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INTRODUCTION

This booklet is for those who are taking Math120 (Calculus of Functions of Several Variables).
What does the booklet offer?

Sufficient way to read the calculus subjects.

Organized way to understand calculus theorems and some proves as well as some necessary rules.
Sample examples to understand how to solve the related problems

Some suggested problems to practice

Appendix which contains functions and their graphs Geometric formulas

Short answer key of the suggested problems as well as full solution in the answer key booklet.

S

Read -» Understand -+ Practice ~» AA

What are the sources used on this booklet?

1. Calculus a Complete Course Textbook
2. METU Past Exams

To have chance of having mock/sample exams as well as other online extra recourses and support, you may join
MATH120 Course page via https://Ilms.rishabooklet.com

If you have any inquiries, please do not hesitate to contact me via
Email: rishabooklet@ gmail. com

WhatsApp: https://wa.me/00201553122454

| hope such a work helps you to reach AA |etter grade.

Best Regards,

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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Section 1.1 Sequence and Coverage

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Determine whether the given sequence is (a) bounded (above or below), (b) positive or negative

(ultimately), (c) increasing, decreasing, or alternating, and (d) convergent, divergent, divergent to o or —oo,

@{5)

() (=222}

ot

(n)?
@2n)!

©

Question 2: Evaluate, wherever possible, the limit of the sequence {a,,}.

n
@a,=(1"=
n?—-2yn+1
®) an = 1—n—3n2
(©an=5"=

(d)a, =n—+n?—4n
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Question 3: let a; = 1 and a,s; = /1 + 2a, (n = 1,2,3, ...). Show that {a,} is increasing and bounded above.

(Hint: Show that 3 is an upper bound.) Hence, conclude that the sequence converges, and find its limit.

The Following Questions Are Obtained From

Question 1 Ll i i | PE. SPRING2017
uestion 1: Is the sequence [ﬁ} convergent or divergent? Explain your answer. SRR
e n=1

Question 2: Determine whether the given sequence {a,, } is convergent or divergent: m

4"

@ @ =gm 1
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sin(2n) + cos(3n) + 2
®) a, = —

© au = 3+vn
¢ aﬁ_ln(n+v’ﬁ)

Question 3: Find the limit of the given sequence if it exists.

_ Sin(5n)=3inn

(a) a, = —
®) by = VI194vn

hn(\m) +120
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n+5

C) € = —
© € n4+n-—2

Question 4: Suppose that r € R and a,, = nr™. For what values of r is the sequence {a,,} convergent?

Question 5: Find the limit of the given sequence if it exists.

_ n+119
@) an = T 170m)
(b) b, == sin(n) + sin (n) _ (n + 1) sin(n)

n? n?
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i (_l}nn i s i i m
: 2
Question 6: Is the sequence { = }n=1 convergent or divergent? Explain your answer.
Question 7: Let {a, }i, be the sequence defined recursively by S bl U

a; =3

Upeq = /154 2a,, n =123, ...

a) Show that {a,} is increasing.

b) Show that {a,,}is bounded.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117

c) Does lima,, exist? Explain. If yes, find it.
o
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Determine whether the following series is convergent or divergent. If convergent, find its sum.

- 5
(a) ¥aza Toam

1
D)

(c) B /P cos (jm)

342"
(e) Xito 7orm

1 1 1 1
n-D(n+1) 1x3 3x575x7°7"

(f) Eg;l

1 1 1 1
At D(m+2) 1x2x3 2x3x4 3xaxs5’ "

{g) E?= 1
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Question 2: decide whether the given statement is TRUE or FALSE. If it is true, prove it. If it is false, give a
counterexample showing the falsehood.

1. If a,, = 0 for every n, then ¥ a,, converges.

2. If ¥a, converges, then ¥.(1/a,,) diverges to infinity.

3. If ¥a, and ¥ b, both diverge, then so does ¥.(a,, + b,,).

4. If a,, = ¢ > 0 for every n, then ¥.a,, diverges to infinity.

5. If ¥a,, diverges and {b,} is bounded, then ¥a, b, diverges.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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6.If a, > 0 and Ya, converges, then ¥(a,)* converges.

The Following Questions Are Obtained From

Question 1: Determine whether the following statement is true or false. Explain.

If lima, = 0, then the series Yn—, a4, is convergent.
Fr—s 0

Question 2: Find the series ¥5—, a,, where a; = In2,a, = In (1 —ﬁ) forn = 2. m
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Question 3: Let ¥, a,, be a series whose i —th partial sum is given by
Sy = n|r — 2arctan(n)].

(a) Is X5, a, convergent? If yes, find its sum.

(b) 1s {a, } the sequence convergent?

on

Question 4: Find the sum of the series Z —_

Fl
=1 ni+2n

Question 5: Determine whether the following series is convergent or divergent. If convergent, find the

sum X5, In ( )) PE. SPRING2006

arctan (k)
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Section 1.3 onvergence Tests for Positive Series

The Following Questions Are Obtained From Calculus - A Complete Course Tth ed - R. Adams, C. Essex

Question 1: Determine whether the followings are convergent or divergent. Show your work.

1. %5 o

sinee ME+MA1

1
lea]
2.5,

- n
3. Znm1Tone

o 14 (=1)"
42#
n

n=1

nll
5. 2;?:1 m

(Zn)ie™

Le:]
6. Zn=1 (3n)!

1+n!
(1+n)!

7. Tn=a

oo n"
8. Zn=1 tftnl
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Question 2: Use the root test to show that ¥,

Question 3: Determine whether the series Y5,

gn+1

i

(2n)!

converges.

converges. Show that a,, = 1/(2n).

The Following Questions Are Obtained From

Question 1: Determine whether the followings are convergent or divergent. Show your work.

oo (ﬂ!)z
a) Xn=0 Gy

o 1
b) Xn=o 77w

Question 2:

a) Prove that for a,, = 0, if ¥7_,a,, is convergent then ¥5_ aZ is also convergent. EEISER NGNS
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b) The terms of a sequence are defined recursively by the equations ay = 2, a4 =

Is (@, )5=1 convergent? (Explain, and if so, what is the limit?)

Absolute and Conditional Convergence

4ni+1
)

Sn+2

The Following Questions Are Obtained From Calculus - A Complete Course Tth ed - R. Adams, C. Essex

Question 1: Determine whether the following series converge absolutely, converge conditionally, or diverge.

o (1"
L Zn=t ovmmn

(_ 1)2!1
230, S

i}
)
3. £n=ﬂ 2 +1

100cos (i)
In+3

4.Xh=1
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Question 2: For the following series, find the smallest integer n that ensures that the partial sum s,

approximates the sum s of the series with error less than 0.001 in absolute value.

3!1
T (D"

Question 3: Determine the values of x for which the following series converge absolutely, converge

conditionally, or diverge.

1 3x+2)“

LB e
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Question 4: Which of the following statements are TRUE and which are FALSE? Justify your assertion of truth or
give a counterexample to show falsehood.

(a) If ¥, a, converges, then ¥, (—1)"a, converges.

(b) If ¥z, @, converges and ¥y, (—1)"a, converges, then ¥i_; a,, converges absolutely.

(c) If ¥, a, converges absolutely, then ¥i_, (—1)"a, converges absolutely.

The Following Questions Are Obtained From

. . 1 1
Question 1: Approximate —with an error less than —. PE. SPRING2005
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Question 2: For each series below determine whether it is: absolutely convergent, conditionally convergent, or

divergent. You must verify your answers, state any theorem you use. E T

a) Xz, e, where Y- q20a, is convergent

cos(n)+e™™
ni-zn+4

b) Xnzy

- 1
¢) Xz prmy

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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The Following Questions Are Obtained From Calculus - A Complete Course Tth ed - R. Adams, C. Essex

Question 1: Determine the center, radius, and interval of convergence of each of the following power series.

L ¥ =

(4x-1)"
ﬂ!!

2. Y=

uestion 2: Determine the Cauchy product of the series 1 + x + x* + x* + ~and 1 —x + x? —x* + .. 0n
ion 2: D ine the Cauchy prod f the series 1 24 x® d1 2 —x* o]

what interval and to what function does the product series converge?

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM
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Question 3: Determine following power series representations for the indicated functions. On what interval is

each representation valid?

1 .
(a) = in powers of x

1.
(b) 7 in powers of x

(n:)-xi2 in powers of x + 2

(d) E in powers of x

Question 4: Determine the interval of convergence and the sum of each of the following series.

a)3+4x+5x2+6x  + =T (n+ 3)x"
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P S (—1)"x2n

b)1-F+5—F+5 —=En=o

n+l

Question 5: Find the sums of the following series.

o Nl
1. En=ﬂ an

(-1)"n(n+1)

2.3, S
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The Following Questions Are Obtained From

. . . . ) -3)"g
Question 1: Find the radius of convergence and interval of convergence of the series ¥ (fg

PE. SPRING2005

Question 2: Give an example of a power series which is convergent in (1,5), and divergent on (—eo,1) U (5, ).

(No conditionatx = landx = 5)
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(3x+2)"

Question 3: For the series Y-, — m

a) Find the radius R of convergence

b) Find the interval | of convergence

_ vom  Bxsz)? . h P (z006) (=2
O If F(x) = Tiy E2E, x €1, find 2006 derivative f ( 3)
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Question 4: Find the radius R and interval I of convergence of ¥i—, i (x— 1)

ylor and Maclaurin Se

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find Maclaurin series representations for the following functions. For what values of x is each
representation valid?

a.cos? (x/2)

b. tan™* (5x2)

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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e
c (e —1)/x?

Question 2: Find the required Taylor series representations of the following functions. Where is each series
representation valid?

1. f(x) =In x in powers of x — 3

2. f(x) = cos® x about%

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117
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3. f(x) = xe* in powersof x + 2

Question 3: Find the sums of the following series.

L] 15 x21 x27

(a) x3

x* | ox¥  x® x¥
(b)l‘l';'l‘;‘l‘;‘l’;'f""

X
T3x2 5ix16 71x64 01x256
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The Following Questions Are Obtained From

Question 1: Consider f(x) = —r;k = 1ani Lre srrnams
uestion 1: Consider f(x) = ook ik = 1 an integer.

a) Find the power series expansion of f(x) in powers of x.

b) Use the series in part (a), to expand g(x) = x arctan (x) in powers of x.

¢) Find the expansion of h(x) = vx + 1 arctan (v¥x + 1) around a = —1. Indicate the interval of convergence.

2 sin x 1
Question 2: Find an approximation offn —dx with an error less than —

x 1000

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117
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Applications of Taylor and Maclaurin Series
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Use Maclaurin or Taylor following series to calculate the function values, with error less than
5 % 1075 in absolute value.

a.sin (0.1)

b. cos 5°

c.tan™! 0.2

Question 2: Find Maclaurin series for the following functions.

et —
t

1
dt

@J@) =,

(b) L(x) = f;cas (t2)dt

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM
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Question 3: Evaluate the limit (Do NOT use L'Hdpital's rule)

I (e*-1-x)%
lim ———
x—+on x2=In (14+x2)

Section 2.1 Analytic Geometry in Three Dimensions

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Show that the triangle with vertices (1,2,3), (4,0,5), and (3,6,4) has a right angle.

Question 2: In the following questions, describe (and sketch if possible) the set of points in R that satisfy the
given equation or inequality.

1Ly*+z2 <4

2.z=,/x2+y2

MAKINA MUH, BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETI5IM : 0539 499 0 117
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uestion 3: In the following questions, describe (and sketch if possible) the set of points in R? that satisfy the
Eq p p

given pair of equations or inequalities.

r+yi+zi=4
eyt 4zt =4x

{xz+y2+zzsl

Jxi+y?i<ez

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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Question 4: In the following questions, specify the boundary and the interior of the plane sets § whose points

(x, ¥) satisfy the given conditions. Is § open, closed, or neither?

1 x|+ vl=1

2. 2 +yi<ly+z>2

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Use vectors to show that the triangle with vertices (—1,1), (2,5), and (10, —1) is right-angled.

Question 2: For what value of t is the vector 2ti + 4j — (10 + t)k perpendicular to the vectori + tj + k ?

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM
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Question 3: If a vector u in B* makes angles a, §, and ¥ with the coordinate axes, show that
it = cos ai + cos fj + cos vk

is a unit vector in the direction of u, so cos? a + cos? § + cos? ¥ = 1. The numbers cos e, cos 8, and cos ¥

are called the direction cosines of u.

Question 4: Find the three angles of the triangle with vertices (1,0,0), (0,2,0), and (0,0,3).

Question 5: Find two-unit vectors each of which is perpendicular to both u and v.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117
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Question 6: If ais a nonzero vector and w is any vector, find vectors u and v such that w = u + v, u is parallel to

a, and v is perpendicular to a.

The Cross Product in 3-Space

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find the area of the triangle with vertices (1,2,0), (1,0,2), and (0,3,1).

Question 2: Find a unit vector perpendicular to the vectors i + j and j + 2k

Question 3: Find the volume of the tetrahedron with vertices (1,0,0), (1,2,0), (2,2,2), and (0,3,2).

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117

Question 4: For what value of k do the four points (1,1, —1), (0,3, -2), (—2,1,0), and (k, 0,2) all lie in a plane?

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM




Question 5: The product u x (v x w) is called a vector triple product. Since it is perpendicular to v X w, it must

lie in the plane of v and w. Show that

ux(vxw)=(u-wv—(u-v)w

The Following Questions Are Obtained From

Question 1: a) Find all vectors # that satisfy the equation (=1 + 2] + 3k) X F =T+ 57— 3k

PE. SPRING2005
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b) Show that the four points A(1,2, -1),8(0,1,5), C(—1,2,1) and D(2,1,3) are coplanar (i.e., are on the same

plane). PE. SPRING2005

Planes and Lines

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find equations of the planes satisfying the given conditions.

1. Passing through the origin and having normal i — j + 2k

2. Passing through the three points (—2,0,0),(0,3,0), and (0,0,4)

3. Passing through the line x + y = 2,y — z = 3, and perpendicular to the plane 2x + 3y + 4z =5
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Question 2: find equations of the line specified in vector and scalar parametric forms and in standard form.

Through (2, —1,—1) and parallel to each of the two planesx + y = 0andx —y + 2z =0

Question 3: If P; = (x4, 4, 21) and P, = (xy, V2, 22), show that the equations
Xx=x; +t(x; — x)

y=y1+tly: —y1)
z=1z, +t(z; — z;)

represent a line through Py and P;.

Question 4: Find the required distances in the following questions.
1. From the originto theplanex + 2y + 3z = 4
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2. From the origin to the linex + y +z=02x—-y—-5z=1

3. Between the lines

x+2y=3 d{x+y+z=6
+2z=3 x—2z=-5
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The Following Questions Are Obtained From

Question 1: Find the distance between the lines
L, :intersection of the planes (x + 2y =3 and y + 2z = 3) and

L, :intersection of the planes (x + y+z=6and x — 2z = -5)
r=1+t x=2—4s

Question 2: letl, ={y=-94+2t teR and L, ={y=—5 SER
z=5-¢t z=1+s

a) Find an equation of the line L which is perpendicular to both L, and L, and passes through the point of

intersection of L, and L.

b) Find the distance between the line L, and the plane containing the point P;(1,1,1) and the line L,
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Quadric Surfaces

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: |dentify the surfaces represented by the equations in following questions and sketch their graphs.
a.2x+2y* +22° —4x +8y — 122427 =0

b.z =x%+2y?
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c—x2+y?+z2=4

dx?+4z7 =4

ey=z
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f(z—1)%=(x—2)%+ (y — 3)?

Question 2: Describe and sketch the geometric objects represented by the systems of equations in following

questions

) {x2+y2+22=4
x+y+z=1
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{;2+2y2+322=6
by )
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Section 3.1 Functions of Several Variables

The Following Questions Are Obtained From Calculus - A Complete Course Tth ed - R. Adams, C. Essex

Question 1: Specify the domains of the following functions.
Lfny) =5

x2-y2

2. f(x,y) =4x?2+9y? - 36

3. f(x,y) =sin™ (x + )

Question 2: Sketch the graphs of the following functions.
1Lf(x,y)=sinx, 0=x<Zm0<y<1)

2fe =y (-lsx<1, —1sy<1)
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3 fley)=4—x—y% (P4+yP<4x=0,y=20)

Question 3: Sketch some of the level curves of the following functions.

1 f(x,v) = x4 2y2
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2 f(6y) =—=—

x4y

Section 3.2 Limits and Continuity

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

UG

Question 1: In following questions, evaluate the indicated limit or explain why it does not exist.

1.  lim
(xy)—(0,0)
2 (y—-1)2

2.
(x¥)—(0,1) X2+ (¥=-1)%

3 i sin (x=¥)
" (xy)={0,0) cos (x+)
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R zxZ_
4 lim —/—
() (1.2) 462-¥?

5 lim ol
“(xy)=(0,0) 2x*+y*

x

Question 2: How can the function f(x,y) =

}'3
> (x#y).

a
r—

be defined along the line x = y so that the resulting function is continuous on the whole xy-plane?

Question 3: What condition must the nonnegative integers m, n, and p satisfy to guarantee that

lim  x™y™/(x? + y2)P exists? Prove your answer.
o Ton V1Y) Y
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The Following Questions Are Obtained From

Question 1: Consider the function f(x,y) = Lif (x,¥) = (0,0), f(0,0) = 0. Show that:

x2+y?
a) f is continuous everywhere

b) f is not differentiable (0,0)

uestion 2: Determine whether the following limits exist:

(x-1)(¥-2]

2) (x.yi]l—??(ﬂ,z) (x=1)"+(y-2)*

lim e
(xy)=(0,0) X*+¥?

b)

PE. SPRING2005
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Question 3 Letf(x.y)={r-y fx ey
0 ifx=y

a) Compute £,(0,0) = 2L (0,0)

b) Is f.(x, ¥) continuous at (0,0) ?

Section 3.3 Partial Derivatives

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find all the first partial derivatives of the function specified, and evaluate

them at the given point.

1g(xy.2) ==, (1,11

2.z=tan"* (2), (-1,1)
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3.w=In(1l+e"%), (2,0,-1)

Question 2: In following questions, calculate the first partial derivatives of the given functions at (0,0). You will
have to use limit Definition.

2x3=y? .
T () % (00)

1 f(x,y) = §x
0, if (x,¥) = (0,0)
x2_2 2

2fy) =] x=y + X*Y
0, if x = y.

Question 3: In following questions, find equations of the tangent plane and normal line to the graph of the given
function at the point with specified values of x and y.

1. f(x,y) = e at (2,0)

2. fx,y) = xz:—yzat (12)
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3. f(x,y) =tan™! (y/x) at (1,—-1)

Question 4: Find all horizontal planes that are tangent to the surface with equation z = xye‘("zﬂ’z)fz. At what

points are they tangent?
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Question 5: In following questions, show that the given function satisfies the given partial differential equation.
aw dw dw

6x+y +z—="2w

= y? —_—
1. w=x"+yz X 3y 77

2.z = f(x? — y?), where f is any differentiable function of one variable,

22, 22

y‘h+xay=0.

2xy

g : x L] ‘f( ’ ) ( )0)
uestion 6 f(x };) = { 2y X,y = (0
4 ‘f (jf,}i) (0;0)
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x!_y!
Question 7: Let f(x,y) = {x3+y*’

]

if (x, ) = (0,0)
if (x,9) = (0,0)

Calculate fi(x,¥) and f5(x, ¥) at all points (x,y) in the plane. Is f continuous at (0,0) ? Are f3 and f5 continuous

at (0,0) ?

The Following Questions Are Obtained From

Question 1: Let f(u) be a differentiable function with f(1) = 1, f'(1) = 2 and g(x,y) = xf (:—1) Find g.(1,1).

PE. SPRING2006
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Section 3.4 Higher-Order Deriva

The Following Questions Are Obtained From Calculus - A Complete Course Tth ed - R. Adams, C. Essex

Question 1: find all the second partial derivatives of the given function.

z=43x2+y?

Question 2: Show that the function is harmonic in the plane regions indicated.

flx,yv)= ,;:7 everywhere except at the origin.
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2xy(x*-y7%)

Question 3: Let F(x,y) ={ x%+)*
0

if (x, ) = (0,0)
if (x,y) = (0,0)

Caleulate Fy(x, ¥), Fo(x, ¥), Fio(x, ), and F,, (x, ¥) at points (x, ¥) # (0,0). Also calculate these derivatives at

(0,0). Observe that F5 (0,0) = 2 and F;,(0,0) = —2. Does this result show that the partials F,, and F,, are

continuous at (0,0).? Explain why.
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The Chain Rule

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: write appropriate versions of the Chain Rule for the indicated derivatives.

dw/dt ifw = f(x,y),x = g(r,s), ¥ = h(r,t),r = k(s,t), and s = m(t)

Question 2: Use two methods to calculate dz/dt given that z = txy?, x =t +In (y + t2), and y = e’.

Question 3: In following questions, assume that f has continuous partial derivatives of all orders.

1. If f(x,¥) is harmonic, show that f (ﬁ,ﬁ) is also harmonic, that is, f13(w, v) + foz(u,v) = 0.
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2. Find == > z}"(Zx + 3y, xy) in terms of partial derivatives of the function f.

Question 4: (a) Show that F(x,y) = —F(y, x) for all (x,y).

(b) Show that Fy(x,y) = —F3(v, x) and Fy3(x, ¥) = —F5; (v, x) for (x,y) # (0,0).
(c) Show that F; (0, y) = —2y for all y and, hence, that F;5(0,0) = —

(d) Deduce that F,(x,0) = 2x and F,,(0,0) = 2

2y —y?)
Fay) =1 x5y T =00

0 if (x,3) = (0,0)

a)
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b)

c)

Question 5: (a) Use question 4 (b) to find Fy(x, x) for x = 0.
(b) Is Fy3(x, ¥) continuous at (0,0)? Why?

a)

b)
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The Following Questions Are Obtained From LS8l

Question 1: Given that the function z = f G,%) has continuous partial derivatives in the neighborhood of the

point (x,v) = (1,—1) with
H(-L-1)=2=f(1,-1), fi(L-1)=-2=f(-1L-1)
fu(=L-1)=6= fio(1,-1), fu(L-1)=8=f1(1,-1)
f12(-1,-1) = =5 = f5,(-1,-1), f2(1,=1) =1 = f55(-1,-1)

Find z;, =‘f;—;atthe point (x,y) = (1,—1).
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Section 3.6 Linear Approximations

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, use suitable linearization to find approximate values for the given functions

at the points indicated.

1 f(x,y) =

24
raxp+y*

at(2.1,1.8)

2. f(x.y) = xe¥*** at (2.05,—3.92)

Question 2: write the differential of the given function and use it to estimate the value of the function at the

given point by starting with a known value at a nearby point.

. T, 1 n1
u =2xsin(x +y), at x=st+t=¥y=7-3
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Question 3: By approximately what percentage will the value of w = =

3%7

The Following Questions Are Obtained From

2,3
¥ ou

24

PAST EXAMS

increases by 2%, and z increases by

Question 1: Let z = f(x, ¥) = /20 — x? — 7y2. Use Tangent Plane Approximation to approximate f(1.95,1.08).

Solution: We have

PE. SPRING2005

2
Question 2: Find sin (0.002 (’z—r - 0.01) ) appraximately using the tangent plane (differential) approximation at

a suitable point.

2z
Hint: Consider the function f(x,¥) = sin (x (;—r— y) )

PE. SPRING2006
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Section 3.7 Gradients and Directional Derivatives

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: find:

(a) the gradient of the given function at the point indicated,

(b) an equation of the plane tangent to the graph of the given function at the point whose x and y coordinates
are given, and

(c) an equation of the straight-line tangent, at the given point, to the level curve of the given function passing

through that point.

flx,y) =e™at(2,0)

Question 2: find an equation of the tangent plane to the level surface of the given function that passes through

the given point.

f(x,v,z) =cos (x + 2y + 3z) at G,n’,n‘)
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Question 3: find the rate of change of the given function at the given point in the specified direction.

f(x,¥) = 3x — 4y at (0,2) in the direction of the vector —2i

Question 4: In what directions at the point (2,0) does the function f(x, y) = xy have rate of change —17 Are

there directions in which the rate is —3? How about —27?

Question 5: In what directions at the point (a, b, ¢) does the function f(x,y,z) = ¥ + y? — z% increase at half

of its maximal rate at that point?
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Question 6: Find Vf(a, b) for the differentiable function f(x,y) given the directional derivatives

Djyyzf (a,b) = 3VZ and Dsi—syyysf (a,b) = 5.

Question 7: Find an equation of the curve in the xy-plane that passes through the point (1,1) and intersects all

level curves of the function f(x,y) = x* + y¥? at right angles.

Question 8: Find a vector tangent to the curve of intersection of the two cylinders x2 + y2 = 2and y2 + z% =

2 at the point (1,-1,1).
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sin (xy) .
. if(xy) = (0,0
Question 9; Let f(x,y) = {/*2+¥7 if (x,¥) # ( ).
0, if (x, ¥) = (0,0)
(a) Calculate V£(0,0).
(b) Use the definition of directional derivative to calculate D, f(0,0), whereu = (i + ])/ﬁ_

() Is f(x,y) differentiable at (0,0) ? Why?

The Following Questions Are Obtained From BIZSIESCWEN

Question 1: Show that for any tangent plane to the surface vx + [y + vz = Va, (a > 0) the sum of x,y, and z

axis intercepts is constant.

