unit circle can be parametrized by means of the equations y
. X+ }‘: =1 P
x=cost y=sint 0 <t < m (Upper half of the circle) (y=0) -
— o
=)}
Thus, the simplest parametrization we can think of: &
A
. . s | |
r(t)=costi+sintj 0<t<mn _'I 0 | x )
. . =
v(t) = —sinti+costj O0<t<m !
z
The components have continuous first derivatives and |v(t)| = /(—sint)? + (cos t)? = 1is never 0, 50 the s
parametrization is smooth. p-
72}
E_.
2" step: Evaluate the integral as §§
=
b T 3.7 2

. cost ©
foy,2)ds=| fx,y,2)-Iv()l dt = | (24 (cost)*(sint)) (1) dt = |2t — =21+ 8
c a 0 3 0 3 SJ:;
o
o
(=)
2]
o
Evaluate | y* dx + x dy, where -
—
€3]
(a) C = Cy is the line segment from (=5, —3) to (0,2) and ;
o
(b) € = Cyis the arc of the parabola x=4-y*2 from (=5, —3) to (0,2). é
x
o
=
@
2]
(a) 1** step: Find a smooth parametrization of C; %
3
Recall that the line segment can be parametrized by means of the 2
equations 4 T
=)
0,2) =
x=-5+5t y=-3+5t 0<t<l1 C. %
Thus, the simplest parametrization we can think of: 0 Ty é‘

r(t)=(-5+5t)i+(-3+5t)j] 0<t<1 /T x=4-y

(~5,-3)

Since x = =5+ 5t,and y = —3 + 5¢, then we have dx = 5 dt dy =5dt

2" step: Evaluate the integral as
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1 1 25¢3  25t° -
2 2 2
fy dx+xdy=f (5t=3)*-5dt+(5t=5)5 dt=5f (25t° =25t +4) dt = T—T+4t =5
¢y 0 0 0
(b) 1% step: Find a smooth parametrization of C,
The parabola can be parametrized by means of the equations
VA
— 42 — -
x=4-y° and y=y 3I<t<2 0.2
G
Since x = 4 —y?and y =y, then we have dx = -2y dy Cn//\\
0/"/4 ’
2" step: Evaluate the integral as x=4-y
(—5,-3)
2 y3 5
fy dx +xdy = J. y2 e (=2y)dy + (4 —y*) dy = f (-2y3 —y* +4)dy = [———+4y _403
-3

Cz

OLEED .

» Notice that we got different answers in parts (a) and (b) of Example 2 even though the two curves had the

same endpoints. Thus, in general, the value of a line integral depends not just on the endpoints of the curve

but also on the path. (But see Section 7.5 for conditions under which the integral is independent of the path.)

» Notice also that the answers in Example 2 depend on the direction, or orientation, of the curve. If —C;

denotes the line segment from (0,2) to (—5, —3), you can verify, using the parametrization
x=-5t y=2-5¢ 0<t<1

5
fyzdx+xdy=g

-c1
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» If —C denotes the curve consisting of the same points as €

B
but with the opposite orientation (from B initial point to A c
terminal point in Figure on the right), then we have M
ff(x,y) dx = —ff(x.y) dx
—-C [
| rwndy=-[raynay : b
-C Cc B

» Butif we integrate with respect to arc length, the value of the
line integral does not change when we reverse the 4

orientation of the curve:

ff(x,y)ds=ff(x,y)ds

This is because As; (the length of the subraces) is always positive, whereas Ax; and Ay; direction change sign when

we reverse the orientation of C.

/

Evaluate fcy sinz ds, where C is the circular helix given by the equations x = cost,y = sint,z=t0<t < 2n

1% step: Find a smooth parametrization of C
wherex = cost,y =sint,z=t0<t<2m
Thus, the simplest parametrization we can think of:
r(t) =costi+sintj+tz 0<t<2nm

v(t)=—sinti+costj+1z 0<t<2m

The components have continuous first derivatives and |v(t)| = \/(cos )2 + (sint)? + (1)2 = Y2 is never 0, so the
parametrization is smooth.

2" step: Evaluate the integral as
b 2n 2m 21
fysinzdszj flx,y,z) - |v(t)] dtzf (sint) (sint) - (v2) dt:\/fj sinztdtzﬁf sin?tdt
° a 0 0 0

2n

21 \/i 1
:\/EJ (1—c052t)dt=7[t—§sin2t] =2
0

0
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Section 7.2 | Vector and Scalar Fields

) hore 21

Vector Field on R2

Vector Field on R3

\

each point (x,y) in D a two-dimensional

F(x, y).

