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1) Three balanced coins are tossed independently. One of the variables of interest is Y1, the 
number of heads. Let Y2 denote the amount of money won on a side bet in the following 
manner. If the first head occurs on the first toss, you win $1. If the first head occurs on toss 2 
or on toss 3, you win $2 or $3, respectively. If no heads appear, you lose $1.  
 

a) Find the joint probability function for Y1 and Y2.  
b) Find F (2,1). 

SOLUTION 

 

 
2) The joint density function of Y1 and Y2 is given as: 

 

𝑓(𝑦!, 𝑦") = '6𝑦!
"𝑦", 0 ≤ 𝑦! ≤ 𝑦", 𝑦! + 𝑦" ≤ 2

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 
a) Find the marginal density function for Y1.. 
b) Find the conditional density function of Y2 given that Y1=y1. 
c) Find P	(Y" < 1. 1|𝑌! = 0.6). 

 
 
 
 
 
 



SOLUTION 

 

  

b.  For 0 < 𝑦! < 1: 

 

c.  

P	(Y" < 1. 1|𝑌! = 0.6) =
∫ 𝑦"

0.4 𝑑𝑦"
!.!
$.%

2
= 0.53 

 

3) Let Y1 and Y2 be independently exponentially distributed random variables, each with mean 
1. Find 𝑃	(𝑌! > 𝑌"|𝑌! < 2𝑌"). 
 

SOLUTION 

 

 

4) The joint density function of Y1 and Y2 is given as: 
 

𝑓(𝑦!, 	𝑦") = '𝑒
&((!)("), 𝑦! > 0, 𝑦" > 0		
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒	

 

a) Show that Y1 and Y2 are independent.  
b) Find E (Y1+Y2) and V (Y1+Y2). 
c) Find E (Y1-Y2) and V (Y1-Y2). 
d) Find P (Y1-Y2>3). 

 

SOLUTION 

a)  

 

 



b) The marginal distributions for Y1 and Y2 are exponential with β=1. Also note that Y1 and Y2 are 
independent. 
 
E(Y1+Y2)=E(Y1)+E(Y2)=2, V(Y1+Y2)=2. Note that Cov(Y1,Y2)=0 as Y1 and Y2 are independent.  
 

c) E(Y1-Y2)=E(Y1)-E(Y2)=0, V(Y1-Y2)=2. Note that Cov(Y1,Y2)=0 as Y1 and Y2 are independent. 
d) P (Y1-Y2>3).=P (Y1>3+Y2)=∫ ∫ 𝑒&((!)(")𝑑𝑦!

+
,)("

+
$ 𝑑𝑦" =

!
"
𝑒&, = 0.0249. 

 
 

5) If c is any constant and Y is a random variable such that E(Y) exits, show that Cov (c, Y)=0. 
 

SOLUTION 

 

Note that μ denotes E(Y). 

 

6)  Show that Cov(X,X)=Var(X). 
 

SOLUTION 

 

𝐶𝑜𝑣(𝑋, 𝑋) = 𝐸[(𝑋 − 𝜇-)(𝑋 − 𝜇-)] = 𝐸[((𝑋 − 𝜇-)"] = 𝑉𝑎𝑟(𝑋) 

 

 

7)  

 

SOLUTION 

 

 



8) Let the random variable Y possess a uniform distribution on the interval (0, 1). Find the 
cumulative distribution function of the random variable W=√𝑌. 

SOLUTION 

 

F.(w) = P(W ≤ w) = PT√Y ≤ wU = P(Y ≤ w") = F/(w") = w", 0 ≤ w ≤ 1. 

F.(w) = V
0,w < 0

w", 0 ≤ w ≤ 1
1,w > 1

 

 
(Remark: The third equality above holds for  0 ≤ w ≤ 1 since w is nonnegative. In general, 
PT√Y ≤ wU + 	PT𝑤	 ≤ −√YU = P(Y ≤ w"). ) 

 

 

9)  

 

SOLUTION 

a) Note that 01(2)
02

= 𝑓(𝑦). 
 

f(y)='1 − 0.5𝑦, 0 ≤ 𝑦 ≤ 2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒	  

 

b) 𝑢 = ℎ(𝑦) = 𝑒&( , 𝑦 = ℎ&!(𝑢) = −𝑙𝑛𝑢, Y03
#!(4)
04

Y = !
4

   
Note that u is a strictly decreasing function of y. 
 