( xq is called x intercept if the graph intersects x axis at the point (xg, 0,0).)
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Question 2: Consider the function f(x,y) = N if (x,%) = (0,0), £(0,0) = 0. Show that;

xZ4ypZ

a) all directional derivatives of f exist at (0,0), using limit definition of directionsl derivative

b) find the set of all vectors ¥ for which the equation Dgf(0,0) = Vf(0,0) - ¥ is satisfied.
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Question 3: Find a vector ¥ in the xy —plane such that h(x,¥) = 2x? — 6xy + 3¥? increases most rapidly when

(x,y) moves along 7 starting at (1,1).

Implicit Functions

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, calculate the indicated derivative from the given equation(s). What condition
on the variables will guarantee the existence of a solution that has the indicated derivative? Assume that any

general functions F, G, and H have continuous first partial derivatives.

.. 3 _
1.3|fxy =y—z

2. :—:ifxzyz +y222 4 22+ 2w —aw =0
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4. (E) ifx2+y?+z2+w?i=1,andx +2y+3z+4w =2
ay/,

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

UG

Question 1: In following questions, find and classify the critical points of the given functions.

(@) fx,y) = x*+2y* —dx + 4y

(b) f(x, ) =x* +y° —3xy
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(© f(x,y) = cos (x + y)

(d) f(x,y) = xsin y

(e) f(xu}’) - xzye—{xzfsz
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) f(x,y) = xe s+7*

(8 fxyz)=xy+x*z—x*—y—2z*

Question 2: Find the maximum and minimum values of f(x,y) = xye > "

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

‘UG

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117




‘UG

Question 3: The material used to make the bottom of a rectangular box is twice as expensive per unit area as
the material used to make the top or side walls. Find the dimensions of the box of given valume V for which the

cost of materials is minimum.

Question 4: Find the three positive numbers a, b, and ¢, whose sum is 30 and for which the expression ab?c? is

maximum.
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The Following Questions Are Obtained From ELESIEB T

Question 1: Find and classify all the critical points of the function f(x,y) = %xg‘ + xy? —x.

PE. SPRING2005

Question 2: a) Find all critical points of f(x, ¥) = 2x* — 6xy + 3y2.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM




Extreme Values of Functions Defined on Restricted Domains
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find the maximum and minimum values of f(x,¥) = xy — ¥? on the disk x% + y2 < 1.
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Question 2: Find the maximum value of f(x,y) = xy —x3yZ overthesquare0 <= x < 10<y<1.

Question 3: Find the maximum and minimum values of f(x, ) = sin xcos y on the closed triangular region

bounded by the coordinate axes and the line x + y = 2m.

Question 4: Find the maximum value of

f(x,¥) =sinxsinysin (x+y)

over the triangle bounded by the coordinate axes and the line x + y = m.
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Question 5: The temperature at all points in the disk x + ¥? < 1 s given by
T=(x+ye "

Find the maximum and minimum temperatures at points of the disk.
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Question 6: Find the maximum and minimum values of xy? + yz2 over the ball x® + y2 + 22 < 1.
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Question 7: Maximize Q(x,y) = 2x + 3y subject to the constraints x 2 0,y = 0,y =< 5, x + 2y < 12, and
4x +y < 12.
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Section 4.3 Lagrange Multipliers

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Use the Method of Lagrange Multipliers to maximize x3y® subject to the constraint x + y = 8.

Question 2: Find the distance from the origin to the plane x + 2y + 2z = 3,
(a) using a geometric argument (no calculus),
(b) by reducing the problem to an unconstrained problem in two variables, and

(c) using the method of Lagrange multipliers.
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b)

<)

Question 3: Use the Lagrange multiplier method to find the greatest and least distances from the point (2,1, —2)

to the sphere with equation x2 + y2 +z2 =1
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Question 4: Find a, b, and ¢ so that the volume V = 4mabe/3 of an ellipsoid% + ;’—2 + :—2 = 1 passing through

the point (1,2,1) is as small as possible.
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Question 5: Find the maximum and minimum values of f(x,y,z) = xyz on the sphere x? + y2 + z? = 12.

Question 6: Find the maximum and minimum values of the function f(x, ¥, ) = x over the curve of intersection

of the plane z = x + y and the ellipsoid x? + 2y* + 2z% = 8.
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Question 7: Find the maximum volume of a rectangular box with faces parallel to the coordinate planes if one

corner is at the origin and the diagonally opposite corner lies on the plane 4x + 2y +z =2

Question 8: Find the maximum and minimum values of xy + z* on the ball x + y* + 2% < 1. Use Lagrange

multipliers to treat the boundary case.
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The Following Questions Are Obtained From ELEEIRS T

Question 1: Use the Method of Lagrange Multipliers to find the least and greatest distance between the origin

and the ellipse 17x? + 12xy + 8y* — 100 = 0.

PE. SPRING2005
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Question 2: Find the set of all points on the ellipsoid x% + 2y? + 422 — 12 = 0 at which the tangent plane to the
ellipsoid is parallel to the plane ¥ + z = 120.

Question 3: Using Lagrange Multipliers Methad, find a point of the surface xyz? = 2 that is closest to the origin.

PE. SPRING2006
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Double Integrals

The Following Questions Are Obtained From Calculus - A Complste Course 7th ed - R. Adams, C. Essex

Question 1: evaluate the following given double integral by inspection.

1. [[,dA whereRistherectangle —1<x<3,-4<y<1

2. IIT{x + y)dA, where T is the parallelogram having the points (2,2), (1, —1), (—2, —2), and (—1,1) as vertices
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3. _[fx2+yzsaz,,"a2 —x2 — y2dA

8. [ 2y yoeqe(a—yx% +y7)dA

Section 5.2 Iteration of Double Integrals in Cartesian Coordinates

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: calculate the given following iterated integrals.

a) j': dxf [ Gey + y*)dy
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b) j’:_ffx cos y dydx

Question 2: evaluate the following double integrals by iteration.

a) [[,(x* + y*)dA, where Risthe rectangle 0 < x < @, 0<y < b

b) [f (sin x + cos y)dA, where Sisthe square 0 < x < /20 <y <1/2
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c) _UR xy2dA, where R is the finite region in the first quadrant bounded by the curves ¥ = x? and x = y?

d) _[fD Inx dA, where D is the finite region in the first quadrant bounded by the line 2x + 2y = 5 and the

hyperbola xy =1
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e)ﬂR ie-‘r‘dA, where Ristheregiond <= x <l x?<y<x

Question 3: sketch the domain of the following integrations and evaluate the given following iterated integrals.

a. J'ni dyf; e~ dx
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A
b. [, dxf | Z—=dy (A>0)

X xiyy?

Question 4: Find the volumes of the following indicated solids.

a.Underz =1 —x? andabove theregion0 < x < 1,0<y <x

b.Underz =1—x? — y? and above theregionx = 0,y >0, x+y <1

c. Under the surface z = 1/(x + y) and above the region in the xy-plane boundedbyx = 1, x = 2,y = 0, and

y=x
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d. Above the xy-plane and under the surface z = 1 — x2 — 2y?

e. Inside the two cylinders x* + y? = a” and y* + z? = a® Vol = 8 x part in the first octant
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Double Integrals in Polar Coordinates

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: evaluate the given following double integrals over the disk D given by x? + y% < a?, where a > (.

Lff, e+ y?dA

dA

N

3. ff ,x%dA

201,

Question 2: evaluate the given following double integrals over the quarter-disk Q givenbyx = 0,y = 0, and

x*2+y? < a?, wherea > 0.
1. ﬂ ydA

Q
2.0 Qer’wz dA

Question 3: Evaluate ﬂs(x + y)dA, where § is the region in the first quadrant lying inside the disk x2 + ¥? < a®

and under the line y = Vix.
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Question 4: Evaluate [ (x? + y2)dA, where T is the triangle with vertices (0,0), (1,0), and (1,1).

Question 5: For what values of k, and to what value, does the integral [[ converge?

da
x22+y?el (p2ppmyk
=1 (x2+y?)

Question 6: Evaluate ijxydA, where D is the plane region satisfying x = 0,0 < v < x, and x% + y% < a®.
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Question 7: Find the volume lying between the paraboloids z = x? + y?and 3z = 4 — x? — y2%,

z

Question 8: Find the volume lying inside both the sphere x? + y? + z% = 2a? and the cylinder x? + ¥ = a?.

Question 9: Find the volume of the region lying inside all three of the circular cylinders x% + ¥ = a?,x* + 2% =

a?, and y? + z? = a?. Hint: Make a good sketch of the first octant part of the region and use symmetry

whenever possible.
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The Following Questions Are Obtained From ELESlias il

1
Question 1: a) Evaluate f f; sin(x*)dxdy
1]

PE. SPRING2006
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1 3
b) After drawing the region for the integral, express f _[':&Tyf(x. y)dxdy + f j}l;lf(x,y) dx dy as one
1] 1 2

double integral.

Question 2: Let R be the finite region, bounded by the line y = x and the curve y = x2. Find the volume of the

solid over R bounded from below by the xy —plane and the graph of f(x,¥) = xy.
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i
Question 3: Evaluate the double integral _[l’R %e ¥ dA where R is the region on the xy — plane bounded by the

curves y = 2V%,y = VR, 2y = Ly = 3.

Triple Integrals

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, evaluate the triple integrals over the indicated region. Be alert for
simplifications and auspicious orders of iteration.

1. [ffgxyzdV, overthe box B givenby0 < x < 1,-2<y<0l1<z<4
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2. [[ xdV, over the tetrahedron bounded by the coordinate planes and the plane E + % + ;

3. fIf , (xy + 2%)dV, overthe set0 < z < 1 — |x| — |y|

1
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4. [[ ,sin (my*)dV, over the pyramid with vertices (0,0,0), (0,1,0), (1,1,0), (1,1,1), and (0,1,1)

5. [f ,ydV, over that part of the cube 0 < x, y, z < 1 lying above the plane ¥ + z = 1 and below the plane x +

y+z=2.

uestion 2: Find the volume of the region lying inside the cylinder x% + 4y? = 4, above the xy-plane, and
g ying Y ¥ y-p

below the planez = 2 + x.
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Question 3: Find _fﬂT xdV, where T is the tetrahedron bounded by the planesx = 1,y =1,z =1, andx + y +

z=2.
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Change of Variables in Triple Integrals

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

UG

Question 1: In following questions, find the volumes of the indicated regions.

1. Above the surface z = (x% 4+ y2)¥/* and inside the sphere x2 + y% + 2% =2
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2. Between the paraboloids z = 10 — x%* — y?andz = 2(x% + y* — 1)

3. Inside the paraboloid z = x2 + y? and inside the sphere x2 + y2 + 2% = 12
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4. Above the xy-plane, under the paraboloid z = 1 — x? — ¥2, and in the wedge —x < ¥ < v3x

Question 2: Evaluate [[f , (x* + y? + z%)dV, where R is the cylinder 0 < x? + y? <a®,0<z < h.

Question 3: Find [J[ , (x* + y* + z?)dV, where B is the ball of x* + y* + z* < a®.
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Question 4: Find [[f ,xdV and [ff ,zdV, over that part of the hemisphere 0 < z < \/a? — xZ — yZ that liesin
the first octant.

Vector Functions of One V

The Following Questions Are Obtained From Calcwlus - A Complsts Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find the velocity, speed, and acceleration at time t of the particle whose

position is r(t). Describe the path of the particle.

1. r = acos wti + bj + asin wtk

2.r = 3cos ti+ 4sin tj + tk

Question 2: A particle moves to the right along the curve y = 3 /x. If its speed is 10 when it passes through the

point (2, ;), what is its velocity at that time?
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Question 3: An object moves along the curve y = x2,z = x?, with constant vertical speed dz/dt = 3. Find the

velacity and acceleration of the object when it is at the point (2,4,8).

Section 6.2 Curves and Parametrizations

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find the required parametrization of the first quadrant part of the circular

arc x? + y? = a®.

1. In terms of the y-coordinate, oriented counterclockwise

2. In terms of the x-coordinate, oriented clockwise

3. In terms of the angle between the tangent line and the positive x-axis, oriented counterclockwise
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4. In terms of arc length measured from (0, @), oriented clockwise

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

‘UG

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117




5. The plane x + ¥ + z = 1 intersects the cylinder z = x? in a parabola. Parametrize the parabola using t = x as

parameter.

Question 2: parametrize the curve of intersection of the given surfaces. Note: the answers are not unique.

Question 3: Find the length of the conical helix r = tcos ti + tsin tj + tk, (0 < t < 2m). Why is the curve called

a conical helix?
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uestion 4: Describe the intersection of the sphere x? + y2 + z2 = 1 and the elliptic cylinder x? + 2z2 = 1.
p y ptic cy’

Find the total length of this intersection curve.

Question 5: reparametrize the given curve in the same orientation in terms of arc length measured from the

point where ¢ = (.
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Let C be the conical helix with parametric equations x = tcost,y=tsin t,z=¢, (0 <t < 2Zm).

Find [ . zds.

Question 2: Find _I'Cv'l + 4x2z%ds, where C is the curve of intersection of the surfaces x% + z2 = land y = x%.

C:ir=e‘costi+e'sintj+tk,for0<t<2m

Question 3: Find J’L.xds along the first octant part of the curve of intersection of the cylinder x2 + ¥2 = a? and

the plane z = x.
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Vector and Scalar Fields

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, sketch the given plane vector field and determine its field lines.
1 F(x,y) = xi+ vj

2. F(x,y)=vi+x
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LFxy)=V(Ex*-y)
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Section 7.3 Gradient, Divergence, and Curl

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, calculate div F and curl F for the given vector fields.

1.F=yi+zj+xk

2.F = yzi + xzj + xyk
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Conservative Fields
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, determine whether the given vector field is conservative, and find a potential

if it is.

1. F(x,v,2) = yi+xj+ 2’k

2. F(x,y,2) = e ¥4 (xzi + yzj + 2vK)

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP [LETIsIM : 0539 499 0117




Question 2: Show that the vector field

2x 2y xZ+4y?
F(x,y,z) = Tl +?i _Z_Zk

is conservative and find its potential. Describe the equipotential surfaces. Find the field lines of F.
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Line Integrals of Vector Fields

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, evaluate the line integral of the tangential component of the given vector
field along the given curve.

1. F(x,y,2) = zi — y] + 2xk along the curve x = t, ¥ = t%, z = t* from (0,0,0) to (1,1,1)

2.F(x,y.2) = (x — 2)i + (v — 2)j — (x + y)k along the polygonal path from (0,0,0) to (1,0,0) to (1,1,0) to
(1,11)
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Question 2: Evaluate §C x%y%dx + x*ydy counterclockwise around the square with vertices (0,0), (1,0), (1,1),
and (0,1).

Question 3: Evaluateff e**¥gin (y + 2)dx + e**¥(sin (y + 2) + cos (v + 2))dy + e**Ycos (y + 2)dz

along the straight-line segment from (0,0,0) to (1,%,%),
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Question 4: If C is the intersection of z = In (1 + x) and y = x from (0,0,0) to (1,1,1n 2), evaluate

f (2xsin (my) — e*)dx + (mwx?cos (my) — 3e?)dy — xe*dz
¢

Question 5: Evaluate
1 [ —ydx + xdy

2 ). x%+y?

(a) counterclockwise around the circle x2 + y2 = a?,
(b) clockwise around the square with vertices (—-1,—-1), (—1,1),(1,1),and (1,-1),

(c) counterclockwise around the boundary of the region 1 < x2 + y2 < 4,y = 0.

a)
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b)

The Following Questions Are Obtained From

Question 1: It is given that F(x,¥) = (P(x,¥), Q(x,¥)) where
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a) Prove that Pdx + Qdy is exact (that is (P, Q) is conservative), by finding a potential function ¢ (x, ¥)such that
¢, =P, ¢y =Q.

b) Using ¢, evaluate Ic, Pdx + Qdy.

c¢) Evaluate j'szdx + Qdy where C; is the line segment from the point (1,0) to the point (1,2).
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Section 8.1 Green’s Theorem in the Plane

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Evaluate §c(sin x +3y¥)dx + (2x — e™")dy, where C is the boundary of the half-disk x? + y2 <

a?,y = 0, oriented counterclockwise.

Question 2: Evaluate §,(x* — xy)dx + (xy — y*)dy clockwise around the triangle with vertices (0,0), (1,1),
and (2,0).
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Question 3: Evaluate gsf(xsin (¥?) — ydx + (x%ycos (v?) + 3x)dy, where C is the counterclockwise
boundary of the trapezoid with vertices (0, —2), (1,-1),(1,1), and (0,2).

Question 4: Evaluate 95',_, x%ydx — xy2dy, where C is the clockwise boundary of the region 0 < y < V9 — x2.

Question 5: Use a line integral to find the plane area enclosed by the curver = acos*ti+ bsin®tj,(0 <t <

2m).
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The Following Questions Are Obtained From LRSSl D

Question 1; Evaluate §C(—1{]y3x2 + cos (xz))dx + (3x5 + 15¥*x + sin (yz))dy where € is

counterclockwise oriented perimeter of the region bounded by ¥ = x, x = 0,x2 + y? = 4 in the first quadrant.

PE. SPRING2006

Question 2: Compute the line integral

§ (xBSin VX244 xe“zy) dx + (cos (y* +y) — 4ye™™ P)dy
e

on the curve € which is the boundary of the parallelogram with vertices (2,0), (0,1), (—2,0), (0, —1) with

counterclockwise arientation.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP ILETIsIM : 0539 4990 117
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Determine whether the given sequence is (a) bounded (above or below), (b) positive or negative

(ultimately), (c) increasing, decreasing, or alternating, and (d) convergent, divergent, divergent to o or —

b T

n 2 3
(a) [%} = {i) (5] ) (5) , } is bounded, positive, decreasing, and converges to 0, since e < m.

—13yn -
@){M} {1 L= ...}is bounded, alternating, and convergesto 0.

a” e ‘et e’

(n!)? 1 2 3 n <(1)"
()(27:)' n+iln+2n+3 2n- \2

(nt)?
(2n)!

Question 2: Evaluate, wherever possible, the limit of the sequence {a,,}.

Also Qn+r _ (n+1)*

= GaDeetD <. . Thus, the sequence {

} is positive, decreasing, bounded, and convergent to 0.

n

(@ a, = {_l)nﬂzﬂ_ = ﬁ%(_l)n W 0.
1 2 + 1
n?—2yn+1 n?—2vn+1 - nZ 1
(h)ﬂ-n=¢ = lim Vi + = lim nyn =—=
1—n—3n2 new 1—n—3n2 aee 1 _1_3 3
nf n
glt_p—nt L gft_pn . 1—gTER
©an =5 = lm o= lim =1

(d)a,=n—+yn?—4n
n® — (n? —471)
= lim|n—+yn?>—4n) = lim ———o= lim = lim ——
n-.m( == n +nZ — 4n n-omn_l_m n-.m1+J:

ifa, = (i—:) then a, = lim (" 1) (L)n = lim (1 - —) flim (1 + )n = =2

n+1

FL—e0 n T 0B Tt e
Hl‘l
=1
=55 = 0 < a, < (m/4)". Since 7/4 < 1, therefore (m/4)" — 0 as n — oo, Thus lima, = 0.
-0
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Question 3: let a; = 1 and a,s; = /1 + 2a, (n = 1,2,3, ...). Show that {a,} is increasing and bounded above.

(Hint: Show that 3 is an upper bound.) Hence, conclude that the sequence converges, and find its limit.

leta; = landaye, =1+ 2a, forn =123, ..

Then we have a; = V3 > a;. If 434, > ay for some k, then

Upyp =1+ 28304 > 1+ 205 = a4

Thus, {a,} is increasing by induction. Observe that a, < 3 and a, < 3. 1fq;, < 3 then

Arsr =1+ 20, < JT+23) =V7 <9 =3.

Therefore, a,, < 3 for all n, by induction. Since {a,, } is increasing and bounded above, it converges. Let lima, =
n=om

a. Then
a=Vit2a=a’—2a—1=0=a=1+2

Since @ = 1 — vZ < 0, itis not appropriate. Hence, we must have ,E"’E,Hn =1++Z

The Following Questions Are Obtained From

N 1.4 (3n+1)) " . .
Question 1: Is the sequence [ﬁ} convergent or divergent? Explain your answer. EEEEEENEIE
e n=1

1-4--v(3n+1)}ov
ay = = 1
"T2.5-(3Bn+2)
3n+ 4
Qp+y = Qn '3'n_+5 <y ~ @y is decreasing

since {a,} is a deceasing sequence and bounded from below (by 0), the given sequence is convergent.

Question 2: Determine whether the given sequence {a,, } is convergent or divergent:

—H"
@ @ =gm 1
. . 1
niseven — lim =1
—" (DM@ (-D)" B
a, = (z ) =( ') =( ) = - ~ {ay,} is divergent
P N | : .1
T msodd—rhr& 1 =-]1
e 1+F
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sin(2n) + cos(3n) + 2

(®) a = e
i ii sin(2n) Ii cos(3n) I 2 —04+040=0 .- ) 0
limay = lim ——=+ lim — m—=0+0+ ~ {a,}is convergent to 0.
By squeeze theorem, ;17 < s':ff:} < "1%
Da.‘s_*.'r.l_;m 0 as n-om Dn?;:m
- cos(3n) 1
By squeeze theorem, ——= < —7 = —%
Dﬂ?‘?:’m 40 as n-—o Dn?;:m
© a, = 3+vn e~
" In(n +vn) z
L=
= n o n :
. , 3+ \fr_ 2yn . n++n Jn o n ®
lima, = lim [—] = llITl = lim = lim = lim B
T o n—s0a h‘l(ﬂ+ﬂ n—.m1+ 1 "“"32\;_2\!';4-1 o 2‘54_1 - zﬁ_’_L E
2yn Vi Vn el
n+n E
V41 . &
= r{mﬂ}o = ~ {ay}is divergent b
mog 1 #
Vn I
=
Question 3: Find the limit of the given sequence if it exists. m ®
(2]
n
_ Sin(5n)=3inn o
(a) an = Inn ot
r
sin(5n) 3Inn sin(5n) =
lima, = lim ——| =1lim -3)=0-3=-3 =
n-sm n=s= |\ Inn Inn n—ce \ Inn by
-1 sin(5n) 1 S
By squeeze theorem, E = = = E g
0 s n=—soo 0 as a=om 0 as =, E‘
V119 + v =
(b) by = —— 3
hn(\m) +120 =
B
. 1 =
) V119 ++n _ NTI9+yx oo LH PN 2
limb, = lim = lim —| = lim =
T 00 - 0 -0 =

Jm(ﬁ) +120 77 JIn(qT) +120 L

2 [In(Vx) + 120 VE

wfil-

= lim2yx - iin(\ﬁ) +120 = oo diverges to co
= 00
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n+5
©) o = —=
vini+n-—2
5
3n+5 , n(3+g) 3+0 3
hmr:n—hm = lim —m——m— = — = =
nema4n? +n—2 e 4+l_£ VEA+O0—-0 2
n n?

Question 4: Suppose that r € R and a,, = nr™. For what values of r is the sequence {a,,} convergent?

PE. SPRING2014

ifr=0,thena, =0 ¥n lima, =0 {a,}= {0}isa convergent sequence.
M=o
if [r] = 1, then lim n - r™ does not exist since nr™ is unbounded.
n—ro

if |r] < 1and r # 0, then consider f(x) = xr*

lim|f ()] = limxr| = lim —— [—] = lim =
; = m (%)
slimf(x)=0 ~ lima, =0

x=00 n=rom

So the given sequence converges |r| < 1

Question 5: Find the limit of the given sequence if it exists.

@ n+ 119
a) @ =1120n)
x+119 x+119 [eo L' 1
consider f(x) = izon) then ){t_ﬁm ;] = &mﬁz i{mx =ca D.N.E

120x
So the given sequence is divergent.

nsin(n) + sin (n) (n + 1) sin(n)

(b) by = — —
n+1 n + 1) sin(n

_[ - ):_;( )21 ¢ )g = foralln = 1 since |sin(x)| < 1 for all x
n n n

0 as n—soo & 0 as n-son 0 ag n— o

- . n+l . 1 (n+1)
smceimnz _,Ei_ﬁ(n"' ) 0= lim =

n—on

Thus.iin; b, =0 By squeeze theorem
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uestion 6: Is the sequence {u} convergent or divergent? Explain your answer, LS D

an n=1
(—1)"a3| _a? i n? reo L‘Hr 3n? [w L‘Hi_ 6n oo L‘Hl, 6
S T tim =[] = tim s 5 = imams [ = im s =
H " (=n"n® 0
ence lim ——=
Question 7: Let {a, };—1be the sequence defined recursively by | PE. SPRING2011 |
a; =3

Upeq = /154 2a,, n =123, ...

a) Show that {a,} is increasing.

a; =+/15+2a, =VI5+6=V21 >3 =a,
Assume a,, > dy_q
a,., =15+ 2a, > /15 + 2a,_, = a,
Hence, by induction, a,is an increasing sequence

OR Upsq — Oy = 4/ 15 + 2a, — ay, > 0 (i.e., ayis increasing) if and only if

J15+2a, >a, < 15+2a,> a2 <a2-2a,-15<0 < (a,+3)(a,-5) <0 <a,<5

Induction on n:

0<a,<5 sincea, terms are all positive. (Check partbtolearnhowa, <5 Vvn =123, ..)
Claim:a, <5 vyn=123, ..