Definition: Let D be a set in R? (a plane region). A

vector field on R? is a function F that assigns to

vector

Definition: Let E be a subset in R3. A vector field
on R3 is a function F that assigns to each point

(x,y,z) in E a three-dimensional vector F(x, y, z).

Vector Field Function in R? is

Fx,y) =P(x,y)i+ Q(x,¥)]j

functions (fields) of two variables.

Where P(x,y), Q(x,y) are scalar (real-valued)

Vector Field Function in R3 is
F(x,y) =P(x,v,2)i+ Q(x,v,z)j+R(x,y,2) k
Where P(x,y,z), Q(x,v,z),and R(x,y, z) are
scalar (real-valued) functions (fields) of three

variables.

VA

LY F(x,y)
N\

S (x,y)

Sketch the vector field on R? is defined by F(x,y) = —y i+ xj

(x,y) F(x,y)
(1,0) (0,1)
(2,2) (=2,2)
(3,0) (0,3)
(0,1) (—1,0)
(-2,2) (-2,-2)
(0,3) (-3,0)
(-1,0) (0,—1)
(-2,-2) (2,-2)
(-3,0) (0,-3)
0,-1) (1,0)
2,-2) (2,2)
(0,-3) (3,0)
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Sketch the vector fields on R? is defined by

@ F(x,y) =-yi+ xj

(b) F(x,y) =yi+sinx j

(©OF(xy)=In(1+y?) i+ In(1+x2)j

(a) . (b) ©
: | 6 5
A N L\ TP A2 AP
S | '\'\':\‘\ B e At WA I P
A e Y e VA A E A,
SRR R T R S AR N
ST T —6T 6 -5 :gi
VL ov AR N S o I I PR 'Ilﬂﬁ;l
NANNSSj= 2 227 e e e - ;;;”""’;;;
\\\\.H/’/’/’/’ e — o | — — — o — /‘/’/’/’—--'/"///‘
\\\‘\a’ —/'/// et — 4~ /‘/'/'/"7‘*“%'/'/'/
-5 -6 -5
F(x,y) = -yi+ xj F(x,y) = yi+sinx j F(r,y) =In(1 +y%) i+ In(1 +x%) j
F(x,y) = (-y,%) F(x,y) = (y,sinx) F(x,y) = (In(1 + %) ,In(1 + x?))

Sketch the vector field on R? is defined by F(x,y,2) = zk

tr“

bt

—

i

I T
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We were able to draw the vector field in Example 3 by hand because of its particularly simple formula. Most three-
dimensional vector fields, however, are virtually impossible to sketch by hand and so we need to resort to a computer algebra

system as shown in the next example.

Sketch the vector fields on R? is defined by

(@) F(x,y,z) =yi+ zj+xk

(b)F(x,y,z) =yi—-2j+xk

N
(©FCyz)=>i+-j+7k

F(x,y,z) =yi+ zj+xk

F(x,y,z)=yi-2j+xk

X . Z
F(x,y,z)=JZ—)i+Ei+Ek

F(x,y,z) =(y,zx)

F(xryrz) = (y: _le)

Yy X Z
F(x,y,2z) = (E'E'E)
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Gradient, Divergence, and Curl
(\) NOTE73.1 ~

. . . . a, o, @
We introduce the vector differential (gradient) operatorV (“del”) as V= it 5] +3; K

» IfF=Pi+ Qj+Rkisavector field on R3and derivatives of P, Q, R and all exist, then the curl of F is the

vector field on R® defined by

i j Kk
_ — |2 2 8| _(9R_3Qy; (9P _ 23R\, (9Q_dF
curl F=VxF= dx oy 0z _(ay az)l+(ﬂz 6x)l+(6x 6y)K
P Q R
» Ifis f a function of three variables that has continuous second-order partial derivatives, then curl (Vf) = 0

If F is conservative, then curl F = 0.
If F is a vector field defined on all of R® whose component functions have continuous partial derivatives and curl
F = 0, then is a conservative vector field.

