Middle East Technical University
Department of Economics
Econ 206:

Statistics for Economists-I1

Giines A. Asik

December 29, 2025

1 Overview of Basic Concepts in Statistics

Basic probability theory

A random process (also called a stochastic process) is a process that can be repeated many times
with different outcomes. It is a collection of random variables that evolve over-time, or some other
index such as space. The sample space is the set of all possible outcomes of a random process. Random
processes can be discrete or continuous.

A discrete random variable takes values from a countable set (finite or countably infinite). Formally,
a random variable X is discrete if there exists a countable set:

X = {xl,xg,xg,...}

such that
Pr(X =z;) >0, Y Pr(X=u)=1
i

Examples:

e Number of heads in 5 coin tosses.

e Number of students present in a class.



e Roll of a fair die (X € {1,2,3,4,5,6}).

A continuous random variable can take values from an uncountable set, typically an interval of real
numbers. Formally, X is continuous if there exists a probability density function (pdf) f(z) such that

Pr(aSXSb)—/bf(:c)dx, with  f(z) >0, /OO f(z)dx = 1.

Examples:

e Housing prices.
e Time (in seconds) until a bus arrives.

e Daily return of a stock (often modeled as continuous).

Discrete random variables: probabilities are assigned to individual values whereas continuous random
variables: probabilities are assigned to intervals of values via a probability density function.

The expected value or mean of a random variable X is defined as follows:
EX) = Z:cp(:z:), it X is discrete,
xr

and

E(X)= / xf(x)dx, if X is continuous,

— 00

provided that the sum or the integral exists. Remember that the probability density of a continuos
random variable requires that ffooo f(z)dz = 1. So expectation is weighted average of all possible
outcomes.

Ezpectation of a Constant: Consider a constant random variable, that is, a random variable with all
its mass at a constant k. This is a discrete random variable with pmf p(k) = 1. By definition, we have

E(k) =k -p(k) = k.



Example 1:

Let the random variable X of the discrete type have the probability mass function (pmf-a function
that gives the probability that a discrete random variable is exactly equal to some value) given by the
table:

Here p(z) = 0 if x is not equal to one of the first four positive integers. We have

B(X) = () + @ (FH) + @) () + @(3).

Simplifying,

E(X)=32 =23

Example 2:

Let the continuous random variable X have the pdf

fz) =

423, 0<z <1,
0, elsewhere.

Then

Ezxpectation of a Function of a Random Variable: Let X be a random variable and let Y = g(X) for
some function g.



1. Continuous case: Suppose X is continuous with pdf fx(z). If

/ " lg(@)|fx () dx < oo,

—00

then the expectation of Y exists and is given by

E(Y)= /OO g(x) fx(x)dx. (1.8.2)

—00

2. Discrete case: Suppose X is discrete with pmf px(x), and let the support of X be denoted by

Sx. If
> lg(@)lpx (x) < oo,

TESx

then the expectation of Y exists and is given by

Example-3

Suppose X is the outcome of rolling a fair six-sided die, and let

g(X)=2X%+1.

Since each face is equally likely,

1+2+3+4+5+6 21
Zx p(x — = 3.5.
6 6
The expected value of g(X) is
6
1
E(g(X)) => (22> +1) 5
=1
Expanding:
1 1
E(g(X)):(2~12+1)6+(2-22+1)6+ (2-6>+1)
Simplifying,
94

Note that if a and b are constants, then

E(aX +b) =aE(X)+b.



Moments

The mean of a distribution is denoted by u. In the case of a discrete random variable, the rth moment
about the mean is (for r =0,1,2,...)

pr = B[(X = p)"] =D (z— )" f(=).

€T
The second central moment, uo, is called the variance of the distribution and is denoted by 2 or
Var(X), where o is the standard deviation:

o? = E[(X - u)2].

This expression can be rewritten as

E[(X — p)?] = B(X? = 2uX + %) = B(X?) = 2uE(X) + i* = BE(X?) — i = E(X?) — (B(X))*.

If Y =a+ bX, where a and b are constants, then the variance of Y is
0% = Var(a + bX) = b’o%,

so that the standard deviation of Y is
oy = |blox.