Proof: By induction on n

mn=1=4a=3<5

B n=kassumea, <5

mn=k+1= g =/15+2a,<V15+10=5
b) Show that {a,,}is bounded.
a; = 3 > 0 and since a,, terms are all positive. Thus, a,, = 0 ¥n. (a,, is bounded from below by zero)

Then as proven in parta) a, <5 vYn=123, ..

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117

Hence, la,| <5 ¥n =123, ..(a, is bounded from above by 5)
Thus, {a,} is both increasing and bounded

c) Does lima,, exist? Explain. If yes, find it.
o
since a,, is an increasing and bounded sequence, a,, is convergent. That is, lim a,, exists.
n=om
If lima, = L then also lima,., =L
-0 n—os

Hence by taking the limit of both sides of the equation a4, = /15 + 2a,
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WeobtainL=vI5+ 2L = [2—2L-15=(L—5)(L+3)=0

Sincea, <5 vn=123,.,L%-3 Thus, lima, = 5.
=0

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Determine whether the following series is convergent or divergent. If convergent, find its sum.

@52, —— =51 4 — ) - w5
a) Tito Toam = +1000+(1000)+" 1- o 0%
~ 1000
®) Lo =143 (1) 1
n=09_rt_ +;+ ; +-.._1_l—e_1
e

(c) B m/%cos (jm) = $2, (1) m!/? diverges because }‘frg{—l)’;r”z does not exist.

(e) Xaza z:fz_ ¥ D() +3 En D() =;'_+%'+=%+§=§.

1___

1 1 1 1
@n-D@n+1D) 1x3 3x575x7°

(0 Xz

Since;=l(;— ) the partial sum is
(2rn—-1){2n+1) 2\2n-1  2na+l

1(11)1(11) 1(1 1)1(1 1)1(1 1)
=\ 73) 2G5 T I\ S Ty T2 /) T T

1
Hence, Eﬂ lm !msn—z

=0

1 1 1 1
MntDMm+2) 1x2x3 2x3x4 3x4x5

{g) E:‘; 1

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

1

Since n(n+1)(n+2)=§[ﬁ_n+1+n+2]

The partislsum is 5, = 3(1-3+5) +3G-3+3) + -+ 35 -2+ 75) +10G-m5+55)

11 1 1
_2(2_n+1+n+2)
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1
Hence, X34 msy =

S
f{+1)(n+2) T e

Question 2: decide whether the given statement is TRUE or FALSE. If it is true, prove it. If it is false, give a
counterexample showing the falsehood.

1. If a, = 0 for every n, then Ya,, converges.
"If a,, = 0 for every n, then Y.a,, converge” is TRUE because s,, = ¥p—,0 = 0, for every n, and so Ya,, =

lims, =0

= 00

2. If ¥a,, converges, then },(1/a,,) diverges to infinity.

"If ¥a,, converges, then ¥.1/a,, diverges to infinity" is FALSE. A counterexample is ¥(—1)"/2".

3. If ¥a, and ¥ b, both diverge, then so does ¥.(a,, + b;,).

"If ¥a, and ¥ b, both diverge, then so does }.(a, + b,)" is FALSE. Let a, = :Tand b, = —%, then Ya,, = o and

¥b, = —o but ¥(a, + b,) = X(0) = 0.

4. If a,, = ¢ > 0 for every n, then ¥ a,, diverges to infinity.

"If a,, = ¢ = 0 for alln, then ¥a,, diverges to infinity" is TRUE. We have

Sp=a,+a;+az++a,=c+c+c+-+c=ncandnc - wasn — .

5. If ¥a,, diverges and {b,,} is bounded, then Y a,b,, diverges.

"If Ya, diverges and {b,,} is bounded, then Ya,b,, diverges" is FALSE. Let a,, = iand b, = ﬁ Then ¥Ya, = »

and0< b, <1/2.But¥za,b, =% which converges by Example

—
n(n+1)
6. If a, > 0 and Ya,, converges, then ¥ (a,)? converges.

“If a,, > 0 and Ya, converges, then ¥a?Z converges" is TRUE.

Since ¥.a, converges, therefore rE”E»a“ = 0. Thus, there exists N suchthat 0 < a, < 1forn = N.
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Thus, 0 < a3 <a,forn = N.

IfS, = ¥i_yai and s, = ¥_, ay, then {S,,} is increasing and bounded above:

ShnSs5, < a, < o
k=1

Thus ¥j @i converges, and so ¥ i, ai converges.

The Following Questions Are Obtained From

Question 1: Determine whether the following statement is true or false. Explain. m

If lima,, = 0, then the series ¥.;—, a,, is convergent.
n=om

Ti-som 1

(= <]
EALSE: Leta,, = —Then lim==0 However, Z iis divergent harmonic series.
n=1

Question 2: Find the series ¥;i—; a,,, wherea; = In2,a, = In (1 —%) forn = 2.

o
o

. z : 1
Zan=a1+2an=ln2+ ln(l—F)
n=2

n=1 n=2

Z:ﬂm (1—%2) Z“ . (nz_l] Z (n mﬂﬂ]) s So, the nth for the sum is

i (1 3 245 H—3n—1) &—Dny fn———l—}(n+l)) In (l n+l)
!n=1\327337 (r—212 -1y n* 2 n
o sincelnx is cont. S .
Hence, the sum of the seriesis s = lims, = lim In (-- —_ = In (Hm = —) In (-) =—In2
= n=soo 2 n n=m2 n 2,
- 1
Zanzln2+ ]n(l——2)=1n2+(—ln2)=0
n=1 n
n=2
Question 3: Let ¥, a,, be a series whose n —th partial sum is given by m

5, = n[m — 2arctan(n)].

(a) Is Xy ay, convergent? If yes, find its sum.

. -2

‘ _m—2arctan(n) . Tyxz . 2x°
D, an = limS, = lim —————= lim T = tim 75 = 2
n=1 H _-n_f

The series converges to the sum 2.
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(b) 1s {a,} the sequence convergent?

since Yoq ay Is convergent, lima, = 0. Hence, the sequence {a,} is convergent.
M=o

Question 4: Find the sum of the series Z = m
n=1 nI+2n
o n o 1 o
Zn:l n2+2n Zn=l nin+2) Zn-i 7 m—z Zn 1 (- - E - ’{I_’H;Sn
2 2.2 3.2 2.4 1 : 2 2 2 2 2 2.2 2 2

W= 3tz 3 stz 3t i R i—= n+l m n+Z 172 n+l n+z

lims, = li (2 E )—3 N tto3.
nt_‘r&sn—nl_m + = o 1:‘t2+2 ISCGHVEFBEI“I 0

1 2 n+l n+2

Question 5: Determine whether the following series is convergent or divergent. If convergent, find the

sum ¥, In (M] PE. SPRING2006

arctan (k)

k+1
ar::il:aa (I) )') = Y= (In (arctan (k + 1)) — In (arctan (k))

El?=lln (
r{%}_‘,ﬁ:l (In (arctan (k + 1)) — In (arctan (k))
lim [@nfaretan2} — In(arctan 1) + (Infarctan3)— In(arctandy) + (Infarctand —Infarctan3)) +

n—ow

+{a{aretan{n ) — Infaretan{n—13} + (In (arctan (n + 1)) — In{arctan{n}}]

T
. ) arctan(n + 1) . arctan(n + 1) Vi
r{l_‘n:a{ln (arctan (n + 1)) — In(arctan 1) = rEL-Ta In (W) = ’{i_‘.:?e‘.'; In T =In g

=In2 convergent

Section 1.3 Convergence Tests for Positive Series

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117

Question 1: Determine whether the followings are convergent or divergent. Show your work.

Vn 1
1. E:;D: oo converges by comparison with Y-, =E

1
L —
ngs ot

1 it
2. ¥ — — converges by comparison with the geometric series ¥ g (;)
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3. —— diverges to infinity since I:m
En 1 1+ B t‘l’ +n\-'n

4il+(—1)" 0+ 240+2t0+24 zi L \@ild' to infinity
: —_—— — —_ —_—F e = —_= —= diverges to inhinity.
L vz'UVE e LoV L e
5. ¥n=1 —converges by the ratio test since

(n+1)*

T n+ 1y*
lim — = lim ( ) =0<1
128 e\ N n+1

nr

6. Yoy {2(:3::” converges by the ratio test since

(2n+2)16™*t (2n)! 6" . (Zn+2)2n+1)6
lim = lim =0<1
n-m  (3n 4 3)! (3n)! nse (3n+ 3B+ 2)(3n+1)

7.%0, (;:“;r diverges by comparison with the harmonic series En_ smce (1+:;- > “:—;)I = ﬁ
(n+1)m*1 n" e

n" . ) . 1., AL
8. ¥, —; converges by the ratio test since hmm i ;hm (1 +;) ==-< 1.

" 2 n+1
Question 2: Use the root test to show that ¥;_ —

1/n
Let a, = 2" /" Thenhm “a, = I:m =_—9

Since this limit is less than 1, ¥},"_; a,, converges by the root test.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

(2n
Question 3: Determine whether the series 3.7, mconuerges Show that a,, = 1/(2n).
We have a, = z(:n)! _= 1x2x3x4x---x2n2 - 1x3x5x % 2n=1) -1x EX El " 7 % vee X 2n=1 » 1 = 1
25" (nl) (2x4xExERHN2N) 24X BN X[ ZNn=2) 2N 2 4 & In-2 In n
)l . ) . . '
Therefore ¥, % diverges to infinity by comparison with the harmonic series ¥, —.
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The Following Questions Are Obtained From LSSl il

Question 1: Determine whether the followings are convergent or divergent. Show your work.
w ()

a) Xn=o )

_ (nl?

We apply ratio test, with a,, = @

o Oner (n!)’(n +1)* @n . a+1l 1
A AL D@t D) ) AmZ@atD 1

So, b'\f ratio test, the series converges.
o 1
b) it =

T
We have 0<— 5i=(l)
T3 \3

nt. o .
Yo (;) is a geometric series with r = 1/3, so it is convergent.

1

PE. SPRINGZ005

Therefore, by comparison test, ¥ —g bve is convergent.
Question 2:
a) Prove that for a,, = 0, if Yyeqa, is convergent then Y-, a2 is also convergent.

Since Y., @y is convergent, we have lim,, ... a, = 0. This implies that there exists N € N such that forn = N,

wehave < a, < 1.Soforalln=N,0 < a2 < a,.

Since ¥, ay is convergent, ¥ aZ is also convergent by comparison test.

4n+1)

b) The terms of a sequence are defined recursively by the equations a; = 2, a4, = (5:11—2

Is (@, )=y convergent? (Explain, and if so, what is the limit?)

Consider ¥, a,. We have a,, = 0. Apply ratio test to this series.

a4 . 4n+1 4
M Am e s 5 !

So, by ratio test, the series converges. This implies Ajrgoan =0.
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Section 1.4 Absolute and Conditional Convergence
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

guestion 1: Determine whether the following series converge absnlutely, converge conditionally, or diverge.

L ni

cunverges absolutely smcel | < and Yo i converges

n21

1 1. . , ,
2. ¥ —— (i ) =¥, - Is a positive, convergent geometric series so must converge absolutely.

-n
3. ¥ 5, diverges to —co since all terms are negative and E;,‘“_D diverges to infinity by comparison

ni+1
) 1
with 30, ~

1o0(=1)"
n+3

100cos (nm)
2n+3

4. Tn=1 =Xn=t

——— converges by the alternating series test but only conditionally since

1100(=1)" 100
| 2n+3 | 2n+3

Question 2: For the following series, find the smallest integer n that ensures that the partial sum s,

approximates the sum s of the series with error less than 0.001 in absolute value.

31‘!
T (D"

s
Since the terms of the series s = ¥, (—1)"% are alternating in sign and ultimately decreasing in size (they

decrease after the third term), the size of the error in the approximation s = s,, does not exceed that of the first

omitted term (providedn = 3 ):

55— 5
ls = sal < 2

in absolute value.
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Question 3: Determine the values of x for which the following series converge absolutely, converge

conditionally, or diverge.

3x+2\1

1. En= -1\ -5 )
n
Let a, T11 31_*:) . Apply the ratio test
—l| 1 (3x+2)““x2n—1(3x+2)'“ |3x+2|{
Pl il 1 -5 5 |
if and only if |x +5| <Zthatis—><x <1
3l T3 3

fx=—-= then Yy = En_l - .whn:h diverges.

—1)"
fx=1,then ¥i_ia, = ¥ney %, which converges conditionally.

) e 7 . . ,
Thus, the series converges absolutely if — ;<x< 1, converges conditionally if x = 1 and diverges elsewhere.

232, (1+Y)

rrlChs- )“1><?(1+,‘:)_n\=|1+i|<1

if and only if [x + 1| < |x|, thatis, —2 < <0=x<—- Ifx ===, then Yo Gy = En-l;) which

leta, = i(‘l + ) Apply the ratio test p =

converges conditionally.

) . 1 o . 1 ) .
Thus, the series converges absolutely if x < — < converges conditionally if x = -3 and diverges elsewhere. It is

undefined at x = (.

Question 4: Which of the following statements are TRUE and which are FALSE? lustify your assertion of truth or
give a counterexample to show falsehood.

(a) If ¥, a,, converges, then ¥ i_, (—1)"a, converges.

- n
" ¥Ya, converges implies ¥,(—1)"a,, converges" is FALSE. a,, = % is a counterexample.

(b) If X5y @y, converges and ¥ h—y (—1)"a,, converges, then Y-, a, converges absolutely.

o« _ ne2n
" Ya, converges and ¥ (—1)"a,, converges implies ¥.a,, converges absolutely" is FALSE. Z % isa
=0

counterexample.

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

‘UG

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117




(c) If ¥, @, converges absolutely, then ¥, (—1)"a,, converges absolutely.

" Ya, converges absolutely implies ¥ (—1)"a,, converges absolutely” is TRUE, because |(—1)"a,| = |ayl.

The Following Questions Are Obtained From

Question 1: Approximate :Twith an error less than li—g,
Wehavee ™ =}%> 'H;'ﬁ
Then,Z=e~t =32, “:E‘" =1-l+2-2+2-24.
Since the series is alternating.
Ba(l) = —— < =
(n+1) 119
which gives n + 1 = 5. Therefore:
ool 1,13
e 21 31 41 8

Question 2: For each series below determine whether it is: absolutely convergent, conditionally convergent, or

divergent. You must verify your answers, state any theorem you use. EEZtihEIT
a) Yo, e"n, where Y20 ay, is convergent
since Ya, is convergent by n" termtest & lima, =0

n—o

= limetn = efhn = g0 =1 2 0 = by n'" term test Yo, e® is divergent.
=00

b] E;ﬁ=1

cos(n)+e "
nE-2n+4

=1 =1
||:r:as(1r1)+5f"I < 2 s
n3—2n+4|_|n3—2n+4|_ n

- i obn o : . . o L
Since Aj_'rgn Iz = 2, we have ¥ ;_ b, is convergent by limit comparison test as ¥ ;7 7 is convergent.
"

cos(n)+e ™

o
Therefore, ¥ =1 PRy

is absolutely convergent by comparison test.
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b) Xii-z

2 aln (n]

Let f(x) = — and

f(x) is continuous on [2, )

we have 4 f'(0) = % < 0on[2,) — f(x)is decreasing on [2, «)
lim =0
x—seo Xl x
Thus, by the integral test, 3 _21—“ is convergent if and only if _f —dx is convergent.

1
= lim | —du = lim InJul|
u c-roo

1
du=—-dx c-=
x

® q e q u=Inx
J —dx:limf—dx—»
5 xln x cme |, xln x

c =
limIn (In x| = lim In (In ¢) ~ In(In2) = 0
- 00 2 = 00

Hence ¥Ya—, ——is divergent to eo

nln (n]

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Determine the center, radius, and interval of convergence of each of the following power series.

«n"
L E n422n
We have En_l e In x™. The centre of convergence is x = 0. The radius of convergence is
o I(_l)n (n+1)422n+2| L n+1 4+ B
R_,ll_ﬂlnxtgzn ST I_n'_.rﬁ, ( n ) A =4
At x = 4, the series is En_ whlch converges. At x = —4, the series is ¥n—q n%, which also converges.

Hence, the interval of convergence is [—4,4].

2. Y=

(4x—1)" 1)
n}l

[4::—1] 1\ ) 1 . .
We have ¥, ——— = Yo, ( ) (:c — ;] . The centre of convergence is x = g The radius of convergence is
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)™ 1 1"
R = lim . @+ D lim("T) (n+1) = o,

noes | A4MFL Apoes

Hence, the interval of convergence is (—os, o0).
Question 2: Determine the Cauchy product of the series 1+ x + x> + x* + -~and 1 —x + x> —x* + ... On

what interval and to what function does the product series converge?

Wehave1+x+x2+x3+~v=ﬁ=2§=n x™  and 1—x+x2—x3+v-v=$=zﬁ=n (—1)"x™

holds for —1 < x < 1. Since a, = 1and b, = (—1)" forn = 0,1,2, ..., we have

n
0, ifnisodd
—_ _1yi—f = '
C"_Z( D _{1, if nis even
=0

1 1 1

Then the Cauchy productis 1 + x? + x* + .. = T x¥ = —. — = for —1<x<1.

Question 3: Determine following power series representations for the indicated functions. On what interval is

each representation valid?

(a) ——in powers of x

(2-x)%
1 101 1, x  x* 2t
— ===t =t =t = for —2 < x < 2. Now differentiate to get
2=-x 2 1—; 2 22 23 24
1 1 2x 3% % (n+1at
m—?+?+2—4+"'— W,(—zcxcj)
n=0

i
(b) —; in powers of x

L o—ye (o= 1— 292 _ 7343 4 .. (1 1
= (20t =120+ 252 — 2 4 (—2<x<3)
(c)%in powers of x + 2

letx+2=¢tsox=t—2.Then

1 1 O (D o (e D)+ 2)"

2 —z n+2 - n+2
x 2-9 n=0 2 n=0 2

(4 <x<0)
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(d) E in powers of x

l—x 2
1+x 1+x

—_——1=2(1-x+x2—x +- )—1—1+22E( 0" (-1<x<1)

n=1

Question 4: Determine the interval of convergence and the sum of each of the following series.

a)3+4x+5xr+ 6P+ =iy (n+ 3)x"

X
1-x

We differentiate the series Yo x" =14+ x + x>+ x* + .- =

x

and multiply by x to get ¥, nx™ = x + 2x° +3x% + - = —— for =1 < x < 1. Therefore,

(1-x)2

@

= 3 3-2x
nzo(n”)xﬂzz nx™ +3z 1-1)2+—x:m for (-1 < x < 1).

n=0
o . (=10
e L LS e
2 3 4
Sincex-x?+x?-17+---:In(l+x)for-1-(xEl,therefare
4 .6 .8
x* x® x
2 _* X * 2
X 2+3 4+ In (1 + x°)

for —1 < x < 1, and, dividing by xZ,

R a— In(l+x%)
l——t———t =" if—-1<=x<1x=0

1 ifx=20

Question 5: Find the sums of the following series.

LEE, 2
k=1
Withx =1/2, E”‘FO PO = Zi= (;) - {1—11)2 -t
2 Eﬂ- (- 1)"?;(7&1)
% 1
nx™ L (-l<x<
2: T 1 1)

n=1

Differentiate with respect to x and then replacenbyn + 1:
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¥, n(n—1)x"? = - x]y (-l<x<1) iy (n+ nx™t = = x)l_ (-l<x<1)
Nowletx = —1/2: ¥, (—-1)" 1n£:+11) 5
Finally, multiply by —1/2:  ¥io, (-1)"—— ﬂmﬂ) =- ;;7
The Following Questions Are Obtained From
Question 1: Find the radius of convergence and interval of convergence of the series ¥, %

PE. SPRING2005

I lapsql I 3 x| Vn+ 1 3] i n+1 3]
im = lim ——————— = 3|x|lim = 3|x].
now fag| - onse Wz 3t e

So, if 3|x] < 1, by ratio test the given power series is convergent.
This gives [x| < 1/3,s0R =1/3.

For the interval of convergence, we must check the end points.
fx=1/3:

—nt3t Z -n"
—n+ 130 Lyn+l
a, = % is alternating,

1
Vn+1

=0,

=y"
o W I+l

. hm na, = hm =0,

|a,‘+1| \."n+1 n+i

+1
—<Lso la,| is decreasing.

lagl — VAFZ
So by AST, the series is convergent.
Ifx=-1/3:

=

=3 Z
v’n+ (-3)" v+l

)y ?1117 is divergent by p-test, so the above series is divergent by limit comparison.
So the interval of convergence is [ = (—1/3,1/3].
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Question 2: Give an example of a power series which is convergent in (1,5), and divergent on (—oo, 1) U (5, o).

(No conditionatx = landx = 5) m

Consider, ¥n—ga,(x — 3)"; a power series around 3. We want the radius of convergence to be 2. So, we want

lim Snty lansal _ l
o= 0 |ﬂn| 2

Let a, = 27.» then we get the desired limit and interval of convergence. So

; (x ;13)"

is a power series satisfying the conditions we want.

Question 3: 2y [ PE. SPRING2006 ]
uestion 3: For the series Y, ﬂ PE. SPRING2006

a) Find the radius R of convergence

(3 (“i))” -

n n
Zn=1 (3“2] =Yn=t = Xi=1 J‘( {— %)) is a power series around —2/3
I J’l+1| - 1 L = E
,]11_1,]; lan| ,!_.m W|x+ | il 3|x+ ,-]ll_r.].;ln n+l 3|x+ 3|

Given power series is convergent if |x + §| <1/3
soR=1/3
b) Find the interval | of convergence

alternating series

w (Bx+2)" w =D a, =
x=—1=En=1T= n=1 I

-J’_E convergent series by (A.S.T)

lim—=10
nl-mo‘fﬁ

=1
x=== Y=t == Y1 F divergent (by p —test)

QI f(x) =T, ‘3“” , x €1, find 2006 derivative £(2°°¢) (2)
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o0y LBy -y () Y L By el

“—_\'u—' n=1

32906 (2006)!
= flo08)_py3y =2 2
f (=2/3) 500E
Question 4: Find the radius R and interval I of convergence of ¥i~, i(x —1)*

Let's apply Ratio Test

1 k41
—_—x — 1
= lim"("'1

ko Elx_llk

a
lim k1)

k
=|x—1|lim ——=|x—-1
ke—som ay I Ikl—»wk-fl I |

Hence given power series around x; = 1 is convergent (absolutely) if |x — 1| < 1. That is convegent in (0,2).

Thus, R =1.

Check the end points:

x=0=%7, i(—I)" is convergent alternating series (ak = i >0, ais decreasing,,lin;loak =0 )
x=2=%, %is divergent (by p —test)

Thus, I = [0,2)

Taylor and Maclaurin Series

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find Maclaurin series representations for the following functions. For what values of x is each
representation valid?
a. cos? (x/2)

z 4 &

1 1 1 1
cos? (§}=§{1+cos x)=5(1+1—x—+x——x—+-~) =1+EZ " x2" (for all x)

2! 4 gl (2n)!
tan™! (5x%)
- _ (5x° (52%)° Gx . v (D" -,
tan~*(5x2) = (5x2) — 3 + — Foe= 2 M{SXZJZ 1
(_1)n52n+1 - B 1
= wx" 2(ft:ll' T£x<T)
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-
c(e¥ —1)/x?

e -1 1 . 1 (2x)?  (2x2)3 22x2 23yt 2%y
— — 2 —_— T — 2 —— e — ey — — — e
p _xz(ex 1)_x2(1+2x M Tan T 1)_2+ TR T
o 2n+1
= mxz"(forallx = 0)
n=0 )

Question 2: Find the required Taylor series representations of the following functions. Where is each series
representation valid?
1. f(x) =In x in powersof x — 3

Let y = x — 3; then x = y + 3. Hence,

4

Inx=In(y+3)=In3+In (1+Z) =1In 3+%—%{§)2+%(£)3—3(z) +

3 3) 713
x-3 ®x-3* x-3° @-3* o (D! n
= 34T o e - T +--v_|n3+nz; — (= 3)"(0<x<6).

2. f(x) = cos? x aboutg

lety = x — = then x =y + = Thus,

cos®x = cos? (y + %} = %[1 + cos (23: - E)] = % [1 + \%cos(Zy) - \%sin(Zy)]

_1 1 (2y)?  (2y)* 1 2y)?  (2y)°

R Ny] T ""]‘2—\@{23" TR ‘}

11 (2y)?  @y)?  @2n* @2y)°

=2tz 31 41 50 _]

1 1 my, 22 m2 23 m3 2% mt 25 M5
=3t5 1_2(x_§)_3(x_5) +§(x_§) +H(x_§) _ﬁ(x_ﬁ) _]
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2n=1 -1 22n

1 1 1 - 2
SIEREL BT e e

3. f(x) = xe* in powersof x + 2

letu=x+2.Thenx =u—2,andxe* = (u—2)e" 2 =(u—2)e 2 X%, 1:1_;1 ( for all u)
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eIyl ey 2=y
- Zﬂ TR Z n!
n=

n=0

In the first sum replacen by n — 1.