» IfF=Pi+ Qj+Rkisavector field on R3and derivatives of P, Q, R and all exist, then the divergence of F is
the scalar field on R? defined by

VF=V.F=(L 2 9, _9P 90 9R
C'VF =V F= <Bx'6y’6z) {P,Q,R)= ax U ay +az
(a) Show that F(x, v, z) = y?z3i + 2xyz3j + 3xy?z%k is a conservative vector field.

(b) Find a function f (scalar/ real-valued/ potential function) such that F = Vf.

i j k
F} ) )
(@curlF=VxF=| - p 5 | = (6xyz* —6xyz®)i+ (3y*z® = 3y*z%)j + (2yz*> — 2yz*)k = 0

y2z3 2xyz® 3xy?z?
Since curl F = 0 and the domain of F is R3, F is a conservative vector field.
(b) we have f,(x,v,z) = y2z3 fy(x,v,2) = 2xyz3 f(x,y,2) = 3xy?z?
Integrating £, (x,y,z) = y2z3 with respect to x, we obtain
fey,z) =xy’z° + g(y,2)
Differentiating with respect to vy, we get fy(x,y,2) = 2xyz* + g, (3, 2)

so, comparison with f,,(x,y,z) = 2xyz> gives g,(y,z) = 0. Thus g(y, z) = h(z) and
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Differentiating with respect to z, we get f-(x,v,2) = 3xy?z2 + h'(2)
s0, comparison with £,(x,v,z) = 3xy2z2 gives h'(z) = 0. Therefore, f(x,y,2) = xy*z% + ¢, c is constant.

IfF(x,y,z) = xzi+xyzj— y?K, find divF.

VF=V.F=(L 9% 9y, _y2y=2 9 9 _y?y =
divF=V-F={" ) y.xyz,—y9) =) + 7 (2) + 5,y =z + xz
Section 7.4 | Conservative Fields

¢ A

fF(x,v,z) =V f(x,y,2) = %i + %j + g—gk inadomain D, then we can say that F is a conservative vector field

in D. We call the function f a (scalar/ real-valued) potential for F on D.

Necessary condition for a conservative plane vector field

If F(x,y) = F;(x,y) i+ F,(x,y) j is a conservative vector field in a domain D of xy —plane, the condition
c,;3—)’.!?1()@ y) = :—sz(x, y) must satisfied all points of D.

Necessary conditions for a conservative vector field in 3-space

If F(x,v,z) = F,(x,y,z) i+ F,(x,y,2)j+ F;(x,y,z) k is a conservative vector field in a domain D in 3-space,

then we must have, everywhere in D,

aF, _ aF, aF, _ aF, aF, _ o

ay ox dz ax 0z dy

Note that: In the next section 7.5, we will show that more than just the above necessary condition is sufficient to

\guarantee that F is conservative on D. /

Determine whether or not the vector field F = (3 + 2xy) i + (x? — 3y?) j is conservative.

If the vector field is conservative, find a function such that F = Vf.

Let P(x,y) = 3 + 2xy and Q(x,y) = x? — 3y%. Then Z—i ==

ax
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Also, the domain of is the entire plane D = R?, which is open and simply connected. Therefore, we can conclude that the

given vector field is conservative.
since P(x,y) =3+ 2xy = F,and Q(x,y) = x> - 3y? =F,
Integrating P(x,y) = 3 + 2xy = F, with respect to x, we obtain f(x,y) = 3x + xy + g(y)

Differentiating with respect to y, we get £, (x,y) = x* + g'(y)

so, comparison with Q(x,y) = x* — 3y? = F, gives g'(y) = —3y*.
Integrating g’ (y) = —3y2with respect to y, we obtain g(y) = —y3 + ¢ where c is a constant

Therefore, f(x,y) = 3x + x*y —y3+¢, cisaconstant as the desired potential function.

Show that F = (e*cosy + yz) i+ (xz — e*siny) j+ (xy + z) kis conservative over its natural domain and find a
potential function for it.

Answer

The natural domain of F is all of space, which is connected and simply connected.

. . d ] . d

We apply the test in Equations M =£= e*cosy+yz N =é =xz—e*siny P =é= xy+z
M _ gy +z= oM _ . _op o _ o
oy e SMYTI=og az Y ox z X T oy

The partial derivatives are continuous, so these equalities tell us that F is conservative, so there is a function f withF =V f

i _OF _ x _ L x: _9r _
SmceM—ax—e cosy+yz N—ay—xz e*siny P—az—xy+z

We integrate the first equation with respect to x, holding y and z fixed, to get

f(x,v,z) =e*cosy+xyz+ g(y,z)

Differentiating with respect to y, we get fy(x,y,2z) = —e*siny + xz + g,,(v,2)
. . a ) .
so, comparison with £, (x,y,z) = % = xz — e”* siny gives g, (y,z) = 0.