Multivariate Distributions: Two random variables X and Y defined on the same probability space,
the joint distribution for X and Y defines the probability of events in terms of both X and Y. In the
case of only two random variables, this is called a bivariate distribution, but the concept generalizes to
any number of random variables, giving a multivariate distribution.

If X and Y are discrete random variables, the joint probability distribution of X and Y is given by

flz,y)=P(X =2 N Y =y).

Product Moments: The rth and sth product moments of the random variables about the means
(for r,s =0,1,2,...) is

prs = E[(X = px)" (Y = py)*) = D (= px)"(y — ) f (2, ).



The product moment g ; is called the covariance of X and Y, and it is denoted by ox y or Cov(X,Y).
Thus,
oxy = El(X —pux)(Y — py)] = E(XY) — pxpy.

Statistical Independence: If X and Y are independent, then
E(XY)=FEX)E(Y) and Cov(X,Y)=0.

The correlation coefficient between X and Y is a standardized measure of their linear dependence,

defined as
COV(X, Y) oXYy

oxoy  /Var(X) /Var(Y)

The correlation coefficient satisfies —1 < pxy < 1. A value of pxy = 1 indicates perfect positive
linear dependence, pxy = —1 indicates perfect negative linear dependence, and px,y = 0 indicates no
linear correlation between X and Y.

Moments of Linear Combination of Random Variables: If X and Y are random variables, then
E(X+Y)=px+py, EX-Y)=px—py,
Var(X +Y) = 0% + 0% +2Cov(X,Y),
Var(X —Y) = 0% + 0% —2Cov(X,Y).

In the more general case, if X7, Xo,..., X, are random variables, a1, aq, ..., a, are constants, and

Y = Zn: aiXi,
=1

then .
E(Y) =) aBE(X)),
i=1
n
Var(Y) = Z a? Var(X;) + 2 Z a;a; Cov(X;, X;).
i=1 i<j
If X1, X5,...,X, are independent, then the covariance terms vanish, so the variance reduces to

Var(Y) = Z a? Var(X;).
i=1
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Numerical Illustration: Two Independent Dice

Let X7 and X5 be independent outcomes of fair six-sided dice, so that for each 1,

1
P(X;=w)=7,  @€{1,2,3,456).
We have 14243444546 21
E(X;) = =2 =35,
6 6
and

12422432442 4+524+62 91

so the variance of each die is

2
Var(X) = B(X?) ~ [BX)P = & - <2§> N %

Define the linear combination
Y =2X; — Xs.

Using linearity of expectation,

E(Y)=2E(X)) - E(X2) =2-3.5—35=35.

Since X7 and X are independent, the covariance terms vanish, and

35 35 35 175
Y) = 22 X —1)? Xo)=4-—41.-Z=5.2 =%,
Var(Y) Var(X1) + (—1)2 Var(X>) STl = =1

Marginal Probability

Let X and Y be two discrete random variables with joint probability distribution fxy(z,y) = P(X =
z,Y =vy).

The marginal probability distribution of X is obtained by summing over all possible values of Y:

fx@) =" fxy(xy).

Similarly, the marginal probability distribution of Y is

Fr) = fxy(@y).

7



For continuous random variables with joint density fx y (z,y), the marginal densities are obtained by
integration:

fx(x) = /00 fxy(z,y)dy, fr(y) = /00 fxy(z,y)dz.

Conditional Probability

The conditional probability of X given Y = y is defined as

PX =Y =y) fxy(=,y)

PX=z|Y=y)= PY =y)  fr(y)

fy (y) > 0.

For continuous random variables, the conditional density of X given Y = y is

fxy (x| y) = ‘w fy(y) > 0.

Example-4: Joint and Marginal Distributions

Problem: From a group of 3 Republicans (R), 2 Democrats (D), and 1 Independent (I), a committee of
2 people is randomly selected. Let X be the number of Republicans and Y be the number of Democrats
in the committee. Find the joint distribution of X and Y, and then find the marginal distribution of X.