2 n

ot — e~y Z 2e” N i 1 ( 2}11“
- (n—1)! nl ez 2Z2\ln—1)! nl
n=1 n=1

2 w1/ 1 2 .
=_e_2+nz=le_2(m_ﬁ)(x+2) ( forall x)

Question 3: Find the sums of the following series.

s 29 x15 x21 x27 o1/ 1 en\®
@ 37+ STx16 7Tixes oixzs6 " 2 ?_E(T) +E(T) o

X3
= 2sin (T) (for all x)

xZ x-t 16 XE k.’
(b)l+;+;+;+;+w=—smhx— - £ ifx # 0. The sumis 1if x = 0.

The Following Questions Are Obtained From

Question 1: Consider f(x) = 1+1:\-:'¢'
a) Find the power series expansion of f(x) in powers of x.

Since 11_3:: Yoo (=)™ forall x| <1

we have

Em-ﬂ ( 1)nxnk

1+x*

b) Use the series in part (a), to expand g(x) = x arctan (x) in powers of x.

g(x) = xarctan x = x_f

PE. SPRING2005

X m o Ntz
o Tomdu = xf o B (- 1" du = T (1) o forall x| < 1.

¢) Find the expansion of h(x) = +x + 1 arctan (vx + 1) around a = —1. Indicate the interval of convergence.

,I"?- Zn+z n
h(x) = VX F Tarctan Vx 71 = 3o (- l&il T SEE forall|x + 1] < 1.

2n+1
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dx with an error less than —u

( I)n 2n+1 sfnx - (_1)nx2ﬂ
sinx = Z =

2 sin x

Question 2: Find an approximation of [

Gnt1 FER x4y G DI

(_1)“22“1‘1
L (2n+ D2n+ D)

2 gin x had (—1)nx2n+1
= dx = —_— =
J; x (Z2n+1)(2n+ 1)!
n=>0 [}

23 25 27 29
error =2 - —+——— error < — < 1073
3.31 5.5! 7.71 949!

Section 1.7 Applications of Taylor and Maclaurin Series

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Use Maclaurin or Taylor following series to calculate the function values, with error less than
5 x 1075 in absolute value.
a.sin (0.1)

_y* (0.1)5 _(0.0)7

We have sin (0.1) = 0.1 = = ~

‘ =833x 1078 < 5% 10~5, therefore, sin (0.1) = 0.1 — “’1’ ~ 0.09983

with error less than 5 x 107% in absolute value.

b. cos 5°

s 5= 5= 211 120+ B

Zn+2 1 i
| EI’FOI"'-’-: (2n+2)|( ) < W < 0.00005 ifn=1.

T

2
cos 5 x1—= (—) ~ 0.996192 with error less than 0.00005.
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36,
c.tan™! 0.2
We have tan~* (02) = 02 - 2= +“'—:’s ~O2
Since & 23 <5 x 107%, therefore tan™? (0.2) ~ 0.2 — &2 2’3 0, ©n 2) = 0.19740

with error less than 5 X 1075 in absolute value.
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Question 2: Find Maclaurin series for the following functions.

vet—1
@J@) = [y e

—r PRRLAPL AN A S —i z
b 213 4 T o2te2 3.3 4r - — nl-n

(b) L(x) = [ cos (¢?)dt

4 tE tlZ 5 x9

x
= [* 2 — _t_ —_—— = X
L(x) = [ cos (t )‘“‘L (1 ata et )dt_" 25 H9 e.137

x4n+1
= Z ()

(2Zn)!-(4n+ 1)
Question 3: Evaluate the limit (Do NOT use L'Hopital's rule)

- = 2
24, lim —£=1=2)

xosoe x2=In (1+x7)

x*  x  xt x* x, x

R ot S (m+a+a+-) o EAGAS v
e have 1nax2_m{1+x2) Jm X+ xb i =0 x* x® A
z 37T 2 374

Section 2.1 Analytic Geometry in Three Dimensions

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Show that the triangle with vertices (1,2,3), (4,0,5), and (3,6,4) has a right angle.

If A =(1,2,3),B = (4,0,5), and C = (3,6,4), then

4Bl = /3 + (22 + 2 =VI7T JAC|=NE+ &+ 12 =VIT |BC=(-1P+6+(-1)2=v38

Since |AB|? + |AC|* = 17 + 21 = 38 = |BC|?, the triangle ABC has a right angle at A.

Question 2: In the following questions, describe (and sketch if possible) the set of points in R? that satisfy the

given equation or inequality.

1Ly?+z22<4

% + 2z < 4 represents all points inside and on the circular cylinder of radius 2 with central axis along the x-axis

(a solid cylinder).

2.z /x2+y?
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z = ,/x? + y? represents every point whose distance above the xy-plane is not |ess than its horizontal distance

from the z-axis. It therefore consists of all points inside and on a circular cone with axis along the positive z-axis,

vertex at the origin, and semi-vertical angle 45°.

Question 3: In the following questions, describe (and sketch if possible) the set of points in R that satisfy the

given pair of equations or inequalities.

x*+y*+z° =4
Wty 2l = ax

tyitzi=4 e in whi : i
{xz +y 422 is the circle in which the sphere of radius 2 centred at the origin intersects the sphere of
Z" =4z

radius 2 centred at (0,0,2). (The second equation can be rewritten x2 4 y? 4 (z —2)? = 4 for easier
recognition.) Subtracting the equations of the two spheres we get z = 1, so the circle must lie in the plane z = 1

as well.

+yi+zi<i
Wrryise

P+yr+zi<i
represents all points which are inside or on the sphere of radius 1 centred at the origin and
J¥i+yi<z
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which are also inside or on the upper half of the circular cone with axis along the z-axis, vertex at the origin, and

semi-vertical angle 45°.
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2 7 »
x“ys4zi=1

Question 4: In the following questions, specify the boundary and the interior of the plane sets § whose points

(x, ¥) satisfy the given conditions. Is § open, closed, or neither?
1 x|+ vl=1
S={(xy)Ixl+Iyl=1}

The boundary of S consists of all points on the edges of the square with vertices (£1,0) and (0,+1).
The interior of § consists of all points inside that square. § is closed since it contains all its boundary points. It is

bounded since all points in it are at distance not greater than 1 from the origin.

2. 2 +yi<l,y+z>2
S={xyz:xl+y*<ly+z>2}
Boundary: the part of the cylinder x2 + ¥2 = 1 that lies on or above the plane ¥ + z = 2 together with the part

of that plane that lies inside the cylinder.

Interior: all points that are inside the cylinder x* + y* = 1 and above the plane y + z = 2.5 is open.

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM m




[Sewnaa Jveon

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Use vectors to show that the triangle with vertices (—1,1), (2,5), and (10, —1) is right-angled.

fa=(—11),B = (2,5) and C = (10,—1), then AB = 3i + 4j and BC = 8i — &j. Since AB - BC = 0, therefore,

AB 1 BC.Hence, A ABC hasa right angle at B.
Question 2: For what value of t is the vector 2ti + 4j — (10 + t)k perpendicular to the vectori +tj + k ?

The two vectors are perpendicular if their dot product is zero:
Ri+4—-(W0+)K)-(i+tj+ k) =0 2t 4+4t-10—t=0=t=2

The vectors are perpendicularif t = 2.

Question 3: If a vector uin R? makes angles a, 8, and y with the coordinate axes, show that
it = cos ai + cos fj + cos vk

is a unit vector in the direction of u, so cos® a + cos® £ + cos® y = 1. The numbers cos a,cos §, and cos y

are called the direction cosines of u.
-i - u . .
Ifu=ui+ u;j +uzk, then cos a L TTII Similarly, cos 8 = |u72| and cos y = ﬁ Thus, the unit vector in the

direction of w is

u
0=m=cos ai + cos fj + cos vk

and so cos® a + cos? f+cos? y = |0)* = 1.

Question 4: Find the three angles of the triangle with vertices (1,0,0), (0,2,0), and (0,0,3).

If A = (1,0,0), B = (0,2,0), and C = (0,0,3), then

BA-BC 4
ZABC = c05™ ! ———— = 057! —— = 60.26°
|BA||BC| NEES
BCA o CB-CA a2 37.87°
i = €05 = C0s =2 .
ICB|ICA| VIOWT3
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AC-AB 1
£CAB = cos™! =cos™? = 81.87°
|AC||AB| VIOV

Question 5: Find two-unit vectors each of which is perpendicular to both u and v.

Vector X = xi + ¥j + zKk is perpendicular to both u and v if

x+y—2z=0

u-x=0
v-x=0 x+2y—2z=0

=
=

Subtracting these equations, we get x — y = 0, so x = y. The first equation now gives 3x = 2z. Now X is a unit

vector if x? + ¥2 + 22 = 1, that is, if x2 + 12 +%x2 =1, or x = £2//17. The two-unit vectors are

2 2 3
x=t (il 4 k)
V17 v’i?l V17
Question 6: If ais a nonzero vector and W is any vector, find vectors u and v such that w = u + v, u is parallel to

a, and v is perpendicular to a.

Letu = ﬁa, (the vector projection of w along a ). Let v = w — u. Then w = u + v. Clearly u is parallel to a,

W . .
ara=w-a—w-a=0 sovisperpendiculartoa.

andv-a=w-a— —
lal?

The Cross Product in 3-Space

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find the area of the triangle with vertices (1,2,0), (1,0,2), and (0,3,1).
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—_— —_—

IfA=(120),8=(1,02),and C =(0,3,1), then AB = —2j + 2k, AC = —i + j + Kk, and the area of triangle

is |AExAC|  |-4i-2j-2K|
is—=—
2

Question 2: Find a unit vector perpendicular to the vectorsi + j and j + 2k

ABC - v(gsq. units.

Avector perpendiculartoi+jand j+ 2kis +(i +j) x (j + 2k) = +(2i — 2j + k)

which has length 3. A unit vector in that direction is + Gl —f] + %k)
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Question 3: Find the volume of the tetrahedron with vertices (1,0,0), (1,2,0),(2,2,2), and (0,3,2).

The tetrahedron with vertices (1,0,0),(1,2,0),(2,2,2), and (0,3,2) is spanned by u = 2j,v = i + 2j + 2k, and

w = —i + 3j + 2Kk. By Exercise 14, its volume is

0 20
v:% 1 2 2 =§cu.units.
-1 3 2

Question 4: For what value of k do the four points (1,1, —1), (0,3, -2), (—2,1,0), and (k,0,2) all lie in a plane?

The points A = (1,1,—1),B = (0,3,—2), € = (—2,1,0), and D = (k, 0,2) are coplanar if (AE x AC) - AD = 0.

Now

. i | k

BxAC=|-1 2 —1|=2i+4j+6k
-3 0 1

Thus the four points are coplanar if
2k—1D+40-1)+6(2+1)=0,

thatis, if k = —6.
Question 5: The product u x (v x w) is called a vector triple product. Since it is perpendicular to v x w, it must

lie in the plane of v and w. Show that
ux(vxw)=(u-w)v—(u-viw

As suggested in the hint, let the x-axis lie in the direction of v, and let the y-axis be such that w lies in the xy

plane. Thus v = vyi, w = wyi + wyj

Thus v X W = vywoi X j = vywsk, and u % (v X W) = (ugd + wpj + usk) x (vyw;k)

= ugvywol X kK + uzvywsj x k = —ugvywsi — uyvywsj

But (u-w)v— (u-vw = (u,w, + uwy)vy i — v, (wyi + wyj) = uyvywoi —uyvyw,j.

Thus,u % (vxw)=(u-w)v—(u-v)w.
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The Following Questions Are Obtained From

Question 1: a) Find all vectors ¥ that satisfy the equation (—7 + 2j + ) xT=T+ 57— Kl PE. SPRING2005

Let # = (a, b, ¢). Then we should have:

i j k
(-1.23)x(a,b,c)=|-1 2 3|=(2c—-3b3a+c,—2a—-b)=(15-3)
a b ¢

This happens if and only if —=3b + 2c = 1,3a + ¢ = 5, and —2a — b = —3 which gives

$=ti+ (3—20)]+ (5—30)k forallt € R

b) Show that the four points A(1,2, -1),8(0,1,5),C(—1,2,1) and D(2,1,3) are coplanar (i.e., are on the same
plane).

Let the three vectors &, ¥ and W represent the three segments AE, AC and AD, respectively. Then
= (-1-16),% = (—202) and W = (1, —1,4).

The four points are coplanar if the volume of the parallelepiped spanned by the three vectors is 0:

0

-1 -1 6
0 2 o

-2

1 -1 4=_|2 12;|+|_12 —21|+6|_12 |=-2-10+12=0

Planes and Lines

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find equations of the planes satisfying the given conditions.
1. Passing through the origin and having normal i — j + 2k

The plane through the origin having normal i — j + 2k has equation x — y + 2z = 0.

2. Passing through the three points (—2,0,0),(0,3,0), and (0,0,4)

The plane passing through (—2,0,0), (0,3,0), and (0,0,4) has equation
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X ¥y, _ -
_2+;+;—1.or6x 4y — 3z = —12.

3. Passing through the line x + y = 2,¥ — z = 3, and perpendicular to the plane 2x + 3y + 4z =5
A plane through the line x + ¥y = 2,y — z = 3 has equation of theformx + y -2+ A(y —z—-3) = 0.

This plane will be perpendicular to 2x + 3y +4z =5if (2)(1) + (1 + A)(3) - (A)(4) =0,
that is, if A = 5. The equation of the required plane is x + 6y — 5z = 17

Question 2: find equations of the line specified in vector and scalar parametric forms and in standard form.

Through (2, —1,—1) and parallel to each of the two planesx + y =0andx -y + 2z =0

Aline paralleltox + y = 0 and to x — vy + 2z = 0 is parallel to the cross product of the normal vectors to these

two planes, that is, to thevector (i+ ) x (i—j+2k)=2(i—j— k)

Since the line passes through (2, —1, —1), its equations are, in vector parametric form
r=2+i-1+)j-1+t)k

orinscalar parametricformx =2 +t, vy = —(1+1t), z=—(1+1)

orinstandard formx —2 =—(y+ 1) =—-(z+ 1)

Question 3: If P, = (x4, y4,2,) and P, = (x3, Vs, Z3), show that the equations
x=2x +tlx, —x)
y=y1+t(yz = 1)
z=z; +t(z, — 7)

represent a line through P, and P,.

The equations
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X =x +tlx;—x)
y=y+t(y:—y1)
z=2z, +t(z; — z;)

certainly, represent a straight line. Since (x, v, 2) = (x4, ¥4, 2,) ift = 0, and

(x,y,2) = (%3, ¥2,2;) if t = 1, the line must pass through P, and P,.
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Question 4: Find the reguired distances in the following questions.

1. From the origin to the plane x + 2v + 3z = 4

4 .
= — units.

The distance from (0,0,0)tox + 2y + 3z = 4 ism =

2. From the originto the linex +y +z=02x—y—-5z=1
Avector parallel to thelinex + y+z =02x —y -5z =1is
a=(+j+k)x(2i—j—5k)=—-4i+7j-3k

We need a point on this line:if z=0thenx+y=0and 2x — y =1,s0x = 1/3 and y = —1/3. The position

. - . 1 1
vector of this pointisr, = ;i - ;1

i+j+k 3
The distance from the origin to the line is s = Inxal _ ik _ [3 units.
lal V74 74

3. Between the lines

2y=3 =
x+2y p {x+y+z 6

+2z=3 x—2z=-5
 (x+2y=3 ) ) ) 1
The line {y $22=3 contains the points (1,1,1) and (3,0,3/2), so is parallel to the vector 2i — j + ;k, or to
4i-2j+k
The line {: t %’:_z _=56 contains the points (—5,11,0) and (—1,5,2), and so is parallel to the vector 4i — 6j +
2k, orto2i-3j+ k.
Using thevalues 1 =i+j+k a; =4i—-2j+k r; =—i+5j+2k a,=2i—-3j+k

we calculate the distance between the two lines by the following formula as

(o) ixa)l j@i-4-k-a-2-8k)| _ 18
ST laixal 1= 2] — 8K] RG

units.
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The Following Questions Are Obtained From LSSl il

Question 1: Find the distance between the lines
L, :intersection of the planes (x + 2y =3 and y + 2z = 3) and

L, :intersection of the planes (x + y+z=6and x — 2z = -5)
L, contains the points (1,1,1), (3,0,3/2), so it is parallel to the vector (3,0,3/2) — (1,1,1) = (2,—-1,1/2), so it is

parallel to the vector i, = (4,—2,1)

L, contains the points (—5,11,0),(—1,5,2), so it is parallel to the vector (—1,5,2) — (—5,11,0) = (4,—6,2), so it

is parallel to the vector i, = (2,—3,1)

Using the vectors 7; = (1,1,1),75 = (—1,5,2),1; = (4,—2,1) and 1, = (2,—3,1) we find the distance:

1 —7) - G xd)l 12 —-4-1)-(L,-2-8)] 18

d= S = =—
[ty x i, [(1,-2,-8)| V69
r=1+t x=2—4s
Question 2: LetL,:{y=—9+2t teER and L, ={y=-s SER
z=5—t z=1+s

a) Find an equation of the line L which is perpendicular to both L, and L, and passes through the point of

intersection of L, and L.

i j k
B=thxth=|1 2 —1=i@2-1—-j(1—4)+k(-1+8)=(137)
-4 -1 1
_ 1+t=2-4s s=-1 _
P=L,nl, o2t } . }==P—(6,1,0)
L:x=6+1t

y=1+3t telR
z=0+7t
b) Find the distance between the line L, and the plane containing the point P;(1,1,1) and the line L,

- i i k
iff(Vix PPg) = [-4 -1 1|=i(-1) —j(1) +k(=5) = (-1,~1,-5)
-1 1 0

MNote that

A-Vy=(-1-1,-5)-(1,2,-1)=—-1-2+45=2=%0
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61
sofitiy = LAP =L NP0

= distance is zero

[Or simply, as part (a) indicates, L, & L, interests at P(6,1,0). Hence distance is zera]

Quadric Surfaces

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: |dentify the surfaces represented by the equations in following questions and sketch their graphs.
a.2x+2y* +22° —4x +8y — 122427 =0

2x2 +2y* + 222 —4x + By — 1224+ 27 =0

1
2{x2—2x+1)+2{y2+4y+4)+2(z2—6z+9)=—27+2+8+18(x—l)2+{y+2)2+(z—3]2=E

This is a sphere with radius 1/v/2 and center (1, —2,3).

b.z =x%+2y?
z = x% + 2y? represents an elliptic paraboloid with vertex at the origin and axis along the positive z-axis. Cross

sections in planes z = k > 0 are ellipses with semi-axes VE and Jik/2.
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c—x*+y*+z2=4

—x2+y2+22=4 represents a hyperboloid of one sheet, with circular cross-sections in all planes

perpendicular to the x-axis.

dx?+4z2=4

x% + 422 = 4 represents an elliptic cylinder with axis along the y-axis.

7 I”# e
£ e,
" }}--‘-‘.’_ﬁl

‘J
17
l, 777

ey=z?

y = z? represents a parabolic cylinder with vertex line along the x-axis.
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7 R

s |i'|‘ A \‘ W5 "
AR
t“\\‘\\\\

A
R
R

f(z—1)2=(x—2)2+ (v — 3)2

(z —1)% = (x — 2)% + (v — 3)? represents a circular cone with axis along the line x = 2,y = 3, and vertex at
(23.1)

(z—1)=(x-2)+(p—3)?

Question 2: Describe and sketch the geometric objects represented by the systems of equations in following

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

guestions

+yi+zi=4
+y+z=1

X +y*+zi=4
+ty+z=1

¥+ z = 1, and has centre (1/3,1/3,1/3) and radius ./4 — (3/9) = ,/11/3.

represents the circle of intersection of a sphere and a plane. The circle lies in the plane x +
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o

L=

X2 +2y? +322=6 ¢
by _ 1 Py
- (2]

['r]

<

X2 +2y2+322=6 =
{ tatt is an ellipse in the plane =]
y=1 uc]
y = 1. Its projection onto the xz-plane is the ellipse x* + 3z% = 4. One quarter of the ellipse is shown in the E
-

o wl
figure. E
=

=

z ®

o™

n

[=]

b

]

I

]

n

2

=]
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@

o

2

=

=)

=

= = =

Section 3.1 Functions of Several Variables z

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Specify the domains of the following functions.
Lflxy)=

Xy
xE—y?

The domain consists of all points not on the lines x = +y.
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2. f(x,y) =/4x2 4+ 9y2 - 36

The domain consists of all points (x, ¥) lying on or outside the ellipse 4x + 9y? = 36
3. f(x,y)=sin"t (x+¥)

The domain consists of all pointsinthestrip—1<x+y < 1.

Question 2: Sketch the graphs of the following functions.

Lf(x,y)=sinx, 0<x<2m 0<y<1)

fr,y)=sinx,0<x<2mr0=sy<1

2f(xy) =y (-1sx=<1, —-1<sy=<1)

z=f(x,y)=y*
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3L f(xy)=4—x2—y2 (2+y2<4x=0,v=0)

Question 3: Sketch some of the level curves of the following functions.

L flx,y) =x"+2y*

fx,¥) = x% + 2y% = C, a family of similar ellipses centered at the origin.

/
'@
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2 fy) =557
flx,y) =iy

2
This is the family x2 + (y - é = % of circles passing through the origin and having centres on the y-axis. The

origin itself is, however, not on any of the level curves.
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Limits and Continuity

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, evaluate the indicated limit or explain why it does not exist.

1. i Jxi+y? lim JxZ+yZ=0
(xy)—+(0,0) y (x¥)={0.0) y
. x3(y—1)*
2 o To.n) o1
i JESIU x(y-1)* 2 2
oo O 0, because 0= T < x* andx® = 0as (x,y) = (0,1).

3 Sin(x-y)
" ()~ (0,0) €OS (x+¥)
sin(x—y) sin0
i —_ - =
(xy)+(0,0) cos (x +v) cos 0

4 lim
T ryi—(1,2) 4x7-y?

The fraction is not defined at points of the line ¥ = 2x and so cannot have a limit at (1,2). However, by

cancelling the common factor 2x — y, we get

i 2x2 —xy ) x
lim ———== lim
(xy)-(12) 4x% — y (xy)-+(12) 2x + ¥

_1
=7
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5 im I
“(xy)-(0,0) 26+

Er R S |
2xteyt | Zxtaxd 3

xy?
4

Ifx = 0andy # 0, then
2xt+yd

= 0. If x = y # 0, then

_tzyz
Therefore  lim does not exist.

(xy)=(0,0) 2x0+y*

xt—

Question 2: How can the function f(x,y) = x_: L (x =),

be defined along the line x = y so that the resulting function is continuous on the whole xy-plane?

3 3
For x # y, we have f(x,y):xx_i =xZ+xy+y?

The latter expression has the value 3x? at points of the line x = y. Therefore, if we extend the definition of
f(x,¥) so that f(x,x) = 3x2, then the resulting function will be equal to x? + xy + ¥? everywhere, and so
continuous everywhere.

Question 3: What condition must the nonnegative integers m, n, and p satisfy to guarantee that

lim  x™y™/(x? + y2)P exists? Prove your answer.
(xy)—+{0,0)

)[m+n)fz

) I Ky | {xz+},z _ _
since |x] < x2 + yZ and |y| < /x? + 2, we have oo S amgr— = (x2 + y?)pHimeni/z,

The expression on the right — 0 as (x,y) — (0,0), provided m + n > 2p. In this case

xmyrl
lim —m—m—=
y)=(00) (02 + y2)P

The Following Questions Are Obtained From LSS ot

Question 1: Consider the function f(x, ) = % if (x,v) # (0,0), £(0,0) = 0. Show that: PE. SPRING2005

a) f is continuous everywhere
Solution: We need to check only continuity at the point (0,0).

X3 _ xz Ly - |x|
s0, by the squeeze theorem, we have
3
lim X, = lim ——=0=f(0,0
(I,}')—P(D,O]f( y) (xy)—+(0,0) X2 + ¥2 f(0.0)

meaning that f is continuous at (0,0).
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b) f is not differentiable (0,0)

w3

[(hI)=[(00)-hL(O0)-k00) _ fk-n_ o g h
(h.k)=(0,0) VhZ+kZ (hk)=(0,0) VRZ+ET  (h, k]—o{O 0) VhI+kT

along the line k = h we have
" —h/2
im—=—
h=0 ﬁlhl
which does not exist. Hence, f is not differentiable at (0,0).

Question 2: Determine whether the following limits exist:

a) (x-1)(y-2) - . Xy
(xy)=(12) (=1 +(r=-2)*  (xy)=(0,0) X +¥*

(x=1)(y-2)

l ——————— does not exist
(x2,3)-(1,2) (x=1)*+(y-2)? X

along y = mx, [:m depends on m so

0 x*+m®x? 1+m?