Thus g(v,z) = h(z) that means
f(x,y,2z) =e*cosy+ xyz + h(z)

Then, differentiating with respect to z, we get  f,(x,y,z) = xy + h'(2)

Then f,(x,y,z) = z_; =xy+zgivesh'(z) =z

2
Then, by Integrating h'(z) = z, we have h(z) = Z; + ¢ where ¢ is constant.

2
Therefore, f(x,v,z) = e*cosy + xyz + Z? +c where c is constant.

We have infinitely many potential functions of F, one for each value of c.
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Section 7.5 | Line Integrals of Vector Fields
(\) NOTE75.1 N

Line Integrals of Vector Fields

» Let F be a vector field with continuous components defined along a smooth curve C parametrized by

r(t),a <t < b.Then the line integral of F along C is

J’F-Tds=J’(F-%)ds=jF-dr.
c

c c

The tangent vector T is a unit vector tangent to the path.

» Let F be a force vector field with continuous components defined along a smooth curve C parametrized by

r(t),a <t < b.Then the work done moving an object from the point A = r(a) to B = r(b) the point along
Cis

szF-Tdszf(F(r(t))-%)dt

C /

Find the work done by the force field F = x% i — xy j in moving a particle along the quarter-circle

r(t) = cost i +sint j, 0<t<Zm

Since x = cost and y = sint, we have F(r(t)) = cos?t i— costsint j
' dr . . .
and r'(t) = o = —sint i+cost j

2n
cos? t|/? 2

Therefore, the work done is fCF -Tds = f (F(r(t)) -g) dt = f;”(—Z cos’t sint)dt =2 T, =73
0
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) vore 752 :

Even though fc F-Tds= fc F - dr and integrals with respect to arc length are unchanged when orientation is

fF~dr=—fF-dr
C

—C

reversed, it is still true that

because the unit tangent vector T is replaced by its negative when C is replaced by —C.

- J
(\) NOTE753 ~
Independence of Path

» Let D be an open, connected domain, let F be a smooth vector field defined on D. Then the following three

statements are equivalent in the sense that, if any one of them is true, so are the other two:

(a) Given any two points Py and P; in D, fc F - dr has the same value for all piecewise smooth curves in D starting

at Py and ending at P;.
(b) Fis conservative in D.
(c) § F-dr = 0 for every piecewise smooth, closed curve € in D.

» The following diagram summarizes the results of Independence of Path.

F=VfonD & Fis conservative in D o ¢.F - dr = 0 over any loop in D

» Fundamental Theorem of Line Integrals: Let C be a smooth curve joining the point A to the point B in the plane

or in space and parametrized by r(t). Also, F is conservative in D.

\ Then, we have [,F-dr = f(B) — f(4)

J
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Loop Property of Conservative Fields

A A

If we have two paths from A to B, one of them can
be reversed to make a loop.

C, and —C5 make a closed loop.

If A and B lie on a loop, we can reverse part of the
loop to make two paths from A to B.

C; and C, make a closed loop.

J’F-dr—J’F-drz jF-dr+ fF-dr
G,

1 Cl —Cz

=fF-dr=O
c

fl?-dr: fF-dr+fF-dr
e C;

Cy
B B

:fF-dr—fF-dr:O
A A
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) Hore 755 ~

y :
3
i
Simpl.}' connected y
x Simply connected
X
(a) (b)
y
/ Pl
.I _,’, \\\
/ [ \
4 \\. //
- Cl - Dt PR
DS Cy
Not simply connected y
X Not simply connected
X
()
(c)
In (c) and (d), the regions are not simply connected because the curves and cannot be contracted to a point
inside the regions containing them.
C

aution the test for conservative fields is not valid on domains that are not simply connected (see Example 2)./

Show that the vector field F = ——i + xzi—yzi is not conservative over its natural domain. Explain why this is possible.

x2+y?

. . _9of _ -y _of _ _«x
We apply the test in Equations M = %= Wiyt ki

M yE-x? _oN
&= o (x,y) # (0,0)

However, the conservative test assumes that the domain of F is simply connected, which is not the case.