Step 1: List all possible committees

The total number of ways to select 2 people from 6 is

G-

Probability that 1 Republican and 1 Democrat is selected out of 6 is

BHD6 _ 6
) 1

We can list all possible combinations and categorize them by (X,Y):



o (X=2Y=0)
e (X=1Y=1)
o (X=1,Y=0)
o (X=0,Y=2)
¢ (X=0,Y=1)
o (X=0,Y=0)

: both members are Republicans. Number of ways: (?2’) =3.
: one Republican and one Democrat. Number of ways: 3 -2 = 6.
: one Republican and the Independent. Number of ways: 3-1 = 3.

: both Democrats. Number of ways: (2) =1.

2

: one Democrat and the Independent. Number of ways: 2-1 = 2.

: not possible (committee must have at least one person).

Step 2: Compute probabilities

Divide the counts by total number of committees (15):

3
(x=2v=0)=2
PX=1,Y=1)=> —04
“Li=b=35=0
P(X=1,Y =0) = > =02
=¥ =0=35=0
P(X =0,Y =2) = — ~ 0.0667
P(X=0Y =1) = = ~0.1333

Step 3: Joint Probability Table

[ Y=0 Y=1 V=2

Step 4: Marginal Distribution of X

Sum across the rows:

P(X

X=0| 0 2/15 1/15
X=1|3/15 6/15 0
X=2|3/15 0 0
—0) = P(0,0)+ P(0,1) + P(0,2) = 0+ = + — = 3 — 0.
5515
—1) = P(1,0)+ P(L1) 4+ P(L,2) = =+ O o= _o6
15 15 15

3 3
(2,0)+P(2,1) + P(2,2) = 1 +0+0= 12 =02

2) ==

Answer: The marginal distribution of X is



Conditional Expectation

The conditional expectation of X given Y = y is defined as

EX|Y =y]= ZxP(X =z |Y =y), (discrete case)

EX|Y =y = / z fx|y(z | y)dr, (continuous case).

—0o0

Conditional expectation is itself a random variable, often denoted as E[X | Y], which assigns to each
value of Y the expected value of X given that Y.

Law of Iterated Expectations

Let X and Y be random variables. Then
EX] = E(E[X | Y]),
where X | Y is the conditional probability of X given Y.

If Y takes on the outcomes Ay, Ao, ..., A,, the law can be written as

E[X] = Y E[X | 4] P(A)).
=1

This means that the expected value of X can be calculated from the probability distribution of X | Y
and Y.

Example-5: Law of Iterated Expectations

Suppose we want to compute the expected GPA of a student chosen at random from a class. Let X
denote the GPA of a student, and let Y denote the gender of the student, where

v — {Boy, if the student is male,

Girl, if the student is female.

10



Assume the following information is known:
E[X | Y = Boy| = 2.8, E[X |Y = Girl] = 3.2.
Also suppose that in the class, 40% of the students are boys and 60% are girls. That is,

P(Y =Boy) =04, P(Y = Gitl) = 0.6.

By the Law of Iterated Expectations,

E[X] = E(E[X ] Y])
Substituting the values,

E[X] = E[X | Y = Boy|]- P(Y = Boy) + E[X | Y = Girl] - P(Y = Girl).

E[X] = (2.8)(0.4) + (3.2)(0.6) = 1.12 + 1.92 = 3.04.

Conclusion: The expected GPA of a randomly chosen student is

E[X] = 3.04.

11



2 Sampling Distributions and Central Limit Theorem

In a typical statistical problem, we have a random variable X of interest, but its pdf f(x) or pmf p(z)
is not known. Our ignorance about f(x) or p(z) can roughly be classified in one of two ways:

1. f(x) or p(z) is completely unknown.

2. The form of f(z) or p(z) is known down to a parameter #, where § may be a vector.

In this process, our information about the unknown distribution of X or the unknown parameters of the
distribution of X comes from a sample on X. The sample observations have the same distribution as X,

and we denote them as the random variables X1, X»,..., X,,, where n denotes the sample size. When
the sample is actually drawn, we use lower case letters x1, o, ..., x, as the values or realizations of the
sample. Often we assume that the sample observations X1, Xo, ..., X,, are also mutually independent,

in which case we call the sample a random sample, which we now formally define:

Definition: If the random variables X1, Xo,..., X,, are independent and identically distributed (iid),
then these random variables constitute a random sample of size n from the common distribution.