5
b)  lim =X
(xy)—=(00) X" +y

PE. SPRING2006

xyS | 2
< = |xy3| S
2 2 2
xty | x + y Gas (xy)—(0,0)
so, by the squeeze theorem, we have
3l i xy®
= lim ——=
fxy) Too) ™ (xy)-00) x2 + y?
x-2y®
Questi = ifxxy
uestion 3: Let f(x,y) =1 x-» -
0 ifx=y
2) Compute £,(0,0) = 2 (0,0)
. [(t0)-7(0,0) .T. T _ _
E,;TJ_; {n‘r]l[ —{11;]11—1 Thus, f(0,0) =1
b) Is f,(x, ) continuous at (0,0) ?
. _zx(x=y)-(x?-2y?) _ x?+2y%-2xy
if x # y then f.(x,y) = yr— =5
Thus, along y = mx withm = 1
22 +2mixt —2xmx . 2(1+3m*-2m) 1+2m*-2m
flx,v)= hm = lim =
(xy)-ofo 0y (x — mx)? -0 21 -m)? (1—-m)?
The limit result depends on m so limit does NOT exist. Hence f,(x, V) is NOT continuous at (0,0)
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Section 3.3 Partial Derivatives
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The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find all the first partial derivatives of the function specified, and evaluate

them at the given point.

L g(x,y,2z)= (1 1.1)

1
YD) =7 D =75 a(LD =] Gy2) = oi 6(LL) = -5

y+z

xy 1
gs(x,y,z) = m-ga(lrl;l) =3

2z=tan"* (), (-1,1)

—tan-! (2 _ L (Lr)-__2_ __t (N =2
z =tan (x) dx 1+J'_§( xz) T xteyt dy 1+i’_:(x) T x4y
X
dz 1 9z 1
axli_y 28yl 2

3.w=In(1+e"%), (2,0,-1)

vz XYVZ xyz
n(1 4 evr) W _ YZET Ow _ xze” Ow _ xye

a 1+ e*¥* dy 1+e%%" gz 1492
A @0 -1 g M_ M
@Oy =0 gy="t gz =

Question 2: In following questions, calculate the first partial derivatives of the given functions at (0,0). You will

have to use limit Definition.

2x3-y3 s
1 f(x,y) = f=ray if (x, ) # (0,0)

0, if (x, %) = (0,0)

2h3-0 k3= 1

£(00) = lim == = 2 £2(0,0) = lim s = — 2

X’ -2yt
2y ={x=y + TXFY

0, ifx=y.
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h,0) — f(0,0 h—0 0,k)— f(0,0 2k
00 =iy OIS i1 f(00) = iy o0 i =2

Question 3: In following questions, find equations of the tangent plane and normal line to the graph of the given

function at the point with specified values of x and y.

1. f(x,¥) = e at (2,0)
flxy) =e™, fi(x,y) = ye?, fr(x,¥) = xe™ 20 =1, fA(20=0  fu(20) =2

Tangent plane to z = ™ at (2,0) has equation z = 1 + 2y.

Normal line:x = 2,y = 2 — 2z

2.f(xy) = 7z at (12)
(2 +y)(1) - x(@2x) Y2 -2 2y
filx,y) = TR = DL fxy) =- (xZ + y2)2

4
A2 =5, h(12) =g, (1) = o

The tangent planeatx = 1,y =2is

1 3 4
z=-+-(x-1) -5 (v—2)or3x—4y — 25z = —10.

. x-1_ y-2 _ 5z-1
Normal line:i= =32 = 22
3 =4 =125

3. f(x,y) =tan™? (y/x) at(1,-1)

R
fox.y) == y(J() e AQL-D=f£0,-1) =1,
The tangent planeis z = _Z + —(x -1D+= [y +1),orz= _Z+ (x +¥).

Normal line: 2(x — 1) = 2(y + 1) = —z — f‘i
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Question 4: Find all horizontal planes that are tangent to the surface with equation z = xye‘("z*yz]fz_ At what

points are they tangent?

zZ= xyg‘(*zﬂ"z).fz

g_i = ye- (242 )2 _ y2yp-(+37)/2 = (] — x2)e-(r*+y?)/2

é = x(1— y2)e~*+¥*)/2 (by symmetry)

The tangent planes are horizontal at points where both of these first partials are zero, that is, points satisfying
y(1—x=0and x(1—-yH) =0

These paints are (0,0), (1,1), (-1,-1),(1,-1) and (—1,1).

At (0,0) the tangent planeisz = 0.

At (1,1) and (—1,—1) the tangent planeis z = 1/e.

At (1,—1) and (—1,1) the tangent planeis z = —1/e.

Question 5: In following questions, show that the given function satisfies the given partial differential equation.

N 2 dw dw dw 2
L W=x +yz'xﬂx+y6y+zaz_ w

w—x2+yz. 2x —y Therefore, x—+y +z——2x2+yz+yz—2(x2+yz)—2w.

2.z = f(x? — y?), where f is any differentiable function of one variable,

YE+xT=0. z=f0F -y,
dz dz
52 = [ =y, i [ =y (=2y).

0z dz
Thusy—+x—= (2xy — 2x9)f"(x% —¥®) =
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2xy

Question 6: f(x,v) = {x’-w“ if (x.y) = (0.0)
0, if (x,¥) = (0,0)

Note that f is not continuous at (0,0). Therefore, its graph is not smooth there. Show, however, that f(0,0) and

12(0,0) both exist. Hence, the existence of partial derivatives does not imply that a function of several variables

is continuous. This is in contrast to the single-variable case.

_ 2xy _
fan =m0 352 if (x,y) = (0,0), f(0,0) =0
h,0) — f(0,0 . D=0 . 0,k) — f(0,0 o 0=0
mm:mrc )hf( )=A'5% 0 _ fz(m:mft )hf( )=L‘£‘E. =L

Thus £,(0,0) and £, (0,0) both exist even though f is not continuous at (0,0).

=y? .
Question 7: Let f(x,y) = {x*+»*’ fony) # [0'0}.
0, if (x,¥) = (0,0)

Calculate fi(x,¥) and f5(x, ¥) at all points (x, ¥) in the plane. Is f continuous at (0,0) ? Are f; and f; continuous
at (0,0) ?

IF (e, ) # (0,0), then £, (x,y) = e olooy)in _ esyi et

(xZ+y2)2 (xZ+pT)2

fGoy) = (% + ¥y (=3y%) — (2% —y3)2y ~ _y" +3x2y% 4+ 223y
2= @2 +y7)? R RE

Also, at (0,0),

E 3

h -
£(00) = lim—— =1, £,(0,0) = lim

- —z=-1

Neither f; nor f; has a limit at (0,0) (the limits along x = 0 and y = 0 are different in each case), so neither

function is continuous at (0,0). However, f is continuous at (0,0) because

e < e+ 2] < i+ 1y
M N A ’

which — 0 as (x,y) — (0,0)
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The Following Questions Are Obtained From LSSl il

Question 1: Let f(u) be a differentiable function with f(1) = 1, f'(1) = 2 and g(x,y) = xf (:—1)

0y = £ () +x (F)y-D5

1
(AN =fM)+1-f'(1)-1-(-2) 7=1+2(-2)=-3

Section 3.4 Higher-Order Derivatives

The Following Questions Are Obtained From Calculus - A Complete Course 7th ¢d - R Adams, C. Essex

Question 1: find all the second partial derivatives of the given function.

SNrET

3x
13x2 +v2(3) — 3 ——ons
() V3xZ+y? 3y?

dz 3x dz y %z

x 3xzryr 0y J3xttyl T2 37+ )7 TGy

%z 3xi+y 3x? %z %z 3xy

V3T -y =
J_

ENER 3x2 + 2 TG +yhee 7 Gxay dyox

Question 2: Show that the function is harmonic in the plane regions indicated.

flay) =

x1+y2 ———everywhere except at the origin.

xz+y2—2xz_ y2 — x2

Ky = S = ey
2xy
f(xy) = —m
fa(ny) = (% +y)3(=2x) — (% —x*)2(x* +y*)(2x) _ 2x° —6xy?
1ulny) = 2 +y9)* BT
fa(ny) = — (x? +y*)*(2x) — 2xy2(x* + y*)(2y) _ —2x* + b6xy?
22\ -

(xZ + y)* T T (xZ+y2)R

=
(3x2 +y2)z
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Evidently, fi1(x, ¥) + f22(x,¥) = 0for (x, ¥) # (0,0). Hence f is harmonic except at the origin.

2ep(x3-9)
Question 3: Let F(x,y) ={ x*%+¥? i (xy) # (0.0)
0 if (x,3) = (0,0)

Calculate Fy (x, ), Fo(x,y), Fi2(x, ¥), and Fa4(x, ¥) at points (x,¥) # (0,0). Also calculate these derivatives at

(0,0). Observe that F»1(0,0) = 2 and F;»(0,0) = —2. Does this result show that the partials Fy; and Fy4 are

continuous at (0,0).? Explain why.
2xy .
Letf(xy) = {757 0N F OO
0 if (x,¥) = (0,0)

For (x,¥) # (0,0), we have

(x%+yH2y — 2xy(2x)  2y(y* — x?) 2x(x* —y?)
G +y?)? CEERE RN =G

filyy) =

Let F(x,y) = (x? — y*)f(x,¥). Then we calculate

22 — ¢2)2

Fiey) = 26/0e) + 0~ YOG = 24/ ()~ =
2x(x? — v2)2

FiGey) = ~2/ ) + (8~ y)s(0) = ~20/(63) + i

20x® +9x*y? — 9x%y* — y5)
(x2 +y2)?

Fa(x,y) = = Fu(xy)

For the values at (0,0) we revert to the definition of derivative to calculate the partials:

F(h, 0) — F(0,0)

F1(0,0) = lim 7 =0=F(0,0)
R0,k - F(0,0) | —2k(k*)

F12(0,0) = lim - =lm— o=
. Fa(h,0)—F,(0,0) | 2h(h")

F21(0,0) = Jim R = b R

(by symmetry)

Thus, the partials F,, and F,, are not continuous at (0,0). (Observe, for instance, that F,(x, x) = 0, while

Fia(x,0)=2forx = 0.)
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W The Chain Rule

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: write appropriate versions of the Chain Rule for the indicated derivatives.
dw/dtifw = f(x,¥),x = g(r,s),y = h(r,t),r = k(s,t),and s = m(t)
If w = f(x,¥) where x = g(r,5),y = h(r, t),r = k(5,t) and s = m(t), then

d—l: = fi(x, )91 (1, $) (ky (s, ) (E) k5 (5, ) + g5 (1, $)m' ()] + £ (6, ¥)[ A, (r, £) (e, (s, )m ()

+ka(s,t)) + hy(r. t)]

Question 2: Use two methods to calculate dz/dt giventhatz = txy2, x =t +In(y +t2),and y = e'.
Ifz = txy?, wherex =t +In (v + t?) and y = ', then

Method I.

+ 2t
=xy? +ty? (1+i_’_':2)+2txy2

dz_az az(ax Bxay) azay
T ta\a Ty Ty

Method II.

z=t(t +In(e" +t?))e*

) + 2txy?

2z 2t 2r
=(t+In(e' +tH))e? +te (I+_‘+t T

+ 2t + 2t
)+2te“(t+ln{e +t2)) =xy* +ty (1+y

Question 3: In following questions, assume that f has continuous partial derivatives of all orders.

1. If f(x,¥) is harmonic, show thatf( > ) is also harmonic, that is, fi4(u, v) + fo2(u,v) = 0.

xI4yItxiqyl

S S u_ ¥ o __zy o By v _ yox*
letu = x1+y2'v - x2+y2'Then dx  (xZ4y2)Z dx  (xZ4y?)z dy  (xZ+y)2 ay  (x2+y2)2
We have

W) = i) et Lo 1) S J - ou ki
—fuv = filu,v +f2uv — Ef(u,v)_fl(u,v)§+fz(u,v)@
a2 B (Bu)z dudv *u fudv (6 v)z %v
ﬁf(u.li‘)—fu I +ﬁ2§ﬁ+ﬁﬁ+ﬁ1ﬁﬁ+ﬁz I +f26‘x_2
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e du v u dudv (ﬂv)2 v

d
ayzf(“ v) = fn(@) +f12§5+f1$+f21@5+f22 e +fzﬂy—2-
Noti mt(ﬂ“)z (ﬂu)z_ 1 _(ﬂv)z (av)z dudv Judv _
otingthat{g2) + dy) T (x2+y2)2 T \ax + ay xox aydy

32 du du v an? du dv
wehave—f(u v)+ zf(u.v} fia [(ﬂx) +(ay) ]+fzz [(ﬂx) +(5) ]+2f12 EE-‘_
3*u v Zu v 9*v
+h [ﬂx2+ ] MRE [ﬂx2+ay] h ﬂx2+ ] e 922 3y

because we are given that f is harmonic, that is, fi;(w, v) + foa(w, v) =0

du dv

351

ayay

a* @
Thus, =— f (u, v) +fi_y2f(u'v} =0 . f[:xz:—yz,m) is harmonic for (x,y) # (0,0)
2. Find = o 2,f"(:tx + 3y, xv) in terms of partial derivatives of the function f.
3 z

6‘
3% 3y f2x+3y,xy) = (3)’1 +xf;) = —[9;‘1_1 +3xfi, +3xf5, + X2£55)

a
= a(gfu +6xfiz + ¥ f2) = 18f111 + 9V fiaz + 6fiz + 12Xf101 + 62V fiz0 + 2 frz + 207 fo00 + X7V fomz

= 18f111 + (12x + 99)fi1z + (6xy + 2x2) fizo + 22V fas + 612 + 2x [
where all partials are evaluated at (2x + 3y, xy).

Question 4: (a) Show that F(x,y) = —F(y, x) for all (x,y).

(b) Show that Fy (x,y) = —F(y, x) and Fy5(x,y) = —F, (v, x) for (x, ¥) = (0,0).
(c) Show that Fy(0,y) = —2y for all y and, hence, that F;5(0,0) = —

(d) Deduce that F;(x,0) = 2Zx and F,,(0,0) = 2.

2xy(x2_yz} .
Faoy) =121y &) #00

0 if (x, ) = (0,0)

a) For (x,y) = (0,0),

2xy(x® — yz) _2xy(y? —x7)

Fex.y) = xZ +y? x2+y?

= —F(y,%)
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Since 0 = —0, this holds for (x,y) = (0,0) also.

b) For (x,3) # (0,0),

a |
Fi(x,y) = EF(x,y) = _EF(J" x) = —F(y,x)

[i} ad
Fia(x,y) = 5101(3}}’) = _EFZK)’: xX) = —Fn(y.x)

o) If (x,3) # (0,0),

then Fy(x,y) = 2v(-y7) + 2xy 2y

xZ4y2 dx xT+y2

Thus F;(0,¥) = -2y + 0 = -2y fory # 0.

This result holds for y = 0 also, since F; (0,0) = limy,_o(0 — 0)/h = 0.
d) By (b) and (c), F2(x,0) = —F;(0,x) = 2x, and F»,(0,0) = 2.

Question 5: (a) Use question 4 (b) to find Fy,(x, x) for x = 0.
(b) Is Fy5(x, ¥) continuous at (0,0)? Why?

a) Since Fyo(x,y) = —Fa1 (v, x) for (x, ) # (0,0), we have Fi,(x, x) = —Faq(x, x) for x = (.

However, all partial derivatives of the rational function F are continuous except possibly at the origin. Thus
Fia(x,x) = Fo4(x,x) for x # 0. Therefore, Fi5(x,x) = 0for x = (.
b) F;, cannot be continuous at (0,0) because its value there (which is —2 ) differs from the value of F,,(0,0)

(which is 2). Alternatively, F15(0,0) is not the limit of Fya(x, x) as x — 0.

The Following Questions Are Obtained From ELESIESCIE

Question 1: Given that the function z = f G,%) has continuous partial derivatives in the neighborhood of the

point (x,¥) = (1,—1) with
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A(EL-1D)=2=f(1-1), AQL-1)=-2=f(-1-1)
f1(-1,-1) =6 = fi5(1,-1), fiu(L-1)=8=f;(1,-1)
f12(1,-1) = =5 = f5,(-1,-1), f2(1,-1) = 1= fr:(-1,-1)

Find z,, = ;;—;atthe point (x,y) = (1,—1).

Solution: Let s = ;‘7 t= %then (x, ) = (1, —1) gives (s, t) = (—1,—1) and z = f(x/y, ¥/x) = f(s.t). Now,
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dz _ dzds 0Ozdt

AT 9x dsox  otox

- 1 y
=il = SR,

Similarly,

a7l ¥
2= glheo-Fheo]
1

_ -1 1 ds at ¥ as dt
= FhEO+ A5 03] - 0 - F 605+ a0 5]

1

-1 1 —x 1 v -X 1
= TGO +5[E 05+ 07| - mhe0 - S[faG0 T+ fa0g]

Putx =1,y = —1toget

25(1,-1) = —f1(-1,-1) = [~ fa1: (-1, =D + fiz(-1,-D] - o(-1, -1 + [-for (-1, -1) + f5(-1,-1)] =17

Linear Approximations

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, use suitable linearization to find approximate values for the given functions

at the points indicated.

Lfly) =

24
Xr+xy+y?

at (2.1,1.8)

—24(2x + ) _ —24(x+2y)
(x? +xy +yH)?’ RN = Gy e

filey) =
fR2)=2 22 =-1 f(22)=-1

F21,18) = f(2,2) + 0.1£,(22) - 02/(22) =2 -01+02 =21

2. f(x,y) = xe¥™ at (2.05,—-3.92)

flx,y) = xe¥*™* f2,-49=2 fi(x,y) = ¥ (1 + 2x%)

fiz,-4) =9 folx,y) = xe?** f2,-4)=2

£(2.05,—3.92) = f(2,—4) + 0.05/(2, —4) + 0.08£,(2,—4) = 2 + 0.45 + 0.16 = 2.61
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Question 2: write the differential of the given function and use it to estimate the value of the function at the

given point by starting with a known value at a nearby point.
- n 1 T 1
u=xsin(x+y) atx=-+— y=-——
We have du = (sin (x + y) + x cos (x + y))dx + xcos (x + y)dy.

ifx =y =m/2,dx = 1/20,and dy = 1/30, thenu = O and du = (0-3) () + (-3) (- ) = 0=

T 1 T 1 T
Therefore, atx = Tt Y =7 we have u = -0

2,3
x "

Question 3: By approximately what percentage will the value of w = increases by 2%, and z increases by

24

3%7?
2y aw  2xy? 2w aw  3x%y? 3w dw 4x2y3 4w
w= —_— = — —_— T — T — — = — .
z*  ox z* x dy z* y dz z° x
aw aw aw dw dx dy dz
dw = ——dx + ——dy +——dz —=2—+3——4—
dx dy dz w x by z
Since x increases by 1%, theni—lr = ﬁ. Similarly, d?y = %and d?z = 1iT:'.Thereh:nre
Aw dw 2+6-—12 4
w w100 100

and w decreases by about 4%.

The Following Questions Are Obtained From [ PASTEXAMS |

Question 1: Let z = f(x,¥) = /20 — x? — 7y2. Use Tangent Plane Approximation to approximate f(1.95,1.08).

Solution: We have PE. SPRING2005

—X -7y

K= ey PO Tyt
So fe(2,1) = =2/3 and f,(2,1) = —7/3. Therefore

£(1.95,1.08) = f(21) + £(2,1)(1.95 — 2) + £,(2,1)(1.08 — 1) = 3 + (—2/3)(=0.05) + (—7/3)(0.08)
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N 0.1-0.56
3

2
Question 2: Find sin ({!.{102 (g - 0.01) ) appraximately using the tangent plane (differential) approximation at

a suitable point. PE. SPRING2006

2
Hint: Consider the function f(x, ¥) = sin (x (E - y) )

Let f(x,y) = sin (x (=- y)z), Then sin (0.002 (z- 0.01)2) = £(0.002,0.01)

fi= {%— y)z cos (:c (%y)z) = f(0,0) = (;)2
-";' = —2x (% y} cos (x (%y)z) = fy(ﬂ,ﬂ) =0

=0

—— 2 2
£(0.002,0.01) = F(0,0) + £,(0,0)(0.002) + £,(0,0)(0.01) = 0+ (5) (0.002) +0 = (3) (0.002)

Section 3.7 Gradients and Directional Derivatives

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: find:

(a) the gradient of the given function at the point indicated,

(b) an equation of the plane tangent to the graph of the given function at the point whose x and y coordinates
are given, and

(c) an equation of the straight-line tangent, at the given point, to the level curve of the given function passing

through that point.
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flx,y) =e™at(2,0)
flx,v) =e™, Vf = ye™i+ xe™]j, Vf(2,0) = 2j. Tangent plane to z = f(x,y) at (2,0,1)
has equation 2y =z —1,0r2y —z = —1.

Tangent line to f(x,y) = 1 at (2,0) has equation y = (.
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Question 2: find an equation of the tangent plane to the level surface of the given function that passes through

the given point.

f(x,y,2z) =cos (x + 2y + 3z) at (E)T{, rr)

s 11m
f(?mn = cosT =0. Vf(x,y,2) = —sin (x + 2y + 32)(1 + 2j + 3k),

Vf (2 mm) = —sin 221+ 2) + 3K) =i + 2] + 3k

Tangent plane to f(x,y,z) =0 at Er M, n) has equation x —;+ 2(y —m) + 3(z — m) = 0, at the given point

in the specified direction.

Question 3: find the rate of change of the given function at the given point in the specified direction.
f(x,¥) = 3x — 4y at (0,2) in the direction of the vector —2i
fley) =3x—4y, VF(0.2) =Vf(xy) =3i-4j

Question 4: In what directions at the point (2,0) does the function f(x, ¥) = xy have rate of change —17 Are

there directions in which the rate is —3? How about —2?
fley)=xy, Vf(x,y) = yi+xj, Vf(2,0) = 2j

Let u = u,i + u,j be a unit vector. Thus u? + uZ = 1. We have —1 = D, f(2,0)u-Vf(2,0) = 2u,

if u, = —%, and therefore u; = -_t""?j. At (2,0), f has rate of change —1 in the directions + ?1 - %].
If =3 = Dyf (2,0) = 2uy, then u, = — % This is not possible for a unit vector u, so there is no direction at (2,0)

in which f changes at rate —3.

If =2 = D,f(2,0) = 2u,, then u; = —1 and uy = 0. At (2,0), f has rate of change —2 in the direction —j.
Question 5: In what directions at the point (a, b, ¢) does the function f(x,y,z) = x2 + y? — z? increase at half

of its maximal rate at that point?
fle,y,2) =x% +y% —2° Vf(a,b,c) = 2ai + 2bj — 2ck.

The maximum rate of change of f at (a, b, ¢) is in the direction of rate of change of f at (a,b,c) is in the

direction of Vf (a, b, ¢), and is equal to |Vf(a, b, ¢)|.
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Let u be a unit vector making an angle 8 with Vf(a, b, c). The rate of change of f at (a, b, c) in the direction of u

will be half of the maximum rate of change of f at that point provided
1
EW,F(:L b,c)] =u-Vf(a,b,c) = |Vf(a,b,c)|cos 8,

that is, if cos 8 = %, which means 8 = 60°. At (a, b, ), f increases at half its maximal rate in all directions
making 60° angles with the direction ai + bj — ck.
Question 6: Find Vf(a,b) for the differentiable function f(x, ) given the directional derivatives

D y4py,vzf (@ b) = 3VZ and Diyi_yjysf (@, b) = 5.

Let Vf(a, b) = ul + vj. Then

i
3VZ =Dy, szf(@b) = %’ (ui + vj) = %
3i—4 u— 4
5 = D apyef (@) = 222 (a4 vf) = 2220

Thus, u + v = 6 and 3u — 4v = 25. This system has solutionu = 7, v = —1. Thus, Vf(a,b) = 7i —j.
Question 7: Find an equation of the curve in the xy-plane that passes through the point (1,1) and intersects all

level curves of the function f(x,¥) = x* + ¥? at right angles.

Let the curve be y = g(x). At (x, ¥) this curve has normal V(g(x) —¥) = g'(x)i—|
A curve of the family x* + y? = C has normal V(x* + ¥?) = 4x%i + 2yj
These curves will intersect at right angles if their normals are perpendicular: Thus, we require that

g'x _ 1
o(x) Tz

0 =4x3g'(x) — 2y = 4x3g'(x) — 2g(x) or, equivalently,

Integration gives In |g(x)] = —‘;—z+ln ICl, or g(x) = Ce~(t/4x%)

Since the curve passes through (1,1), we must have 1 = g(1) = Ce™ V%, s0 C = /%,

The required curve is y = e (1/9-(1/4x%),
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Question 8: Find a vector tangent to the curve of intersection of the two cylinders x2 + y2 = 2 and y? + 22 =

2 at the point (1, —1,1).
At (1,—1,1) the surface x? + y? = 2 has normal
n; = V02 +y)|,-11) = 20 — 2]
and ¥? + z? = 2 has normal
ny = V(y* +2%)| g1 = —2j + 2k

A vector tangent to the curve of intersection of the two surfaces at (1, —1,1) must be perpendicular to both

these normals. Since
(i-Dx(-i+k=—(+j+k)

the vector i + j + K, or any scalar multiple of this vector, is tangent to the curve at the given point.

sin(xy)
. if(qy) = (0,0
Question 9: Let f(x,y) = {J/x¥+* if (x, ) # ( )-
0, if (x,v) = (0,0)
(a) Calculate V£(0,0).
(b) Use the definition of directional derivative to calculate D, f(0,0), where u = (i + j)/V2.