Since x* + y* cannot equal zero, the natural domain is the complement of the z —axis and contains loops that cannot be

contracted to a point.

One such loop is the unit circle C in the xy —plane. The circle is parametrized by
r(t)=costi+sintj 0<t<2m

To show that F is not conservative, we compute the line integral gﬁc F - dr around the loop C. First, we write the field in
terms of the parameter ¢:
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-y . X —sint cost v

= 1+ = 1+
x? 4+ y? x2+y2] sint 4+ cos?t  sin?t + cos?t

j=-—sinti+cost j

Next, we find dr/dt = —sint i+ cos tj and then calculate the line integral as

2n

dr
fF-dr=§(F-E)dt=f sint +cos’t dt =2m # 0
¢ e

0

Since the line integral of F around the loop C is not zero, the field F is not conservative over its natural domain R?

) vore 755 \

Example 2 shows that the Conservative Test does not apply when the domain of the field is not simply connected.

However, if we change the domain in the example so that it is restricted to the ball of radius 1 centered at the point
(2,2,2), or to any similar ball-shaped region which does not contain a piece of the z —axis, then this new domain

D is simply connected.

. J

For what values of the constants 4 and B are the vector field

F = Axsin(my) i+ (x? cos(my) + Bye™?) j+ y*e 2 k conservative?
For this choice of A and B, evaluate |, F - dr, where C is

(a) thecurver(t) =cost i+sin2tj+sin‘tk 0<t<2m

(b) the curve of intersection of the paraboloid z = x2 + 4y? and the plane z = 3x — 2y from (0,0,0) to (1% 2).

If F cannot be conservative unless

The natural domain of F is all of space, which is connected and simply connected.

We apply the test in Equations M = g—i = Axsin(my) N = 2—£ = x? cos(my) + Bye™* P= g—; = y?e?
oM N oM ap aN _ _; _ ap
E=Anxcos(ny)=2xcos(ny)=a 5, = 0=0=- >, = —Bye Z=2ye Z=5

A= %and B = —2 makes the vector field conservative
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Since the F is conservative, that means there is a function f with F =V f

i =2 U _ e — 2ve~? _U _ 2,2
Since M = —= = — x sin(my) N—ay—x cos(my) — 2ye P=2=y%

We integrate the second equation with respect to y, holding x and z fixed, to get

x2 sin(y)

flx,y,2) = y2e™ + g(x,z)
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Differentiating with respect to x, we get f(x,y,2) = ZXSITH(W) + g.(x,2)
. . 3 . .
s0, comparison with f,.(x,y,2) = é :E x sin(my) gives g, (x,z) = 0.

Thus g(x,z) = h(z) that means

x? sin(my)

fx,y,2z) = yie ™ + h(z)

Then, differentiating with respect to z, we get  f,(x,y,2) = y%e % + h'(2)

Then f,(x,v,z) = z—g =y2e~Zgives h'(z) = 0.

Then, by Integrating h'(z) = 0, we have h(z) = c where c is constant.

x? sin(my)
A

Therefore, f(x, vy, yle~?+¢ where c is constant.

(a) thecurver(t) =cost i+sin2tj+sin’tk 0<t<2m

We have r(0) = r(2m) = i, then this curve is a closed curve. Thus, [, F - dr = §,Vf - dr =0

(b) the curve of intersection of the paraboloid z = x2 + 4y? and the plane z = 3x — 2y from (0,0,0) to (1% 2).

(22 1

(000) T 4e?

2
Thus, [, F - dr = £(0,0,0) - £ (1,5,2) = 2 sin(my) _ 20~z

n
Example 4

Evaluate §.(e* siny + 3y)dx + (e* cos y + 2x — 2y) dy counterclockwise around the ellipse 4x* + y* = 4

1 0312 21052 58 WHATSAPP ILETISIM : 0539 499 0 117

Answer

I = §,Vf - dr where the vector field is F = (e* siny + 3y) i+ (e* cosy + 2x — 2y) j
F, F

This vector field is not conservative, but it would be if the 3y term in F; were 2y instead

I:f(e"siny+2y)dx+(excosy+2x—2y)dy+ fydx :0+jgydx
¢ c C
conserative part nonconserative part

The first integral is zero since its vector field is conservative and C is closed.