Definition: Independent and Identically Distributed (i.i.d.) Variables Let {X;}!' ; be a
sequence of random variables defined on the same sample space. We say that X, Xo,..., X, are
independent and identically distributed (i.i.d.) if:

1. Independence:

k
P(Xil S Al,XZ'Q S Ag,.. . ;Xik S Ak) = HP(XZ] € AJ)
j=1

for all measurable sets Ay, ..., A and any finite subset {i1,...,ix}.

2. Identical Distribution:
P(X; <z)=Fx(z) foralli,

where F'x(x) is the common cumulative distribution function.

Intuition:

e The outcome of one draw provides no information about another.

12



e Each X; is drawn from the same population distribution.

Example:

e Let X; denote the height (in cm) of the ith person in a random sample.

e Random sampling = i.i.d.:
Xl,XQ,...,XnNFx(CC), ii.d.

Example: Toss a coin 10 times and write down the results into variables Ay, ..., A1g.

e Independent: Each outcome A; will not affect the other outcome A; (for ¢ # j from 1 to 10),
which means the variables Ay, ..., Ajp are independent of each other.

e Identically distributed: Regardless of whether the coin is fair (with a probability of 1/2 for
heads) or biased, as long as the same coin is used for each flip, the probability of getting heads
remains consistent across all flips.

The i.i.d. assumption is the cornerstone of:

e The Law of Large Numbers (for convergence in probability)
e The Central Limit Theorem (for asymptotic normality)

e The consistency and efficiency of OLS and other estimators in econometrics.

Often, functions of the sample are used to summarize the information in a sample. These are called
statistics, which we define as:

Definition Let X, Xs,..., X,, denote a sample on a random variable X. Let T = T'(X1, X2, ..., X},)
be a function of the sample. Then T is called a statistic.

Before moving to the Central Limit Theorem, let’s remember the definitions of convergence in prob-
ability and convergence in distribution. Convergence in statistics formalizes what we suggest by a
sequence of random variables { X, } getting “close” to another random variable X, as n — oo.

13



Definition: Convergence in Probability Let {X,,} be a sequence of random variables and let X
be a random variable defined on a sample space. We say that X,, converges in probability to X if, for
all e > 0,

lim P[|X, — X| > ¢ =0,

n—oo

or equivalently,
lim P[|X, — X|<¢ =1

n—oo
If so, we write

x, 5 x.

If X, ox , we often say that the mass of the difference X;,, — X is converging to 0. In statistics, often
the limiting random variable X is a constant; i.e., X is a degenerate random variable with all its mass

. . P
at some constant a. In this case, we write X,, — a. Also, for a sequence of real numbers {a,}, a, — a

. . P
is equivalent to a, — a.

Theorem 1 (Chebyshev’s Theorem). For any random variable X with a finite mean p and finite

variance o2,

Wk>1, P(X —ul> ko) < %
or, equivalently,
Vk>1, P(X —gl gk:a)zl—%
or, alternatively, by setting k = g,
Ve > 0, P(]X—ulze)gi.

When o? is known, one of k and € can be arbitrarily chosen.

Chebyshev’s theorem tells you that for any kind of data distribution (salary, height, test scores, etc.),
the majority of the data points must lie within a few ”standard deviations” of the average.

Theorem 2 ((Weak) Law of Large Numbers). Let {X,} be a sequence of i.i.d. random variables with

common mean u and variance o < co. Let X, =n~* Yor Xi. Then:
Ve >0, lim P(|X,—p|/<e)=1
n—oo

Xniu.



Proof. The mean and variance of X,, are u and o2 /n, respectively. Hence, by Chebyshev’s Theorem,
we have for every € = % > 0,

P[|X, — | > ¢ :P[|Xn—u > <€*/ﬁ> (U)] <2 L

o ne?

O

This theorem says that all the mass of the distribution of X, is converging to y, as n — oco. In a sense,
for n large, X,, is close to pu.

Theorem 3. Suppose X, L. X and a is a constant. Then

aXp £> aX.

Theorem 4 (Continuous Mapping Theorem). Suppose X, L. 4 and the real function g is continuous
at a. Then

9(X2) & g(a).

