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Discrete Random Variables and Probability Distributions – 1
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• Multivariate Probability Distributions 

• Bivariate and Multivariate Probability Distributions 

• Independent Random Variables

• Marginal and Conditional Probability Distributions 

• The Expected Value of a Function of Random Variables 

• Special Theorems 

• The Covariance of Two Random Variables 

• The Expected Value and Variance of Linear Functions of 
Random Variables

• The Multinomial Probability Distribution 
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• Conditional Expectations

• Functions of Random Variables
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Function of Random Variables 

• The Method of Distribution Functions 

• The Method of Transformations 
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Functions

• Multivariable Transformations Using 
Jacobians
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Content of this presentation

• Discrete Random Variables and Probability Distributions
• Random Variables

• Discrete and Continuous Random Variables

• Probability Distributions for Discrete Random Variables
• The Cumulative Distribution Function for Discrete Random Variables

• Expected Values of Discrete Random Variables
• The Variance of a Discrete Random Variable

• Moments and Moment-Generating Functions

• Examples



Random Variables
Definition: A random variable is a real valued function
Defined over the sample space.

We use uppercase letters to denote random variables 
and lowercase letters to denote particular values of 
random variables.
 Definition: Any random variable whose only possible 
values are 0 and 1 is called a Bernoulli random variable.

TWO TYPES OF RANDOM VARIABLES:

Definitions from [WMS]:
A random variable is discrete if it can assume only a 
finite or countably infinite number of distinct values.

A random variable is continuous if its distribution 
function is continuous.



Probability Distributions for Discrete Random Variables
Definition:

Definition from [WMS]:
The probability distribution of a random variable is the 
collection of probabilities for each value of a random 
variable. 

It can be represented by a formula, table or a graph that 
provides p(y)= P(Y=y) for all y.

Properties: 
1) p(x) ≥ 0 for all x
2) σ𝑥 𝑝 𝑥 = 1



The Cumulative Distribution Function for Discrete Random Variables
Definition:

Property: 

The Cdf can be derived from pmf. Also, this process can be 
reversed to obtain the pmf from the cdf whenever cdf is 
available.  For example, if the possible values of X are 0, 1, 
2, 3 and 4,
p(2) = P(X=2) = [p(0) + p(1) + p(2)] – [p(0) + p(1)] 
        = P(X≤2) – P(X≤1) 
        = F(2) – F(1)

Proposition:



Expected Values of Discrete Random Variables:
Definition: Expected Value of X

Proposition: Expected Value of a function of X

Proposition:



Variance of a Discrete Random Variable:
Definition:

Proposition: Shortcut Formula

The Variance of a function of X:

Proposition:



Moments
Moments about the mean: Expected values of powers of X-𝜇 
Moments about 0: Expected values of powers of X

1) First moment about 0 is the mean.
2) Second moment about the mean is the variance.
3) A measure of departure from symmetry called the skewness is obtained from the third moment about the 

mean by dividing it by 𝜎3 
: (Since the third moment about the mean depends on the scale of measurement, 

we divide by 𝜎3 
.) 

When the skewness is negative, we say the distribution is negatively skewed or that it is skewed to the left.
                                        positive                                                  positively                    right.

Positively skewed       Negatively skewed



Moment Generating Functions - 1
Moment generating functions help in calculation of the moments and understanding of statistical distributions.

Definition:

Property:

Proposition:



Moment Generating Functions - 2
Theorem:

Sometimes, when doing the differentiation, defining 

makes the computation easier.

We can show that if the mgf exists, then

Proposition:



EXAMPLES



Examples 1-2: Random Variables
Example 1: A discrete random variable Example 2: A continuous random variable

Consider the experiment in which batteries are 
examined until a good one (S) is obtained. The 
sample space is 

Consider the daily rainfall in a specified location. 
Theoretically, with measuring equipment with 
perfect accuracy, the random variable Y measuring 
the amount of rainfall can take on any value 
between 0 and 5 inches. Each of the uncountably 
infinite number of points in the interval (0,5) 
represents a distinct possible value of the amount of 
rainfall in a day. Y is a continuous random variable.



Example 3: Probability Distributions for Discrete Random Variables : PMF

Solution:



Examples 4-5: Probability Distributions for Discrete Random Variables
Example 4: PMF (Probability Distribution) Example 5: Parameter of a probability distribution



Example 6: The Cumulative Distribution Function 



Example 7: Expected Values of Discrete Random Variables and Variance

Alternatively, the variance can be found in the 
following way:



Examples 8-9-10: Expected Value of a Function of a Random Variable

Example 8: Prove the following theorem:
Example 10: Prove the following theorem:

Example 9: Prove the following theorem:

Proof:

Proof:

Proof:



Example 11: Expected Value of a Function of a Random Variable

Solution:



Examples 12-13-14: Moment Generating Functions
Example 12: Finding the mgf

Example 13: Finding the mgf of a linear function of X

Recall:

Example 14: Finding the mean and the variance using mgf
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