(c) Is f (x, y) differentiable at (0,0) ? Why?

a) £(0,0) = }H‘%? =0 = £,(0,0). Thus V£(0,0) = 0.

b) if u = (i +J)/VZ, then D, (0,0) = lim, :-f'“f,:_?’z] =2

¢) f cannot be differentiable at (0,0); if it were, then the directional derivative obtained in part (b) would have

been u - V£(0,0) = 0.
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The Following Questions Are Obtained From

Question 1: Show that for any tangent plane to the surface V¥ + /¥ + vz = v, (a > 0) the sum of x, ¥, and z

axis intercepts is constant.
( %, is called x intercept if the graph intersects x axis at the point (x,, 0,0).)
Solution: Let f(x,¥,2) = VX + [y + vz — V@ then the surface, S, is given by f (x,7,2) = 0.

Let the point Py(xg, Vg, Zg) € S be the point of tangency. Then

1 1. 1
Vf(x y,z)——ﬁ +ml+m

and hence

il = _V'f(xo-}’o-zo) =

1 1 1 -
T+ T+ ke
205 2Jve 24z,

is a normal vector to the tangent plane. Therefore, the equation of the tangent plane is obtained as

(z _zn}=0

1 1
m( Xo)+2‘f—(}’ 3’0)+2\fZ
Now,
x-intercept is obtained, for y = z = 0, as: (/% + /¥ + 4/20)y%0

y-intercept is obtained, forx =z = 0, as: (,!‘xn + /¥ + 2z Ve
z-intercept is obtained, forx = y = 0, as: (,.I'xn + /¥y + 4/ 25)/ 2y- Therefore, the sum of intercepts is:

(T + 3o+ V&)’ = (ay =a

which is a constant.

Question 2; Consider the function f(x, y) = ——if (x,¥) # (0,0, £(0,0) = 0. Show that;

x2+ z

a) all directional derivatives of [ exist at (0,0), using limit definition of directionsl derivative
Solution: Let i = al + bj with a® + b* = 1. Then

Di‘(‘((]‘[)) - JIEE f{ﬁh, bhi_f([).ﬂ) _ !‘j_[:% ﬂ3h3‘l[h2(a; + bZ)] —0 g
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which completes the proof.

b) find the set of all vectors ¥ for which the equation D3 f(0,0) = Vf(0,0) - ¥ is satisfied.

Solution: Let # = 1,7 4 v,J. Then, by (b) we have D f(0,0) = v3 and Vf(0,0) = 1.
Therefore, ﬁf((],(]) - # = vy. Now, the required condition is vy = v§ which givesus vy, = 0,1, = +1. For, vy =0
we have v; = +1 and for v; = +1 we have v, = 0. Thus, the directions are +7 and +J.

Question 3: Find a vector ¥ in the xy —plane such that h(x, ¥) = 2x? — 6xy + 3y? increases mast rapidly when
(x,¥) moves along ¥ starting at (1,1).

Maxg (Dsh(x,y)) = Maxg (Vh - ¥) = Maxg ([IVhllcos 8) =Il Vi | Max; (cos 8) =1 Vh |

Hence to get Maximum value of Dgh(x, ¥) (Whichis || Vh || ), we must take ¢ sothatcos 8 = 1ie, 8 =0i.e.,
Th

P=

(]

he=4x-6y - h(1,1)=-2 and h,=-6x+6y — h(1,1)=0

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, calculate the indicated derivative from the given equation(s). What condition
on the variables will guarantee the existence of a solution that has the indicated derivative? Assume that any

general functions F, G, and H have continuous first partial derivatives.
dx | 3o,
1. " ifxy*=y—z

dx 1-3xy? - o L 0x 32 = 1
FI ' =y—z: x = x(y,2) y8y+ xy* =
The given equation has a solution x = x(y, z) with this partial derivative near any point where y = 0.

a
2. ﬁifxzy2 +y222+ 222 + Pw? —aw =0
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—
2y +y222 + 222 + 2w —xw = (O: x=x(y,z,t,w)

dx _ x=z2%w
dw  2xyi-w’

dx dx
2 2w —W— —x =
2xy aw+2£w Wo—=—x 0
The given equation has a solution with this derivative wherever w = 2xy2.

dy . 22y —
3.dx|fF{x.y.x y3) =0

dy dy)
2 2y =0: y = F, + F,—+ F. — ] =
Flx,y,x yi) =00y = y(x) 1t 2 7 + 3(2:: 2y 0

dy F(xy x> —y?) + 2xF(x,y, x> — y?)

dx  2yFi(x,y,x2 — y?) — F(x,v,x% — y?)

The given equation has a solution with this derivative near any point where

F(x,y,x% —y*) = 2yF(x,y, 2% —y?)

4.(5) ifx2+y2+z2+wi=1,andx+2y+3z+4w=2
dyz

C+yi+zrwi=1 [x=XCy.z)

+2y+3z4+4w=2 w = w(y, z)
wZ iyt —ox2 PSP
xa'i‘ y+ W@— X 51’ + E— xw

dx dx 210 — 4y

(4-x—w)a—y+4y—2w_0 (E)Z—W

The given equations have a solution of the indicated form with this derivative near any point where w # 4x.

Extreme Values

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find and classify the critical points of the given functions.
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@ f(xy)=x*+2y* —dx +4y
filx, V) =2x—4=0ifx=2 Ll y)=4y+4=0ify=-1

Critical point is (2, —1). Since f(x,¥) = @ as x° + ¥? — oo, f has a local (and absolute) minimum value at that

critical point.
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(b) f(x,¥) = x* +y* —3xy
() =307 —y), fo(x,y) =307 —x)

For critical points: x% = y and ¥ = x. Thus x* — x = 0, thatis, x(x — 1)(x? +x+ 1) = 0. Thusx = 0 orx = 1.

The critical points are (0,0) and (1,1). We have

A=fulxy)=6x B=fuoxy)=-3 C(=f(xy)==56y

At (0,0):A=C=0,B =-3.Thus AC < B?, and (0,0) is a saddle point of f.
At (1,1):A=C = 6,B = —3,s0 AC > B Thus f has a local minimum value at (1,1).

(©) f(x,¥) = cos (x +¥)

flx,y)=cos(x+y), fi=—sin(x+y)=fo

All points on the lines x + v = nm ( n is an integer) are critical points. If n is even, f = 1 at such points; if n is
odd, f = —1 there. Since —1 < f(x,¥) < 1 at all points in R?, f must have local and absolute maximum values

at points x + v = nm with n even, and local and absolute minimum values at such points with n odd.
(d) f(x,y) = xsin y
For critical points we have

fi=siny=0 f;=xcos y=0

Since sin y and cos y cannot vanish at the same point, the only critical points correspond to x = 0 and sin y =

0. They are (0, nm), for all integers n. All are saddle points.

(e) f(x,y) = x2ye (*+?)

fi06y) = 2xy(1 — x?)e~ (%) £06y) = 21— 2yPe-(5+9)
A= fii(x,y) = 2y(1 — 5x2 + 2x*)e~(x*+y%) B = £ (y) = 22(1 — x2)(1 — 2y?)e-730)
C = fra(x,y) = 2x%y(2y? — 3)e~(x*+7)
For critical points: xy(1 —x*) =0 X2(1—2y?) =0

The critical points are (0,y) for all y, (+1,1/v/2), and (+1, —1/4/2).
Evidently, f(0,¥) = 0. Also f(x,¥) > 0ify > 0andx # 0, and f(x,¥) < 0ify <0andx # 0. Thus f hasa

local minimum at (0, y) if ¥ > 0, and a local maximum if y < 0. The origin is a saddle point.
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At (+1,1/v2):A = € = —2v/2e~%2,B = 0, and so AC > B2. Thus f has local maximum values at these two

points.

At (+1,-1/V2):A =€ = 2y2e73/%,B = 0, and so AC > B?. Thus f has local minimum values at these two

paints.

Since f(x,y) —= 0 asx? + ¥ — oo, the value f(+1,1/vZ) = e™3/2 /2 is the absolute maximum value for f,
and the value f(+1, —1/VZ) = —e~*/2 /2 is the absolute minimum value.

() f(xy) =xe™+*

fi(xy) = (1-3x¥)e+* fo(x,y) = 3xy?ex"+»*
A= fi100y) = 3x2(3x% — e~ B = fia(x,y) = —3y2(3x% — 1)e ™"+
€ = fo(x,¥) = 3xy(3y3 + 2)e '+

For critical points: 3x* = 1 and 3xy? = 0. The only critical point is (37*/%,0). At that point we have B =C =0
so the second derivative test is inconclusive.

However, note that f(x,¥) = f(x, O)eyz, and e’ has an inflection point at y = 0. Therefore f(x, ¥) has neither
a maximum nor a minimum value at (37/2,0), so has a saddle point there.

® fryz)=xy+x’z-x'-y-2*
Aly,z) =y+2x(z-1) fxyz) =x—-1 fax,y,2) = x* - 2z.
The only critical point is (11%) We have

1+2h+h?

5 +(1+2h+h)m

1 1
D=f(1+h,1+k,5+m)—f(1,1,5)=1+h+k+hk+

1 3 h%(2m — 1) + 2h(k + 2m) — 2m*
=—1—2h—h2—1—k———m—m2—(——)= ( )+ 2h( )
4 4 2
h%(1+ 2h
Ifm:handk:D,thenD=¥>Dforsmall |hl.

Ifh =k =0,then D = —m? < 0 form # 0. Thus f has a saddle point at (11%)
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Question 2: Find the maximum and minimum values of f(x,y) = xye = "
f:ltx-}’) = y(l _ 21.2)9—(,\:1+y4) le:xJ') =x(1- 4},4)9—[_‘:21-3..:;)

For critical points y(1 — 2x2) = 0 and x(1 — 4y*) = 0. The critical points are

11 11
. (t55) (457
We have £(0,0) = 0 f(\%\%):f(—%,—%):%g%;ﬂ
11 11 1

f(_ﬁ}v_ﬁ)zf(\_@’_ﬁ) =—3ze <

3/4 -3fa

Since f(x,¥) =0 as x? +y? - oo, the maximum and minimum values of f are %e' and —%e
respectively.

Question 3: The material used to make the bottom of a rectangular box is twice as expensive per unit area as
the material used to make the top or side walls. Find the dimensions of the box of given volume V for which the

cost of materials is minimum.

Let the length, width, and height of the box be x, ¥, and z, respectively. Then VV = xyz. If the top and side walls

cost $k per unit area, then the total cost of materials for the box is

4 v 2V
C =2kxy + kxy + 2kxz + Zkyz =k[3xy+2(x+y)E]=k[3xy+?+?

wherex > 0andy > 0.SinceC - oasx = 0+ory— 0+ orx? + y® — e, C must have a minimum value at

a critical point in the first quadrant. For CP:

O-BC—kS 2V O-BC—RS 2V
e
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Thus 3x2y = 2V = 3xy?, sothat x = y = (2V/3)Y3 and z = V/(2V/3)?/3 = (9V /4)/3
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Question 4: Find the three positive numbers a, b, and ¢, whose sum is 30 and for which the expression ab?c? is

maximum.
Giventhata > 0,b > 0,c > 0,and a + b + ¢ = 30, we want to maximize
P =ab?c® = (30 — b — c)b%c? = 30b%c® — b3c? — b2ct

Since P=0ifb=0orc=00rb+c=30(i.e, a = 0), the maximum value of P will occur at a critical point

(b, ¢) satisfyingb > 0,¢ > 0, and b + ¢ < 30. For CP:

ar
0= i 60bc* — 3b%¢® — 2be* = be? (60 — 3b — 2¢)

apP
0= Frie 90b%c? — 3b3c? — 4b*c® = b*c*(90 — 3b — 4c)

Hence 9b + 6¢ = 180 = 6b + Bc, from which we obtain 3b = 2¢ = 30. The three numbers are b = 10,¢ = 15,
anda =30-10—-15=5.

The Following Questions Are Obtained From

Question 1: Find and classify all the critical points of the function f(x,¥) = §x3 + xy? —x.

PE. SPRING2005

Solution: We first find the critical points:

fxy)=x2+y?—-1=0 (1)
flay) =2xy =0 (2

The equation in (2) givesus x =0 ory = 0. If x = 0, (1) implies that y = +1 and if y = 0, (1) implies that x =
+1. Therefore, we have P;(0,1), P5(0, —1), P;(1,0), Py(—1,0) as critical points.

fiiGay) = 2%, fio(x,¥) = for (2, ¥) = 2y, foa(x,¥) = 2x

fir fiz |2x 2}" 2 2
A= = = 4(x° —
for fz2 2y Ix ( ¥

and

A(P,) = —4 < 0 so P, is a SADDLE point,

A(Py) = —4 < 0 s0 P, is a SADDLE paint,

A(P;) =4 > 0and f;1(P;) = 2 > 0 so P; is a LOCAL MIN point,
A(Py) =4 > 0and f1;(Py) = —2 < 0 s0 Py is a LOCAL MAX point.
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Question 2: a) Find all critical points of f(x, ¥) = 2x* — 6xy + 3y~
fi=6x—6y=0 =y 5
= =0 =1
{fy=—6x+6y=0_’ x=y =sx=x =x or x
{: _ f:;: f — (0,0) & (1,1) are the critical points

b) Classify all critical points of f(x,v) = 2x* — 6xy + 3¥? as local maximum, local minimum or a saddle paint
using socond derivative test.

fer = 12x fry=6 foy =—6

at (0,0); fuefyy — 5 =-36<0 = (0,0) saddle paint

at (L), fexfyy — fiy = (12)(6) —(—6)* =72 —-36 >0 & fi (1,1) =12 > 050 (L,1) is a local minimum.

Extreme Values of Functions Defined on Restricted Domains

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Find the maximum and minimum values of f(x,¥) = xy — y? on the disk x? + y2 < 1.
fy)=xy—y*onD ={(x,y):x* +y* < 1}.

For critical points:

0=fitx,y)=v 0=fo(x,y) =x—2y.

The only CP is (0,0), which lies inside D. We have f(0,0) = 0.

The boundary of D is the circle x = cos t,y = sin t, = < t < m. On this circle we have
1
g(t) = f(cost,sint) = costsint —sin?t = E[sin 2t +cos2t—1), (—n=st=m.

g(0)=g2m) =0 g'(t) = cos 2t — sin 2¢.

The critical points of g satisfy cos 2t = sin 2t, thatis, tan 2t = 1,s0 2t = i%or 157", andt =+ %or i%. We

have
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m 1 1 1 1 >0 T 1 1 1 1
A AT o8-t e
(5;:)_111_11 (5;:)_111_1
BT V2 2 8/)72z 2 vz 2

' . . 11 11 .
Thus, the maximum and minimum values of f on the disk D are =73 and — =3 respectively.

Question 2: Find the maximum value of f(x,y) = xy — x3y? overthesquare 0 < x < 1,0 <y < 1.
fi=y—3x%y? = y(1 - 3x%), 2 = x = 2x%y = x(1 — 2x%y).

(0,0) is a critical point. Any other critical points must satisfy 3x2y = 1 and 2x2y = 1, thatis, %y = 0.
Therefore, (0,0) is the only critical point, and it is on the boundary of 5. We need therefore only consider the
values of f on the boundary of .

Onthesidesx =0andy =00of §, f(x,») = 0.

On the side x = 1 we have f(1,¥) = v — ¥? = g(3), (0 < ¥ < 1). g has maximum value%at its critical paint
1

y=3

Onthesidey=1wehave f(x, D =x—x*=h(x),(0<x <1).

h has critical paint given by 1 — 3x% = 0; only x = 1/v/3 is on the side of §.

1 2 1
hF)==>
On the square S, f(x, ¥) has minimum value 0 (on the sides x = 0 and ¥ = 0 and at the corner (1,1) of the

square), and maximum value 2/(3v3) at the paint (1/V3, 1). There is a smaller local maximum value at (1,1/2).

Question 3: Find the maximum and minimum values of f(x,y) = sin xcos y on the closed triangular region

bounded by the coordinate axes and the line x + y = 2m.

Since —1 < f(x,v) = sin xcos y < 1 everywhere, and since f(mr/2,0) = 1, f(3m/2,0) = —1, and both (r/2,0)
and (3m/2,0) belong to the triangle bounded by x = 0, y = 0 and x + ¥ = 2m, therefore the maximum and
minimum values of f over that triangle must be 1 and - 1 respectively.

Question 4: Find the maximum value of
f(x,¥) = sin xsin ysin (x + ¥)

over the triangle bounded by the coordinate axes and the linex +y = m.

f(x,y) =sin xsin ysin (x + y) on the triangle T shown in the figure. Evidently f(x, ¥) = 0 on the boundary of
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T, and f(x,v) > 0 at all points inside T'. Thus, the minimum value of f on T is zero, and the maximum value

must occur at an interior critical point. For critical points inside T we must have
0= fi(x,¥) = cos xsin ysin (x + y) + sin xsin ycos (x + ¥)
0= f,(x,¥) = sin xcos ysin (x + y) + sin xsin ycos (x + )
Therefore cos xsin ¥ = cosy sin x, which implies x = y for points inside T, and
cosxsinxsin 2x +sin?xcos2x =0
2sin?xcos?x +2sinxcos?x —sin®x =0 4cosx =1

Thus cos x = +1/2, and x = +m/3. The interior critical point is (/3,7/3), where f has the value 3v3/8. This

is the maximum value of fon T.

Question 5: The temperature at all points in the disk x* + % < 1 s given by
T=(x+ye "
Find the maximum and minimum temperatures at points of the disk.

T=(x+y)e*¥onD={(x,y):x>+y2<1}.

For critical points:

ar 3_o2 T 2oz
= —— — —Xt-y = —— — ey
0=5==(1-2x(x+y))e 0=g;=0-2y(x+y)e

The critical points are given by

2x(x +y) =1 =2y(x + ), which forces x = yand 4x> = 1, s0x =y = j_—%
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The two critical points are [:1,1) and (— l, —1),
2'2 2’ 2

both of which lie inside D. T takes the values +e~1/2 at these points.
On the boundary of D, x = cos t,y =sin t,0 <t < 2m, so that
T=(cos t+sint)e t=g(t), (0<t<2m)
We have g(0) = g(2m) = e™. For critical points of g :
1

0=g'(t) = (cos t —sin t)e”

sotan t = land t = n/4 or t = 5/4. Observe that g(/4) = VZe™!, and g(5n/4) = —Ze™!
Since e™/2 > \/Ze~! (because e > 2 ), the maximum and minimum values of T on the disk are +e~1/2, the

values at the interior critical points.

Question 6: Find the maximum and minimum values of xy? + yz? over the ball x* + y* + z% < 1.
Let f(x,y,2z) = xy® + yz* on the ball B:x? + y* + 27 < 1. First look for interior critical points:
0=fi=y2,0=f,=2xy+2% 0=f; =2yz
All points on the x-axis are CPs, and f = 0 at all such points.
Now consider the boundary sphere z2 =1 — x? — 2. On it
fay)=xy*+y(1-x* -y =xy* +y—x’y -3’ = g(xy)
where g is defined for x? 4+ y? < 1. Look for interior CPs of g :

0=yg,=y?—-2xy=y(y— 2x) 0=g,=2xy+1—x%-3y?

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

Casel:y =0.Theng =0and f = 0.

Casell: y = 2x.Then 4x? + 1 — x? — 12x% = 0, s0 9x% = 1 and x = +1/3. This case produces critical points
Géié) where f = ;;, and

1 2 2 4
(-3-3£3). wheref=—2

Now we must consider the boundary x? + y? = 1 of the domain of g. Here

g, y) =xy* =x(1—x*) =x—x* = h(x)
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for—1 <x < 1.Attheendpointsx =+1,h=0,s0g =0and f =0.ForCPsof h:
0=h(x)=1-3x*

sox=+1/\3andy = iJZ_B. The value of h at such points is +2/(3v3). However, 2/(3y3) < 4/9, so the
maximum value of f is 4/9, and the minimum value is —4/9.

Question 7: Maximize Q(x,¥) = 2x + 3y subject to the constraints x =2 0,y = 0,y < 5,x + 2y < 12, and
4x +y < 12,

To maximize Q(x,y) = 2Zx + 3y subjecttox =0, y =20, y <5 x + 2y £ 12, 4x + y < 12,

The constraint region is shown in the figure.

4xty=12

Observe that any point satisfying v < 5 and 4x + y < 12 automatically satisfies x + 2y < 12. Since y = 5 and

4x + y = 12 intersect at G, 5), the maximum value of Q(x, ¥) subject to the given constraints is

7 7 37
Q(— 5)=§+15=—.
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Lagrange Multipliers

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

uestion 1: Use the Method of Lagrange Multipliers to maximize x°y° subject to the constraint x + y = 8.
grang P y | ¥

First, we observe that f(x,¥) = x*y® must have a maximum value on the line x + y = 8 because if x - —oo
then y — o and if x = o then y — —oo. In either case f(x,y) = —oo.

Let L = x3y® + A(x + v — 8).For CPSof L :

aL
U=a=3x2}’5+2

aL
U=$=5x3y"+i

U_ai,
T aa

=x+y-—8
The first two equations give 3x%y® = 5x*y*, sothat eitherx = 0ory = 0 or 3y = 5x. If x = 0 or y = 0 then
f(x,¥) =0.f 3y = 5x, thenx + i—'x =8,508x = 24and x = 3. Theny = 5, and f(x,y) = 335° = 84,375.

This is the maximum value of f on the line.

Question 2: Find the distance from the origin to the plane x + 2y + 2z = 3,
(a) using a geometric argument (no calculus),
(b) by reducing the problem to an unconstrained problem in two variables, and

(c) using the method of Lagrange multipliers.

Let (X, Y, Z) be the point on the plane x + 2y + 2z = 3 closest to (0,0,0).

a) The vector V(x + 2y + 2z) =i + 2j + 2k is perpendicular to the plane, so must be parallel to the vector Xi +

Y] + ZKk from the origin to (X, Y, Z). Thus
Xi+Yj+Zk =t(i+ 2j + 2k)
forsome scalart. Thus X = t,Y = 2t,Z = 2t, and, since (X, Y, Z) lies on the plane,
3=X+2¥Y+2Z=t+4t+4 =9t

Thust = i, and we have X = %and Y=2Z= E The minimum distance from the origin to the plane is therefore

§J1+4+4= 1 unit.

b) (X, Y, Z) must minimize the square of the distance from the origin to (x, ¥, ) on the plane. Thus, it is a critical
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-
point of § = x? + y2 + z2. Since

x+2y+2z=3, wehavex =3 — 2(¥ + z), and
§=S(r2)=0C3-2(y+2))+y*+2*

The critical points of this function are given by

as
0=

E: —4(3-2(y+2))+2y=-12+ 10y + 8z

as
0=—=—4(3-2(y+2) +2z=-12+8y + 10z

ThereforeY =2 = éand X= %, and the distance is 1 unit as in part (a).

c) The point (X, Y, Z) must be a critical point of the Lagrange function
L=x*4+y2+22+Ax+2y+22z-3)

To find these critical points we have

_ﬂL_2 3
Sax okt

=

=

—EL—2 24

==
aL

0 =—=2z+24
dz

_BL_ 2 2 3
—E—X'f' v+ 2z

The first three equations yield y = z = —4,

x = —A/2. Substituting these into the fourth equation we get 1 = —;, so that the critical point is once again
122 . e .

(;,;);), whose distance from the origin is 1 unit.

Question 3: Use the Lagrange multiplier method to find the greatest and least distances from the point (2,1, —-2)
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to the sphere with equation x* + ¥ + z? = 1. (Of course, the answer could be obtained more easily using a
simple geometric argument.)

The distance D from (2,1, —2) to (x, y, z) is given by
DP=(x—-2*+(y—-1*+(z+2)>~

We can extremize D by extremizing D2. If (x, ¥, £) lies on the sphere x% + ¥ + z% = 1, we should look for

critical points of the Lagrange function
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L=(x-22+(—-12+(z+2?2+A(x2+y2 +22-1)

Thus
aL 2
U=E=2(X—2)+2’1x=ﬁx=m
aL 1
ﬂ:@:ﬁ!(}/—l)+2.ly = y=m
alL =2
ﬂ=5=2(z+2)+212 = Z=1+A

aL
0=ﬁ=x2+}'2+22_1

Substituting the solutions of the first three equations into the fourth, we obtain

1

—(4+1+4)=1

RET AR

(1+1)2=9

1+A=43
Thus, we must consider the two points P = ( : ) and Q = (—3 - E) for giving extreme values for D

p 373 =—3"33 giving .

At P,D = 2. At Q,D = 4. Thus, the greatest and least distances from (2,1, —2) to the sphere x2 + y2 + 22 = 1
are 4 units and 2 units respectively.
Question 4: Find a, b, and ¢ so that the volume V = 4mabc/3 of an ellipsoid:—i+ i_j +:—z = 1 passing through

the point (1,2,1) is as small as possible.

We want to minimize V = subject to the constramt— +4 + — = 1. Note that abc cannot be zero. Let

4mabc

L="2C4 (= +§2+c—z—1),

For critical points of L :

0 dL  4mbc 21 2nabc A 0 dL 4mac BA 2mabc 44
"% 3 @ ° 3 @& B3 B "3 B
_ aL _ 4mab 21 2mabce _ A 0= aL _ 1 4 1 1
“%-3 &% 3 "= e TrTe

abc = 0 implies 4 = 0, and so we must have :—z = % = .:iz = %,

soa=+v3b =423 andc = +/3.
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Question 5: Find the maximum and minimum values of f(x,y,z) = xyz on the sphere x? + y2 + z? = 12.