𝑓4(𝑢) = V
(1 + 0.5𝑙𝑛𝑢)

𝑢
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

		𝑓𝑜𝑟	𝑒	&" ≤ 𝑢 ≤ 1 

 

 

 



10) The probability density function of Y is given by 

𝑓(𝑦) = Z [
2𝑦
𝜃 ]

𝑒
&("
5

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
, 𝑦 ≥ 0 

Find the density function for U=Y2. 

Note that U is a strictly increasing function of Y for y≥0. 

 

SOLUTION 

 

𝑓6(𝑢) = V
1
𝜃 𝑒

&4
5 	𝑓𝑜𝑟	𝑢 ≥ 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

11) Let Y1, Y2, …, Yn be independent Poisson random variables with means λ1, λ2, …., λn, respectively. 
Find the probability distribution function of ∑ 𝑌78

79! . 

 

SOLUTION 

The moment-generating function for U=∑ 𝑌78
79!  is 𝑚6(𝑡) = 𝑒(:$&!)∑ <%%  which is the moment-

generating function for a Poisson with mean ∑ 𝜆77 . Hence the pmf of U is  

p(u)= :
#(∑ (%% )(∑ <%% )*

4!
 , u=0,1,2,… 

 

 

12) 

 

 

 



 

SOLUTION 

𝑓2!,2"(𝑦!, 𝑦") = '8𝑦!𝑦", 0 ≤ 𝑦! < 𝑦" ≤ 1
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

𝑢! =
(!
("

 and 𝑢" = 𝑦" 

The given transformation is a one-to-one transformation with the following inverse: 

𝑦" = 𝑢" and 𝑦! = 𝑢!𝑢" .  

Also, 0 ≤ 𝑦! < 𝑦" ≤ 1 becomes 0 ≤ 𝑢!𝑢" < 𝑢" ≤ 1 . Equivalently, 0 ≤ 𝑢! < 1	𝑎𝑛𝑑	0 < 𝑢" ≤ 1 

The Jacobian is: 

	𝐽 = Y𝑢"			𝑢!0				1 Y = 𝑢" 

𝑓6!,6"(𝑢!, 𝑢") = 	𝑓2!,2"(𝑢!𝑢", 𝑢")|𝑢"| 

𝑓6!,6"(𝑢!, 𝑢") = 8(𝑢!𝑢")𝑢"𝑢" = '8𝑢!𝑢"
,		𝑓𝑜𝑟	0 ≤ 𝑢! < 1, 0 < 𝑢" ≤ 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
 

 

 

 

13)  

 

 

SOLUTION 

 

 

 

 

 



14) For the following joint probability density function 

 

c. Are Y1 and Y2 are independent? 

Note that 𝑓"(𝑦") = ∫ 2𝑑𝑦! = 2(1 − 𝑦")
!&("
$  if 0≤𝑦"≤1 

 

SOLUTION 

 

c.  

 

 

15) 

 

SOLUTION 

Note that a random variable Y has a 𝜒" distribution with v degrees of freedom iff Y is a gamma 
distributed random variable with parameters α=v/2 and β=2. 

Then, E(Y)=αβ=v and V(Y)=αβ2 =2v. 

a. E(Y1+Y2)=E(Y1)+E(Y2)=v1+v2. 
b. V(Y1+Y2)=V(Y1)+V(Y2)+2Cov(Y1,Y2). As Y1 and Y2 are independent, 2Cov(Y1,Y2)=0. 

V(Y1+Y2)=2v1+2v2. 



16) The joint density of Y1 and Y2 is given by  

𝑓(𝑦!, 𝑦") = '𝑦! + 𝑦", 0 ≤ 𝑦! ≤ 1, 0 ≤ 𝑦" ≤ 1)
0,																					𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

Find E(30Y1+25Y2) and Var(30Y1+25Y2).  

SOLUTION 

 

 

 

17) 

 
a) Find the probability density function of U via the method of distribution functions. 
b) Find the probability density function of U via the method of transformations. 