2
For the second integral, we parametrize C the ellipse 4x% + y? = 4 - x%+ yT =1 by

MAKINA MUH. BOLUMU B BLOK NO:105 TEL

x =cost,y =2sint 0<t<?2m dx = —sint

2

2T
1 — cos(2t sin(2t
I=§ydx=—2fsin2tdt=—2f%dtz—(t— g ))
e

0
0

2n

=27

0
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Section 8.1 | Green’s Theorem in the Plane

) hores.i

Green’s Theorem gives the relationship between a line integral around a simple closed curve C and a

double integral over the plane region D bounded by C. In stating Green’s Theorem, we use the convention

that the positive orientation of a simple closed curve C refers to a single counterclockwise traversal of C.

YA . VA _
gl ' YC
| 4 ¥ /Y f
4 !
! _
D D
A
% = b o
G -

0 X 0 X

(a) Positive orientation (b) Negative orientation

Green’s Theorem Let C be a positively oriented, piecewise-smooth, regular simple closed curve in the

plane and let D be the region bounded by C. If P and ) have continuous partial derivatives on an open region

that contains D, then

dex+Qdy ﬂ %—@

\ /

Evaluate fcx"‘ dx + xy dy, where C is the triangular curve consisting of the line segments from (0,0) to (1,0), from (1,0)
to (0,1), and from (0,1) to (0,0).
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By Green’s Theorem, we have that the region D VA
enclosed by C is simple and C has positive orientation ’
(see Figure on the right). If we let P(x,y) = x* and 0.1) v=1—1x
Q(x,y) = xy, then we have ’ __ / ’
BQ aP 4

fx dx +xydy = _ﬂ E—a
Jf o- o)dydx—f[z y=1-x | . \r

_ A (0,0) |
—Ej(l—X) dx—[— 6 ]D—E (150)

L

=Y
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Evaluate gﬁC(Sy —eS) dx + (7x +/y* + 1) dy, where C is the circle x* + y? =9

The region D bounded by C is the disk x? + y? < 9, so we can apply Green’s Theorem:

If we let P(x,y) = 3y — eS"* and Q(x,y) = 7x ++/y* + 1, then we have
60 6P

Slnx 4 -
%(By )dx+(7x+1/ +1 dy J. ™ 6y

=ﬂ(7—3)df1=4j dA =areaof D = 4-n(3)% = 361
D D

) worea 12 \

Another application of D the reverse direction of Green’s Theorem is in computing areas.

Since the area of D is ff, 1 dA, we wish to choose P and @ so that

aQ oP

ox dy
. J

Evaluate ﬁcyz dx + 3xy dy, where C is the boundary of the semi-annular region D in the upper half-plane between the

circles x2 + y2 = 1and x* + y% = 4.

Notice that although is not simple, the -axis divides it into two simple regions (see Figure below). In polar coordinates we can
write

D={ro)1<r<20<0<n
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Therefore, Green’s Theorem gives VA
d oP T
2 — _ _ 2 A
f.y dx + 3xydy J-J’ (ax(3xy) % (y ))d C
C D D
T
2
1 .7° / "
_ ﬂydA - f(rsinﬂ)rdrdﬁ' — [~ cos6]F [—r3] o
3 L X +y =1
D J 1
B 14
3
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Example 4

If F(x,y) =

origin.

Let D be the region bounded by C and C'. Then its positively oriented boundary is C U (—C") and so the general version of
Green’s Theorem gives

dex+Qdy+ dex+Qdy ﬂ @_ﬁ ﬂ((;tyﬁ; _(xjg:_yxzz)z)d;l:o
c

-c'

2+y2 i+ ﬁyzi, show that fc F - dr = 2r for every positively oriented simple closed path that encloses the

Therefore [.Pdx + Qdy = [, Pdx + Q dy

thatis, [.F-dr= [, F-dr

We now easily compute this last integral using the parametrization given by
r(t)=acosti+asintj, 0<t<2n

Since C is an arbitrary closed path that encloses the origin, it's difficult to compute the given integral directly. So, let’s
consider a counterclockwise-oriented circle with center the origin and radius a, where a is chosen to be small enough that
C' lies inside C. (See Figure below.)

Thus, [, F-dr = [, F-dr = [ F(r(®) -r'(t) dt

2

_f (—asint)(—asint) + (a cost)(acost)

a% cos®t + a?sin®t

2n
dtzf dt = 2m.

0

VA

C’

i
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