Let L = xyz 4+ A(x? + y? + 2% — 12). For CPs of L:

0:%:yz+2,lx )
aL

0=5;=xz+2ky (B)
aL

0=E=xy+2‘.lz ©

oL
— 2 24 .2 _
O=—==x*+y’+2°—12 (D)

Multiplying equations (A), (B), and (C) by x, ¥, and z, respectively, and subtracting in pairs, we conclude that

Ax? = Ay? = Az%, so that either A = D or x% = y* = 2%,

If A = 0, then (A) implies that yz = 0, so xyz = 0. 1f x% = y? = z?, then (D) gives 3x% = 12, s0x% = 4.

We obtain eight points (x, ¥, z) where each coordinate is either 2 or —2. At four of these points xyz = 8, which
is the maximum value of xyz on the sphere. At the other four xyz = —8, which is the minimum value.

Question 6: Find the maximum and minimum values of the function f(x,y, z) = x over the curve of intersection

of the plane z = x + y and the ellipsoid x? + 2y® + 2z% = 8.

The surface has no points where any coordinate is zero, and is not bounded, so it has no farthest point from the

origin. To find the closest point we look at critical peints of
L=x?+y?+22+Axy?z* —32, x#0,y = 0,z% 0

Thus, we calculate

aL 2x
0==&+lyizte—m=—1

0 oL 2 2Axyz* ! A
= mm—— = ——
ay v vz xz4

0 oL 2 42xy?z?

_E_ 2z + dAxycz® =
aL
a1

2xy2z? =

0=—=xy%z*-1.

The first three equations imply that

2x 1 1
yiz*  xz* 2xyize
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from which it follows that ¥ = 2x? and 22 = 2y? = 4x2. The constraint equation then gives x(2x2)(16x*) =

32, or, simply, x” = 1. This implies x = 1,s0y = +vZ and z = +2. The distance from the surface to the origin is

VIT2Z +4 =7 units.
Question 7: Find the maximum volume of a rectangular box with faces parallel to the coordinate planes if one

corner is at the origin and the diagonally opposite corner lies on the plane 4x + 2y +z = 2

We want to maximize VV = xyz subjecttodx + 2y + z = 2.

Let
L=xyz+A(4x+ 2y +z—-2)

For critical points of L,

aL
O=—==yz+4l & xyz+4ix =0

aL
0=5=xz+2;1='1‘}’2+23}’=0

aL
0=E=xy+1=xyz+lz=0
0_&[._4 2 2=10
_ﬁ_ xt+2y+z =u

The first three equations imply that z = 2y = 4x (since we cannot have A = Qif V is positive). The fourth
equation then implies that 12x = 2. Hence x = 1/6,y = 1/3,and z = 2/3.
The largest box has volume

1 2

1
V==x-x

1 . .
= — cubic units.
6 33 27

Question 8: Find the maximum and minimum values of xy + z* on the ball ¥ + y* + 2% < 1. Use Lagrange

multipliers to treat the boundary case.

fle,y,z2)=xy+z%on B = {(x,y,2): x% + y% + 2% < 1} For critical points of f,
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0=f1(x,y,z)=y, Ozﬁ(x,y,zjzx 0=f3(I,}',Z)=2Z

Thus, the only critical point is the interior point (0,0,0), where f has the value 0, evidently neither a maximum

nor a minimum. The maximum and minimum must therefore occur on the boundary of B, that is, on the sphere
¥+ yi+2z2 =1 Let

L=xy+z"+Ax*+y*+2"-1)
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For critical points of L,

0 oL 24 A
=oy -yt (A)
aL
I=—= 24 B
3y X+ 22y (B)
U—EL—E(I A) C
T az z(1+ ©

aL
= — = 52 2, 2
0_61 *+y +z--1. (D)

From (C) eitherz =0 ord = —1.

CASE I.z = 0. (A) and (B) imply that ¥2 = x2 and (D) then implies that x2 = y2 = 1/2. At the four points
1 1 1 1

(7270) ad (-5525:0)

f takes the values % and — %

CASEIl. A = —1. (A) and (B) imply that x = ¥ = 0, and so by (D), z = +1. f has the value 1 at the points

(0,0, £1).

Thus the maximum and minimum values of f on B are 1 and —1/2 respectively.

The Following Questions Are Obtained From ELESli Sl

Question 1: Use the Method of Lagrange Multipliers to find the least and greatest distance between the origin
and the ellipse 17x2 + 12xy + 8y% — 100 = 0.

Solution: Let the point be (x, ¥) then the distance is d = /x2 + yZ. Now, we define

L(x,y, ) =x%+y%2+A(17x% + 12xy + 8y% — 100)
ad

E =2x+A(B4x+12y) =0 (1)

aL

@ =2y +A(12x + 16¥) =0 (2)

aL

7 =17x% + 12xy + 8y2 — 100 = 0 3
From the equations (1) and (2) we write 1 = ﬁ and A = #ygy , respectively.

Equating them and performing cross multiplication we get

2x2 —3xy— 292 =0 (4)
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Multiplying, (4) by 4, and adding with (3) we obtain, 25x2 — 100 = 0 or x = 12.

For x = 2,(4) becomes 8 — 6y — 2y? = 0 which has the roots ¥y = 1 and y = —4.
For x = —2, (4) becomes 8 + 6y — 2¥? = 0 which has the roots ¥ = —1 and y = 4. Therefore, we have
Pi(21),P2(2,—4), P3(—2, -1), Py (—=2,4).

Therefore, the least distance is V5 and the greatest distance is 24/5.

Question 2: Find the set of all points on the ellipsoid x? + 2y? + 422 — 12 = 0 at which the tangent plane to the

ellipsoid is parallel to the plane y + z = 120.
Let F(x,y,2z) = x% + 2y% + 422 — 12. Then VF(x, y, 2) is normal to the level surface F = 0 at (x,y, z). We want

VF to be parallel to f = (0,1,1).

VF = (2x,4y,82) = 4(0,1,1)

2x=0
=4y=Aix=0andy =2z
8z=21
0% +2(22)  + 422 =12 822 + 422 =12 z22=1 z=Fl=y=F2

Points are (0,2,1) and (0,-2,-1)

Question 3: Using Lagrange Multipliers Methad, find a point of the surface xyz? = 2 that is closest to the origin.

PE. SPRING2006

Distance of a point (x, ¥, z) to the origin is d(x, y,z) = /x2 + ¥2 + 22 and this is minimum if and enly if x? +
¥2 + 22 is minimum. Thus, we need to find

minimum value of f(x, ¥, 2) = x% + ¥2 + 2% subject to g(x,v,2) = xyzZ —2=10
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setVf = AVg
fe=2x = Ayz* = Ag, (1
fy =2y =2Axz* =g, (2)
f: =2z =A2xyz = Ag, (3)
xyz?=2 (4)

Then dividing the (1) by (2), we havei = %that isx2=y2 5 x=y (sincex = —y contradicts 4" equation)
Then dividing the (2) by (3), we havef = %that isz? = 2y2.

Thus, z2 = 2y? = 2x2

Plug 22 = 2y? = 2x? in the equation (4). Thenwe have xyz? =2 — (x)(x)(2x) =2 - x* =1 - x=+F1
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sincex=F1 = y=F1 - z=F2

Hence peints on xyz? = 2 that we need to check are

(11V2) - d=2 (-1.-1V2) - d=2

(11,—2) - d=2 (-1.-1,-V2) - d=2

These points of the surface xyz2 = 2 are the closest ones to the origin.

Double Integrals

The Following Questions Are Obtained From 'E

(=]

L=

Question 1: evaluate the following given double integral by inspection. E
(2]

1. [[,dA, whereRistherectangle —1<x<3,-4<y<1 8
Jf,dA =areaof R = 4 x 5 = 20. é
=

y 4l &

-

wl

-1 3 =

=

x =

®

(2]

R S

&

|

B

-

n

- 2

(=]

=

2. IIT{x + y)dA, where T is the parallelogram having the points (2,2), (1, —1), (=2, —-2), and (—1,1) as vertices §
-]

=

T is symmetric about the line x + y = 0. Therefore, [[,.(x + y)dA = 0. ’§
=

=)

. =

! (2,2) =

=

=
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3. J’j’xzwzﬂz,,."az —xZ —yZdA

. . 1[4 2
= volume of hemisphere shown in the figure = ;(;ﬂ:a’) = ;rm?

8. Jf oy ooe (a = FTF 7P dA

" . 1
volume of cone shown in the figure = ;rm?.

Section 5.2 Iteration of Double Integrals in Cartesian Coordinates

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

UG

Question 1: calculate the given following iterated integrals.

2 y=x

[ 2 vy o s 5[, 5
a)fodxj'u(xy+y)dy=f dx|5-+7 f a‘,xf {xy+y)dy=gj Xdx =7
a 1] a a

y=0
n y=x

n x
b) [ |, cosydydx =f f cos ydydx = J- sin y
[i] -x 1]

oo
dx =2f sin xdx = —2cos x|T =4
i}

y==x

MAKINA MUH, BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETISIM : 0539 499 0 117

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM




Question 2: evaluate the following double integrals by iteration.

a) f_fR (x% + y?)dA, where Risthe rectangle 0 < x <@, 0<y < b

a b a }’3 y=b a 1
J'j (x2+y2)dA=J' de- (x% + ydy =f dx(x2y+—) =j (bx2+—b3)dx
R 0 o o 3 y=0 a 3
1 S |
== (bx* + b*x)| ==(a®b+ ab?)
3 0 3
¥y
b
R
X a x

b) [[ ;(sin x + cos y)dA, where S isthe square 0 < x < m/2,0 <y < m/2

y=m/2

2 /2 )z
jj (sin x + cos y)dA = f dxf (sin x + cos y)dy = f dx(ysin x + sin ¥)
5 [ 0 ] y=0

= fﬂjz (%sin x+ 1) dx = (—%ms x+x)|:f2 =%+%= .
o

=

=

(ST

€) ﬂﬂxyzdtl, where R is the finite region in the first quadrant bounded by the curves y = x% and x = y*
y:f‘.\_: 1

1 VT 1 1 1,5 12 7 8\
xyidA = f xa‘x] yidy = f xdx (—y3) = —I (IE— x") dx = —(—xf ——)
IJ; a xZ (1] 3 3 ] 3\7 8 o

y=x?
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102 1y 3
_§(7_§)‘%‘

d) j]'D Inx dA, where D is the finite region in the first guadrant bounded by the line 2x 4+ 2y = 5 and the

hyperbola xy = 1

For intersection: xy = 1,2x + 2y = 5.

Thus 2x* — 5x + 2 = 0, or (2x — 1)(x — 2) = 0. The intersections are at x = 1/2 and x = 2. We have

2 (5/2)-x 2 5 1 2 5 1 2
ﬂnlnxd;lzj lnxdxf dy = lnx(——x——)dxzj lnx(——:ur)alf):——(ln:rr)2
1/2 1/x 1/2 2 x 1/2 2 2 1/2

U=1 dV—(S )d a=y_2 X

=lnxdV =|5-x)dx =—V=sx-—

_1122(11)Z 5. X Zr(s x)d—SZlZ(S 1)]115

=—3(n 2" ={In3 +2x2“1%22x_[ Jnz-lz-g/hz-7
2

33, %

“3 " 16

15

16
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)l . ie-’”dA, where Ristheregion0 < x < 1,x*<y<x

X, 1e¥ V¥ 1t y
—-e dA:j —d f m’x:—j 1—y)erd
ﬂ;y o ¥ yy 20( ye'dy

U=1—-ydV =e¥dy dlJ = —dyV = e¥

1 ﬂfiw—ll .
_E( 3’)6’|n+°6’ y|= §+§(e )—5 .

¥

(L,1)

Question 3: sketch the domain of the following integrations and evaluate the given following iterated integrals.

a J'nl dyf; e~ dx

1 1 1 x 1
I dyJ. e dy = f e~ dx (R as shown) = I e"‘zdxf dy = f xe ¥ dx Letu = x?
0 ¥ R 0 ] 0

(1,1}
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b. [y dxf ) 2 2 dy(a>0)

x xZ4yz

oY adx
a' A=0 -ff dA R as shown =f d j —_—
f j y (4> 0) (Rasshown) = | ydy |
t 1 o wt erij b1
i -1 A-1
fny 'y 0 MY A e A VY 71

(1)

Question 4: Find the volumes of the following indicated solids.

a.Underz = 1 —x? and above theregion0 s x < 1,0<y < x

1 3
= — CU. units.

1 x 1 1 1
- — 2 - — oy -
V—J; dxfu (1—x3)dy J; (1 — x¥)xdx 51" 1

b.Underz =1 —x? — y? and above theregionx = 0,y =0, x +y <1

1 1-x 1 y3
— D - IO A
V—J; dxj; (1—x%—y3dy J; ((1 x9)y S)FQ

_1(1 Ha A7) g o [ (o s 2222, L i
_J; —x* ) (1-2x)— 3 x_fo 3— + 3 x 3—3+3—3(_‘u.umts.

¢. Under the surface z = 1/(x + ¥) and above the region in the xy-plane bounded by x = 1,x = 2,y = 0, and

y=1=-x
dx

y=x
2

2 x 1 2 _ 2
v =f dxj —dy =I de(In(x+y)P5) =] (In2x—Inx)dx=In 2] dx = In 2 cu. units.
o XtV 1 1

y=0
1

d. Above the xy-plane and under the surface z = 1 — x% — 2y?

. ||{1—2x2)
Vol = Ij (1—x%—2y%)dA = 4-[ dxf (1—x%—=2y%)dy
E o a
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171 2(1-—x2)3/2 42
=4[ (—(1—x2)3f2———( ) )dx=—rf (1—-x?)*2dx Letx =sin @
0 W2 3 242 3
42 2 44/Z /2 (1 + cos 262 2 [/ 1+ cos 46
=£I cos* 8d8=£f (—) d8=£J- (l+2cos 26 +—)d9
3 ), 3 ) 2 34 2
VZ[3e 1 x
= —[—+ sin 26 + =sin 48] = =——(lL. units.
312 8 o 232

x242y8=1

e. Inside the two cylinders x* + y? = a® and y* + z% = a® Vol = 8 X part in the first octant

a Vai-x2 a %3 a
= 8[ dxf 1,‘&2—x2dy=ﬂf (a? — x¥)dx =8(a2x—?)
[i] (1]

o

—]6a3cu nits
= 3 - units.
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Double Integrals in Polar Coordinates

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

uestion 1: evaluate the given following double integrals over the disk D given by x + y? < a2, where a > 0.
B g E g Y ¥y

2 a at mat
1-J’ID(x2+y2)dA=f daf r2rdr = oo = T
0 0 4 2
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dA dr
2.0f ——j‘z”dsj”—z 2ma

&
3. _[fDdeA = %; by symmetry the value of this integral is half of that in question 1.

Question 2: evaluate the given following double integrals over the quarter-disk  givenbyx = 0,y = 0, and

1%+ v? < a?, wherea > 0.

ﬁ3
ﬂ ydA = j dﬂj rsmardr—(—mss)r‘” ==

3
2 2 /2 T s Tl .
2-HQ8" ¥ dA =j dﬂj e” rdr:i(ie")
[i] [i]

uestion 3: Evaluate x + y)dA, where S is the region in the first quadrant lying inside the disk x* + ¥* < a2
Question 3: B y g q ying ¥

@ _H(Eﬂz —1)
0_ 4

and under the line y = +/3x.

/3 a 3 a
ﬂ (x +v)dd = f dﬁf (rcos 6 + rsin 8)rdr = J (cos @ + sin H)dsf ridr
5 1] i} i} 1]

a® 3oy3 o1 a*  (V3+1)a?
=?(sm 8 — cos 6)0 [(T_ )—( 1)} —
'v‘l t
‘l=v"€\
.1':+_1.'::a:
5
x/3
a X
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Question 4: Evaluate [[ . (x* + y*)dA, where T is the triangle with vertices (0,0), (1,0), and (1,1).

r secd 1 z 1 z
ﬂ (¥ + y?)dA = f“ dsf ridr = —f" sect 66 = —J-" (1 + tan? 8) sec? 6d6
T (1] 1] 4 o 4 (1]
b
3

Let tan @ 1fl+ 3d ! +163
et u = tan =— iU =—=|u+—
40( ) -+ 3

[i]
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(1,1)

y=x x=1
: r=sectl

x/4

Question 5: For what values of k, and to what value, does the integral [[ converge?

dA
xhay?el (p2pyTk

If D is the disk x? + y2 < 1, then

dA 2m 1 1
ﬂ- —_— j dSJ. r 2 krdr = 21rf ri=2kgr
p (2 +y2) 0 0 0

which converges if 1 — 2k > —1, that s, if k < 1. In this case the value of the integral is

- 1
rZ zk

T =2k

T

z 1-k

1]

Question 6: Evaluate [f ,xydA, where D is the plane region satisfying x > 0,0 < ¥ < x, and x? + y* < a®.

4 a 1 4 a 4 20
J'j xydA = f dﬁf rcos frsin Brdr = —f sin stﬁf ridr = a_(_ w8 )
] i} i} 2 1] i} 8 2

T4
a4—

T 16

o
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Question 7: Find the volume lying between the paraboloids z = x? + y?and 3z = 4 — x? — y2.

The paraboloids z = x? 4+ ¥? and 3z = 4 — x? — ¥? intersect where 3(x? + ¥%) = 4 — (x? + ¥?), i.e., on the

cylinder x2 + y? = 1. The volume they bound is given by

I e R e T
_B_rr(ﬁ_ﬁ)i
T3\ 4 o

Question 8: Find the volume lying inside both the sphere x? + ¥2 + z% = 2a? and the cylinder x2 + y? = a2.

2m it
= — cu. units.
3

The volume inside the sphere x? + y? + 2% = 2a” and the cylinder x? + y* = a®is

za* 4ma®
V= SJ' dBJ' J2a? —r2rdr letu=2a% —1r2 = erf ulldy =

Question 9: Find the volume of the region lying inside all three of the circular cylinders x% + y2 = @, x? + z% =
a?, and y? + z? = a?. Hint: Make a good sketch of the first octant part of the region and use symmetry

whenever possible.

One eighth of the required volume lies in the first octant. This eighth is divided into two equal parts by the plane

x = y. One of these parts lies above the circular sector D in the xy-plane specified in polar coordinate by 0 <
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r<a0<6<mn/4, and beneath the cylinder z = +aZ — x2. Thus, the total volume lying inside all three

cylinders is

e a
V= lﬁﬂ Va? —x3dA = 16f a'ﬁf Va? —ricos? Ordr letu = a® —rZcos? @
D 1] 1]

™ ode % 2 16a* [™/*1—sin® @ 16a® ™4 1-cos® @
f — uldu = -~ = sec” f — ————
o €087 8 g0 9 3 J cos® @ 3k cos? @

sin 3) de
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16a? ( 1 16a® 1 1
= tan 6 — — cos 6) = (1—0—\;’7+1——+1)=16(1——)a3cu.units.
3 cos 8 o 3 VZ vz
I 1'2"'.1']:!13
R
-,
The Following Questions Are Obtained From ELEIES I
t 1
Question 1: a) Evaluate f [, sin(x®) dx dy

(i}

1

1
x 1
= x2 = — =
Ij sin(x?) dA = J’ f sin(x?) dy dx = Iysin{xz)lgdx = f xsin(x?) dx = [u =X x=0->u=0
R o o 1] o

du=2xdx x=1—-u=1

1

1 1 1 1

-_—— i - —— 1—-__ —_ - — —

= 2J'smu du 5 Cos ul 2(:051 cos0) 2(1 cos1)
1]
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1 3
b) After drawing the region for the integral, express f j':rgf(x. y)dxdy + f j}l;xf(x,y) dx dy as one
o 1 2

double integral.

x=Jl—-y= x*=1-y =2y=1-x* x=y; = y=2x+1
1
2x+1
[[ rewy axay+ ﬂ f(x,y)dxdy=f [ f(xy)dydx
Ry Rz 5 1-x*

uestion 2; Let R be the finite region, bounded by the line y = x and the curve ¥ = x2. Find the volume of the
g ¥ y y

solid over R bounded from below by the xy —plane and the graph of f(x,y) = xy.

1 px 1t x
V= ff fx,y)dA = f f xydydx = —j xy?
R [1] x2 2 [1]

2

1
dx = —j x(x? — xH)dx
o
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Question 3: Evaluate the double integral J]'R %e ¥ dA where R is the region on the xy — plane bounded by the

curves y = 24X, ¥ = Vx,xy = Lxy = 3.

|B(x,y)| _ 1 _ 1 _ 1 _L_i
[a(u, )| — |6{u,v) - |“x w1 Vx 3Jx 3u
el s IS
¥ x
[ rex-vaayax = | rexcuy v 1252 v = [ ' | *we v = [ TN
R R a(u, v) 1/2 /1 3u 1/2 3 1

14 4 1
= f se 'du==(—e™)
1 3

_4 -1/2 _ -1
b —§(9 e™)

1/2

Section 5.4 Triple Integrals

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, evaluate the triple integrals over the indicated region. Be alert for
simplifications and auspicious orders of iteration.

L [[f;xyzdV, overthe box B givenby 0 s ¥ <1, -2<y<01<z<4

J'ﬂ- xyzdV ledxjnydy‘r dz 1( 4)(16_1) 15

Zi = Z == —] = —

B [i} -2 i 2 2 2 2
¥

2. [[] , xdV, over the tetrahedron bounded by the coordinate planes and the plane f—l+ = +§ =1

o= e[ o[P[0 e
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a x\2 b2 x2 be X2
=cfn x[b(l—z) —5(1—3)]dx=? i (1—5) xdx letu =1— (x/a)
a’be [ 201 p _azbc
== J;u[ —u)du = >3

3. f[f , (xy + 2%)dV, over the set 0 < z < 1 — [x| — |y|
ThesetR:0 < z < 1 — |x| — |v| is a pyramid, one quarter of which lies in the first octant and is bounded by the
coordinate planes and the plane x + v + z = 1. (See the figure.) By symmetry, the integral of xy over R is 0.

Therefore,

1 1~z 1=-z=y 1 1-2
ﬂ. (xy +z2)dV = ﬂ’f z2dV = 4] zzdzf dyf dx = 4] zzdzj (1-z—-y)dy
R R 0 o o o 0

L 1 ! 1
==1-f ZZ[(l—z)z——(l—z}Z]dz=2f (22 —22° + z)dz = —
; 2 . 15
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4. [[J sin (my*)dV, over the pyramid with vertices (0,0,0), (0,1,0),(1,1,0), (1,1,1), and (0,1,1)

1 y y 1 cos (mrv?
J:U sin (my*)dV =f sin (rry3)dyJ' dzJ- dx =J' y2sin (my*)dy = —ﬂ
R 0 0 0 0 3n

tog
T3

o
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(0,1,1)

(1,1,0)

5. JIf ,ydV, over that part of the cube 0 < x,y,z < 1 lying above the plane y + z = 1 and below the plane x +

y+z=2

1 1 2=y-z 1 1 1 zZ
ij ydV = f ydyj dz] dx = f vy (2—y—2z)dz = f ydy([z —¥)z ——)
R o 1=y [i} 0 1=y 0 2

1 1 1 5
- L y(EZ -y -50-0 —y)z)) dy=fn 5 (@y* —yHdy =52

=1

z=1-y

Question 2: Find the volume of the region lying inside the cylinder x2 + 4y? = 4, above the xy-plane, and
below the planez = 2 + x.

Let E be the elliptic disk bounded by x? + 4y? = 4. Then E has area m(2)(1) = 2r square units.

The volume of the region of 3 -space lying above E and beneath the planez = 2 + x is

V= _UE (2+ x)dA = 2.U£ dA = 4 cu. units, since ﬂEdi = 0 by symmetry.

Question 3: Find [ff, xdV, where T is the tetrahedron bounded by the planes x = 1,y = 1,z = 1,andx + y +
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z=2.

1 1 1 1 1 1 (x_1)2 1
J]]xa‘l’:J' xde' dy dz=f xde' (x+y—1dy =f X |—+ ——]dx
T [i] 1-x 2—-x-y [i] 1-x [i] 2 2

1y3 1
= —_—y = -
J:, 2 8
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0,1,1
101y _(0.1.1)

(1,1,0)

Change of Variables in Triple Integrals

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find the volumes of the indicated regions.

1. Above the surface z = (x2 + y2)¥/* and inside the sphere x2 + y2 + 22 = 2
The surface z = /T intersects the sphere 2 + z% = 2 where r? + r — 2 = (. This equation has positive root

r = 1. The required volume is

2T 1 Vz=r? T 1 1 A
V:f dﬁf rdrf dz:f dﬁf (1.1"2—r2—v’F)rdT=2ar(I r 2—r2dr——)
(i] VT [} o [i} 5

dn _4Im 22

? 3 ﬁ Cu. units.