SOLUTION 

 
a)  

 

b) Note that U=3Y+1 is strictly monotonic. 

 

 



18) For the given joint density function, find the probability density function of U=Y1-Y2. 

𝑓(𝑦!, 𝑦") = '𝑒
&(! , 0 ≤ 𝑦" ≤ 𝑦! < ∞
0	, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

SOLUTION 

𝐹6(𝑢) = 𝑃(𝑈 ≤ 𝑢) = 𝑃(𝑌! − 𝑌" ≤ 𝑢) = 𝑃(𝑌! ≤ 𝑢 + 𝑌") 

For 𝑢 ≥ 0, 𝑃(𝑌! ≤ 𝑢 + 𝑌") = ∫ ∫ 𝑒&(!𝑑𝑦!𝑑𝑦" = 1 − 𝑒&44)("
("

+
$  

For 𝑢 < 0, 𝑃(𝑌! ≤ 𝑢 + 𝑌") = 0 

𝑓6(𝑢) = 𝐹6? (𝑢) = 𝑒&4, 𝑢 ≥ 0 

𝑓6(𝑢) = ' 𝑒
&4, 𝑢 ≥ 0

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

 

19) 

 

a) Verify that is indeed a joint density function. 
b) Compute the marginal density function of X. 
c) Find P(X>Y). 

 
 
 

SOLUTION 

a)  

 



b)  

 

So 𝑓!(𝑥) = &
"#!!

$
+ %!

$
,												0 < 𝑥 < 1

0,																				otherwise
 

c)  

 

20)  

 

a) Calculate 𝑃(𝑌 > 4|𝑋 = 5). 
b) Calculate E(Y|X=x). 

SOLUTION 

a) 

 



b) 

 

21)  

 

SOLUTION 

a) 𝑙𝑛𝑋~𝑁(𝜇, 𝜎").  

Then, show that 𝐸(𝑋) = 𝑒@)A"/" 

Suppose that Y=lnX. As Y has a normal distribution by using moment generating function of normal 
distribution 

𝑚2(𝑡) = 𝐸[𝑒C2] = 𝑒𝑥𝑝(𝜇𝑡 +
𝜎"𝑡"

2
) 

Set t=1. 

𝐸[𝑒2] = 𝑒𝑥𝑝(𝜇 +
𝜎"

2
) 

𝐸[𝑋] = 𝐸[𝑒D8-] = 𝐸[𝑒2] = 𝑒𝑥𝑝(𝜇 +
𝜎"

2
) 

 

b) 𝐸[𝑋"] = 𝐸m𝑒D8-"n = 𝐸[𝑒"D8-] = 𝐸[𝑒"2] 

Let t=2. 

𝐸[𝑒"2] = 𝑒𝑥𝑝(2𝜇 + 2𝜎") 

c)  

𝑉(𝑋) = 𝐸[𝑋"] − [𝐸[𝑋]]" = 𝑒𝑥𝑝(2𝜇 + 2𝜎") − [𝑒𝑥𝑝(𝜇 +
𝜎"

2
)]" = exp(2𝜇 + 2𝜎") − exp(2𝜇 + 𝜎")

= exp(2𝜇 + 𝜎") (𝑒𝑥𝑝(𝜎") − 1). 



22) 

 

SOLUTION 

𝑌! = 𝑋! + 𝑋" 

𝑌" =
𝑋!

𝑋! + 𝑋"
 

𝑋! = 𝑌!𝑌" 

𝑋" = 𝑌! − 𝑌!𝑌" 

 

𝐽 = Y
𝑦"															𝑦!
1 − 𝑦" 			− 𝑦!Y = −𝑦!𝑦" − T𝑦!(1 − 𝑦")U = −𝑦! 

|𝐽| = |−𝑦!| = 𝑦! 

𝑓(𝑦!, 𝑦") = exp	(−T(𝑦!𝑦") + 𝑦! − 𝑦!𝑦"U)𝑦! 

𝑓(𝑦!, 𝑦") = '𝑒
&(!𝑦!, 		𝑦! > 0	𝑎𝑛𝑑	0 < 𝑦" < 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  