2 4 2
letu=2—12 =1rf umdu—?“du:—2rdr=?”(2ﬁ—1)—
1

el 4
re4zi=2
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2. Between the paraboloids z = 10 —x? — y?andz = 2(x2 + ¥y — 1)

The paraboloids z = 10 — r? and z = 2(r? — 1) intersect where r? = 4, that is, where r = 2. The volume lying

between these surfaces is

2m 2 2
V= j dﬁ‘j [10 — 7% = 2(r? — D]rdr = ZHJ' (12r — 3r¥)dr = 24 cu. units.
a (i} [i]

3. Inside the paraboloid z = x? + y? and inside the sphere x2 + y2 + 22 = 12

The paraboloid z = r2 intersects the sphere r? + z% = 12 where r* 4+ r? — 12 = 0, that is, where r = V3. The

required volume is

2
V= f dﬁj J1iz—r2 -2 rdr—2rrf r\212—rd—— letu =12 —r?

12

9 2 9 45
= nj wifZdu - — du = —2rdr == (12%2 - 27) - — = 16V31 - — cu. units.
9
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4. Above the xy-plane, under the paraboloid z = 1 — x — ¥?, and in the wedge —x < y < V3x

The required volume V lies above z = 0, below z = 1 — r?, and between 8 = —n/4 and 8 = /3. Thus

- mda 1(1 typgr = E(L_1) _7n ,
—‘[n‘” J‘; -r rr—12(2—4)—48cu.umts.

Question 2: Evaluate [[f  (x? + y? + z2)dV, where Risthe cylinder 0 < x? + y2 < a?,0<z < h.

2 a h @ 1
J:“ (x2 +y2 +22)dV =j dSJ- rer- (ri+z%)dz = 21(] (r3h + —rh3) dr
R 1] o o o 3

(a*h a2h3) ma*h mwa*h?
=2m

—_—

T 76 T2 T3

Question 3: Find [Jf,(x? + y* + z%)dV, where B is the ball of x? + y2 + 2% < a%

4ma®

2m T a
ﬂ. (x? +y2 +29)dV = J dﬂf sing dqu R*dR =
B o o (i} 5
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Question 4: Find [[[ ,xdV and [[f ,zdV, over that part of the hemisphere 0 < z < \/a? — x? — yZ that lies in
the first octant.

By symmetry, both integrals have the same value:

4

mﬂ xdV = m; 2dV = J:m dSJ;MZ cos ¢sin ¢d¢f R*dR =§G)§ "11
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Vector Functions of One Variable

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find the velocity, speed, and acceleration at time t of the particle whose

position is r(t). Describe the path of the particle.

1. r = acos wti+ bj + asin wtk
Position: r = acos wti + bj + asin wtk Velocity: v = —awsin wti + awcos wtk

Speed: v = |aw| Acceleration: a = —aw?®cos wti— aw?sin wtk
Path: the circle x* + zZ = a,y = bh.
2.r = 3cos ti+ 4sin tj + tk

Position: r = 3cos ti+ 4sin tj + tk Velocity: v = —3sin ti + 4cos tj+ k

Speed: v = V9sin? t + 16cos? t + 1 =10 + 7cos? ¢t
Acceleration :a = —3cos ti — 4sin tj =tk —r

Path: a helix (spiral) wound around the elliptic cylinder (x2/9) + (y?/16) = 1

Question 2: A particle moves to the right along the curve y = 3 /x. If its speed is 10 when it passes through the
point (2, ;), what is its velocity at that time?

When its x-coordinate is x, the particle is at position r = xi + (3,/x)j, and its velocity and speed are

_dr_d.'xl 3 dx _dx 1 9
VeI T @ T "‘|ds| ta

We know that dx /dt > 0 since the particle is moving to the right. When x = 2, we have
10 = v = (dx/dt)/1+ (9/16) = (5/4)(dx/dt). Thus dx/dt = 8. The velocity at that time is v = Bi — 6].
Question 3: An object moves along the curve ¥ = xZ, z = x3, with constant vertical speed dz/dt = 3. Find the

velocity and acceleration of the object when it is at the point (2,4,8).

The position of the object when its x-coordinate is x is r = xi + x?j + x%k

so, its velocity is v = i—: [i + 2xj + 3x?K]. Since dz/dt = 3x*dx /dt = 3, when x = 2 we have 12dx/dt = 3, so

dx/dt = 1/4. Thus, v = %i +i+3k
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Section 6.2 Curves and Parametrizations

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, find the required parametrization of the first quadrant part of the circular

arc x* + y* = a%

1. In terms of the y-coordinate, oriented counterclockwise

On the first quadrant part of the circle x* + y? = a?, we have x = \/a? — ¥2,0 < y < a. The required

parametrization is
r=r(y)=a?-ylt+yj (0=y=<a)

2. In terms of the x-coordinate, oriented clockwise

On the first quadrant part of the circle x% + y? = a?, we have y = Va? — x2,0 < x < a. The required

parametrization is
r=r(x)=xi++va?—x%,(0<x<a)

3. In terms of the angle between the tangent line and the positive x-axis, oriented counterclockwise

From the figure we see that

T m
¢=9+? 05355
T . X X I
x=ams€=acns(¢—5)=asm¢ y =asin @ = asin (¢—§ = —qcos ¢

The required parametrization is

T
r = asin ¢i — acos ¢j, (— <¢p=< rr).

[3%]
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4. In terms of arc length measured from (0, a), oriented clockwise

2]

s 5 T s s am
x=asin—, y=acos—, 0 <—<-— r = asin —i + acos —j, (USSS—)
a a 2 a a 2

VoA

5.The plane x + y + z = 1 intersects the cylinder z = x? in a parabola. Parametrize the parabola using t = x as

parameter.

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117

z=x%x+y+z=1Ift =x, then

z=t?andy =1—t — t?. The parametrizationisr = ti + (1— t — t9)j + t’k
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Question 2: parametrize the curve of intersection of the given surfaces. Note: the answers are not unique.

z=41—-x2—yZandx+y=1

x+y=lz=\1-x2—yZifx=ttheny=1—tandz=,1—1t2—(1—1)% =/2(t — t2). One possible

parametrizationis r = ti + (1 —t)j +/2(t — tT)k

Question 3: Find the length of the conical helix r = tcos ti + tsin tj + tk, (0 < t < 2m). Why is the curve called

a conical helix?

r=tcosti+tsintj+tk 0<t<2m v = (cos t — tsin )i + (sin t + tcos t)j+ k

v=|vl = /(1 +tD+1=2+¢2

2n
The length of the curveis L = I 2+ t2dt Lett = V2tan @
1]

2m

t=2m 2 + t2 2+t2 ot
=2 sec® 8df = (secB tan 8 + In|sec 8 + tan B)|'Z2" sec” 4d6 = y +In (VJ +—)
t=0 2 V2 V2

=m/2+4n2 +In (\,"1 +2m2 + ﬁ]‘[) units.

The curve is called a conical helix because it is a spiral lying on the cone x2 + y? = z2.

o

Question 4: Describe the intersection of the sphere x2 + y2 + z2 = 1 and the elliptic cylinder ¥ + 222 = 1.
Find the total length of this intersection curve.

One-eighth of the curve C lies in the first octant. That part can be parametrized

7z 2 2 7

Since the first octant part of C lies in the plane ¥ = z, it must be a quarter of a circle of radius 1. Thus, the length
of all of C'is 8 x (/2) = 4m units.

1 n 1 1
x =cost, z=—sint, (Diti—) y= [1—cos? t—=sin® t =—sint

If you wish to use an integral, the length is

/2 1 1 w2
Bf sin® t + =cos? t +=cos? tdt =8 dt = 41 units.
o 2 2 o
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Question 5: reparametrize the given curve in the same orientation in terms of arc length measured from the

point where ¢ = (.
r=eli+VZ2tj—e 'k

v=eli+VZj+etk v=|v|=4et +2+e =gl +et

The arc length from the point where t = 0 to the point corresponding to arbitrary t is

t
s =s(t) = f (e"+ e ™)du=e'—e™" = 2sinht.
1]

p—
Thus t = sinh™ (5/2) = In (% l, and e’ = Hzﬁ. The required parametrization is

s+Vsi+ 4 s+vVs*+4 2k
r=—————i+v2n (— j——
2 2 ) s+VsZ2+4

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: Let C be the conical helix with parametric equations x = tcost,y=tsin t,z=¢, (0 <t < 2m).
Find [ , zds.

Cisgivenbyr = t%i + tj + t?k, for 0 < t < 1. Thus,

dr dr !
= =200+ + 2tk |E‘=J4t2+1+4t2=\f1+8t2 fyds:f t1 + Bt2dt
[ (1]
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1 1 2 9 27-1 13

let1+8t2=u =—f udy = — = w32 =——0 —=—

* 16 J, Vi 16 3 1 24 12
Question 2: Find j'cv'l + 4x2z2ds, where C is the curve of intersection of the surfaces x% + z> = land y = x%.

Cr=e'costi+e'sintj+tk,for0<t<2m

2w
We haveJ' etds = f ety1+ 2e2tdt Let VZet =tan @
c 1]
2m

1 pt=2m 1 VZe'VT + 267t + In(VZe' + V1 + 2e%)
=— sec?d df = —=[secH tan 8 + sec? 6d6 = ( |

V2 Ji=0 242 2V2 |0

92"»j1+2e‘f"—\:’§+ 1 : VZe2™ 4 \T+ 2e®
e _— i ——

2 V2 VZ+43

Question 3: Find j'fxr:fs along the first octant part of the curve of intersection of the cylinder x% + ¥ = a® and

the plane z = x.

r=e'i+VZtj+e 'k (0<t<1) v=e'i+VZj-e'k v=qfet +2+e U =l 4ot
1 1 e? 1 1

J. (x? +ZZ)dS=I (ez‘+e'2‘)(e‘+e")dtzf (e +el+et+e)dt=—Fe —=——

. . o 3 e 3e?

Section 7.2 Vector and Scalar Fields

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, sketch the given plane vector field and determine its field lines.
1.F(x,y) =xi+yj

ay

The field lines satisfy i—x =3

Thus,In y =In x +In C, or y = Cx. The field lines are straight half-lines emanating from the origin.

AR
N

RS S

VNN
VAN

& &

A
A

r s
A
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2.F(x,y)=yi+xf

The field lines satisfy % = dTy,

Thus, x dx = y dy. The field lines are the rectangular hyperbolas (and their asymptotes) given by x% — y2 = C.

3. F(x,y) =V(x2—-y)

They are the curves y = —%ln x+C.

F=V(x%—y)=2xi—|.

. ., "

NNRNRNNRNRNN
A SN NS
s
AN AN

. V. . v
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Section 7.3 Gradient, Divergence, and Curl

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, calculate div F and curl F for the given vector fields.
1.F=yi+zj+xk

d a d
divF:a(y)+§{z)+E(x)=0 curl F =

e
SETR
By =

2.F = yzi + xzj + xyk

i k

d d d da a4 d
divF = =—(yz) + —(xz) + —(xy) =0 curl F=|— —

i 7z 2 6y( ) +5-(xy) %

vz xz Xy

Section 7.4 Conservative Fields

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

=—i—j—k

—=x-0i+F-»j+(z-2)k=0

Question 1: In following questions, determine whether the given vector field is conservative, and find a potential

if it is.

1.F(x,y,z) =yi+xj+ 2%k
F, = y,F, = x,F; = 2%. We have

9h _,_% Oh _,.% 9%

dy —  ox dz T ox dz ay
Therefore, F may be conservative. If F = Vb, then

w_ 0w 00
ax_y'ay_ :

Therefore,

g ac, A
= e—= ¥ —= —
ay dy dy

$(x,y,2) = f ydx = xy + C,(v,2) x
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Ci(.2) = C2(2), ¢(x,¥,2) = xy + (3(2) z’ = % =(3(2) = C(2) =§

2
Thus, ¢(x,y,2) = xy + ZTis a potential for F, and F is conservative on R2.

2. F(x,y,2) = X" (xzi + yzj + xyK)

Fy = xze* Y+ Fy = yze* ty*+e Fy = xyeX ty52* We have

aF z 2 an ﬂF‘l. Z a2 o2 aFB Z o2 ppd ﬂF‘l.
__2 xiytez? _ 2 —_—t = 2xz2)ex +yi+z 3 = 2x2 22y o 1
3y xyze o 32 (x + 2xz?)e EP (v + 2x*y)e =

Thus F cannot be conservative.

Question 2: Show that the vector field

2x 2y x4yl
F(x,y.z)=?l+?l— —k

is conservative and find its potential. Describe the equipotential surfaces. Find the field lines of F.

2x 2y x% +yt
Fl_? Fz_? F,=- pra. We have
aF, _ 0= aF, aF, _ 2x _dF; OF, _ 2y 0F
dy  ax’ dz  z® o9x’ dz  z¢  ay

Therefore, F may be conservative in R* except on the plane z = 0 where it is not defined. If F = V¢, then

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117

dx z' ' dy z' o9z z?
Therefore,
eyo= [ Zax=Z 1600 2.2 % o=t
d(x,y,2z) = 2 X = P + 6 (v z z _ay_ dy 1y, 2) =—+C3(2)
x? +y? ¥ +y? ap  xP+y?
b(x,y,2) = +Cy(z) - =—=- +C2(2) = G(z)=0.

T oz z2

Thus ¢o(x, v, 2) = |5 a potential for F, and F is conservative on R* except on the plane z = 0.

The equipotential surfaces have equations
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.
x2+y?
Z

=C or Cz=x>+y2

Thus, the equipotential surfaces are circular paraboloids.

The field lines of F satisfy

dx
Zx _dy  dz
z 2y x2+y2

de _ d
From the first equation, -= Ty, so ¥ = Ax for an arbitrary constant A. Therefore

dx zdz zdz
2 —(7+y)  —xE(1+42)

so —(1 + A*)xdx = 2zdz. Hence

1+ 47 B
+_xZ+ZZ=E

or x2 + y? + 2z? = B, where B is a second arbitrary constant. The field lines of F are the ellipses in which the
vertical planes containing the z-axis intersect the ellipsoids x% + y2 + 222 = B. These ellipses are orthogonal to

all the equipotential surfaces of F.

Line Integrals of Vector Fields

The Following Questions Are Obtained From Calculus - A Complete Course 7th ed - R. Adams, C. Essex

Question 1: In following questions, evaluate the line integral of the tangential component of the given vector
field along the given curve.

1. F(x,y,2) = zi — yj + 2xk along the curve x = t,y = t%, z = t* from (0,0,0) to (1,1,1)

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117

Cr=ti+tj+t’k(0<t<1).

a1

1 B 5t 5
f F-dr = f [£3 — t2(26) + 2¢(3t?)]dt = f Stdt = —| =-—
(i o o 4 4

1]

2.F(x,v,2) = (x — 2)i+ (v — 2)j — (x + y)k along the polygonal path from (0,0,0) to (1,0,0) to (1,1,0) to
(1LY
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x4 y?

F=(x—z)i+(y—z)]—(x+y)k=v( —(x+y)z)

C is a given polygonal path from (0,0,0) to (1,1,1) (but any other piecewise smooth path from the first point to

the second would do as well).

2 2
frm:(x+y—u+ﬂ%
B 2

Question 2: Evaluate gscxzyzdx + x3ydy counterclockwise around the square with vertices (0,0), (1,0), (1,1),
and (0,1).

(1.1.1)
=1-2=-1
(0,0,0)

C is made up of four segments as shown in the figure.

OnCy,y=0,dy =0, and x goes from0to 1. OnCyx=1,dx=0,andygoesfrom0to 1.
On Gy, v =1,dy =0, and x goes from 1to 0. OnCy,x =0,dx =0, and y goes from 1 to 0.
Thus, [, x*y?dx + x*ydy = 0 fp, ¥*y*dx + xPydy = j'ul ydy = %
o 1
I x2yidx 4+ xPydy = ] xidx = -3 f x2y?dx + xPydy = 0
e, 1 (i

Finally, therefore,

2yidx + xydy =0 L 1 0—1
yarrxrydy=0+3-3%0=%
G @
[
e,
[
x
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Question 3: Evaluatej’c e**¥gin (y + 2)dx + e**¥(sin (y + 2) + cos (y + 2))dy + e* Ycos (y + 2)dz
along the straight-line segment from (0,0,0) to (1,%,%),

Observe that if ¢ = e**¥sin (y + z), then

Vb = e**sin (y + 2)i + e**¥(sin (v + z) + cos (¥ + 2))j + e**¥cos (v + 2)k

Thus, for any piecewise smooth path from (0,0,0) to (1.%.9, we have

f e*Vsin(y + z) dx + e**¥(sin(y + z) + cos(v + 2)) + e**Y cos(y + 2) dz
e

_ L Ve -dr = d(x,y, Z}lﬁig.’;ﬁm = pl+(z/D)

Question 4: If C is the intersection of z = In (1 + x) and y = x from (0,0,0) to (1,1,In 2), evaluate

J' (2xsin (my) —e®)dx + (mx2cos (ny) — 3e?)dy — xe’dz
c
Forz=In(l+x),y =x fromx =0tox = 1, we have

J. [(2xsin (my) — e®)dx + (nx2cos (my) — 3e?)dy — xe?dz] = j V(x2sin (ry) — xe?) -dr—3 j efdy
¢ e [

1

9 13

2 2

1 xZ
= (x%sin (my) — xe?)|Gog 2 — 3J' (1+x)dx=-2-3 (x + ?)
a

o

Question 5: Evaluate
1 § —ydx + xdy
), x*+y*

(a) counterclockwise around the circle x? + y? = a?,
(b) clockwise around the square with vertices (—1,—1), (—1,1),(1,1), and (1, —1),

c) counterclockwise around the boundary of the region 1 < x2 + y2 < 4,y = 0.
Y 8 y ¥y

a)C:x =acos t,x =asin t,0 =t < 2m.

2m a?cos? t+ a?sin? t

1 [—ydx+xdy 1 [*™a%cos? t+a?sin?t
£ x?2+y? _21'1'_[]
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4 1
(& e,
e,
a -1 1
X x
e
L] &
b) See the figure. C has four parts.
OonCy,x=1dx=0,ygoes from1to —1. onC,y=-1,dy=0,x goes from1to—1.
OnCy,x=—-1,dx =0,y goes from —1to 1. OnCyx=1dx=0,ygoes from1to—1.
1 { xdy — ydx ydx '1 dx 1 —dy b —dx 2 1t dt
| x2+y? f 1+y2 1 P _11+y2+f_1x2+1 Com) 1+
c
——2tan'1t l ——2(H+H)——1
T oorm T om\4 4/

=1

See the figure. C has four parts.
onCy,y =0,dy = 0,x goes from 1to 2.
OnC;, ¥ =0,dy = 0,x goes from —2to —1.

1
2n§

xdy — ydx

x2 4 y? 4cos? t 4 4sin? t

™ 4cos? t + 4sin® t
=—— ] ot PR Tt ro+ f

On Gy, x = 2cos t,y = 2sin t,t goes from 0 to .

OnCy,x =cos t,y =sin t, t goes fromm to 0.

cos? t+sm t

1
CosZ t +sin? t =E(H_H)=0'

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

‘UG

MAKINA MUH. BOL. B BLOK N0:105 TEL: 210 52 58 WHATSAPP |LETIsIM : 0539 4990117




The Following Questions Are Obtained From

Question 1: It is given that F(x,¥) = (P(x,¥),Q(x,¥)) where m
P(x,y) = e*sin(y) + 2y, Q(x,v) =e*cos(y) +2x — 2y and
€, is the curve from the point (1,0) to (1,2) as in the figure: ty

a) Prove that Pdx + Qdy is exact (thatis (P, () is conservative), by finding a potential function ¢ (x, ¥)such that

e = P.by = Q.
P, = e*cosy + 2 = (, and P, § are polynomials so (P, Q) is exact on R?.
p,=P=e*siny+2y ~¢=e siny+2yx+c(y)
¢y, =e‘cosy+2x+c'(y) = Q =e*cos(y) +2x — 2y LM ==-2y sc(V)=-y2+c
d(x,y) =eXsiny+2yx —y* +¢

b) Using ¢, evaluate J'L.l Pdx + Qdy. Since (P, Q) is conservative, the given the integral depands only on the end

points of C;.

Hence j’L_Pa'x + Qdy = @ (terminal point of C; ) —® (initial point of C;) = ¢(1,2) — ¢(1,2) = e sin 2
c) Evaluate ICZde + Qdy where C; is the line segment from the point (1,0) to the point (1,2).

First way: since (P, Q) is conservative, integral depends only on the end points of C, which are the same as of Cy,

hence
J. de+Qa'y=f Pdx + Qdy = e sin 2
EZ El

Second way: C,: from (1,0) to (1,2) x(t) =1and y(t) =2t t €[01] % =0 Z_};: 2
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-ve
1 . 1
J,Pdx+Qdy=[,(esin2t +4t) -0+ (ecos2t +2—4t)-2 = [ 2ecos2t +4—8tdt

2t g
=2esinT+4t—T =esin 2

]

Green’s Theorem in the Plane

The Following Questions Are Obtained From Calculus - A Complste Course 7th ed - R. Adams, C. Essex

Question 1: Evaluate ﬁc(sin x + 3y¥)dx + (2x - e"yz)dy, where C is the boundary of the half-disk x? + ¥ <

a?,y = 0, oriented counterclockwise.

"

[

o a T a
= ﬂ- (2 —6y)dA = f d&f (2 — 6rsin B)rdr = ma® — 6[ sin Sdsf ridr = ma® — 4a®.
R 1] 1] [i] i}

—i

Question 2: Evaluate gsc(xz — xy)dx + (xy — ¥?)dy clockwise around the triangle with vertices (0,0), (1,1),
and (2,0).
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jg(xz - edx+ Gy =ydy = - [[ [y -y - -] aa = - [[ o+ 00aa
(i

1 4
=—(3?+f)x(areach)=—(§+ 1)x1 =3
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Question 3: Evaluate §.(xsin (y*) — y?)dx + (x*ycos (y*) + 3x)dy, where C is the counterclockwise
boundary of the trapezoid with vertices (0, —2), (1, —1),(1,1), and (0,2).

é(xsin (v — ¥?)dx + (x*ycos (¥*) + 3x)dy = ﬂ- [2xycos y? + 3 — (2xycos ¥? — 2y)]dA
T

[

=ﬂ (3+2y)dA=3ﬂdA+n=3x3=9
T T

.‘I

(L1}

(L.=1)

Question 4: Evaluate 93@ x%ydx — xy*dy, where C is the clockwise boundary of the region 0 < v < V9 — x2.

Let D be the region x% + y? < 9,y = 0. Since C is the clockwise boundary of D,

d d " 3 81m
2ydx — xy?dy = — ﬂ. [—(—xyz) ——(xzy)] dxdy = jf (v? +xHdA =I dﬁf ridr = —
A I Lox ay - " . +

COPYRIGHT © RISHABOOKLET ALL RIGHTS RESERVED. WEBSITE: HTTPS://LMS.RISHABOOKLET.COM

‘UG

MAKINA MUH. BOL. B BLOK NO:105 TEL: 210 52 58 WHATSAPP |LETI5IM : 0539 4990117




UG
Question 5: Use a line integral to find the plane area enclosed by the curver = acos*ti + bsin®tj, (0=t <

21).

2

1 1
Area = Ejgxdy —ydx = EI [acos?® t (3bsin? tcost) — bsin® t (—3a cos? t sin t)]dt
e o

3ab J‘Z" 3ab [*"sin® (2t) gt = 3mab
== e dt="—

2 2z
sin® t cos® tdt = —
2 J 4 8

The Following Questions Are Obtained From CLESIlS S

Question 1: Evaluate ggc(—lﬂ)ﬁxz + cos (x?))dx + (3x5 + 15y*x + sin () )dy where C is

counterclockwise oriented perimeter of the region bounded by ¥ = x,x = 0,x2 + ¥2 = 4 in the first quadrant.

PE. SPRING2006

Lo PO0Y) = —10y%x? +cos x* ] P, = —30y*x*
Q(x,¥) =3x" +15y*x +sin y* . = 15x* + 155+

e since P, # @y, (P,Q)is not exact (i.e., Af (x,y) with Vf = (P,Q))

s P & () are polynomials, hence have all partial derivalives of all ordes. bet € = @R (boundary curve of the

region R ) we can use Green's Theorem.

$._o Pdx+0Qdy =[] (Q.—P)dA= [[ 15x*+15y* +30x2y?dA =15 [[  (x2 + y?)?dA

z

n/4 2 /4 6 15 n
=15[ j r"rdrdﬂ:le —| df =—2°.— = 40n
0 0 o 6, 6 4
Question 2: Compute the line integral
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jg (x3 sin Va2 +4— xe"’”zy) dx + (cos (¥* + y) — 4ye™*)dy
e

on the curve € which is the boundary of the parallelogram with vertices (2,0), (0,1), (—2,0), (0, —1) with

counterclockwise arientation.

F(x,y) = (P(x,), Q(x,y)) where
P(r.y) = xsin Vx® + 4 - xe**® Q(x,y) = cos (y* +y) — 4ye**?
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P & () have continuous partial derivatives on D, C = dD is the counterclockwise oriented boundary curve of D.

Moreover, C is closed and piecewise smooth curve.

Hence, by Greens Theorem.

P(x,y)dx + Q(x,y)dy = ]f [0:(x, ) — P,(x, y)]dA = ﬂ [—4ye**2Y _ (—xe**2¥ . 2)]dA =

C=ap

u =x-2y

_ x+2y
ﬂn 2(x = 2y)e ¥ dxdy let =x+2y

1
'H 2(x = 2y)e™*Pdxdy = [[, 2ue” 17 dudv
D.

xy

1 uz u=+2
=f_22j_222u—e"zdudv=_f_zzTe” dv:f_zzﬂdvzﬂ

u=-2
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