This theorem tells us that continuity preserves convergence in probability, and it gives us many useful

results. For instance, if X, il a, then
X2 L g2
1/X, Lif 1/a, provided a # 0
VX, L Vva, provided a > 0.

This theorem implies that if X, iRt u, then X2 L, 12, We will use this result in proving that the

sample variance, S? is a consistent estimator for o2.

So far, we introduced the concept of convergence in probability. With this concept, we can formally
say, for instance, that a statistic converges to a parameter and, furthermore, in many situations we
can show this without having to obtain the distribution function of the statistic. But how close is the
statistic to the estimator? We will now try to answer this question.

15



Convergence in Distribution Let {X,,} be a sequence of random variables and let X be a random
variable. Let F'x, and Fx be, respectively, the cdfs of X,, and X. Let C(Fx) denote the set of all
points where F'x is continuous. We say that X,, converges in distribution to X if

ILm Fx, (x) = Fx(x), forallz e C(Fx).

We denote this convergence by
X, 2 X

This material on convergence in probability and in distribution comes under what statisticians and
probabilists refer to as asymptotic theory. Often, we say that the distribution of X is the asymptotic
distribution or the limiting distribution of the sequence {X,}.

When X has a standard normal distribution, instead of writing X, Dox , we will write X, =AY (0,1).
Here we need to be careful because the right-hand member of this last expression is a distribution and
not a random variable. But as a short-cut, we will make use of this convention. When we say X,

has a limiting standard normal distribution, we mean that X, Dox , where X has a standard normal
distribution, or equivalently X, OoN (0,1).

Relationship Between Modes of Convergence
Recall:

e Convergence in probability:
X, 5 X if Ve>o0, lim P(|X, — X|>¢) =0
e Convergence in distribution:
X, %X if lim F,(z) = F(z) for all z where F' is continuous

n—oo

where F),, and F' are the cumulative distribution functions of X,, and X respectively.

Theorem 5. Convergence in probability implies convergence in distribution, but not conversely.

1. Convergence in probability = Convergence in distribution:
X, X = X, 54X

2. Convergence in distribution = Convergence in probability only when the limit is con-
stant:
d P
X,—>c = X,>c

where ¢ is a constant.
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Example in Class
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Intuition: Convergence in probability is stronger: requires the actual random variables to get close to
each other. Convergence in distribution is weaker: only requires the distribution functions to converge.
The only case where they are equivalent is when converging to a constant.

Theorem 6 (Central Limit Theorem). Let X, ..., X, be i.i.d. random variables satisfying E(X;) = p,
var(X;) = 02 < oo and let X = %2?21 X;. Then

*/ﬁ(f;_”) 4 N(0,1).

Another way to state the CLT is as follows: let Z be a standard normal random variable. For any
z € R, we have

. Xn_,u .
nh—>noloP<g/\/ﬁ Sz)-P(ZSz).

Informally, CLT states that for sufficiently large n, the random variable

Xo— 1t

o/\/n
is approximately standard normal distributed regardless of the distribution of X; and exactly standard
normal distributed if X; are normally distributed. This theorem asserts the remarkable and important

fact that if X1, Xo,..., X, denote the observations of a random sample of size n from any distribution
having finite variance o > 0 (and hence finite mean 1), then the random variable

V(Xn — p)

g

converges in distribution to a random variable having a standard normal distribution. Thus, whenever
the conditions of the theorem are satisfied, for large n the random variable M has an approxi-
mate normal distribution with mean zero and variance 1. It is then possible to use this approximate
normal distribution to compute approximate probabilities concerning X. This is a super powerful
theorem that lays the foundations of hypothesis testing. CLT suggests that even if the underlying
distribution from which the data is observed is not normally distributed, the distribution of X,, i.e.
the sample means will converge to a standard normal distribution.

Example in class
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Example in class
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Example in Class
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CLT Simulation in R

The R code that produces the following histograms will be posted in the METU class page.

Simulation Example-1: We have a population that is distributed exponentially with y = 2 and
02 = 4. As an exercise, we draw samples with size n=2, n=>5, n=10, n=30, n=100 and n=1000,

repeating the exercise 1000 times for each sample size.

Population Distribution
(Exponential, mean = 2)

~ £
o
© \
E:.O \
ég \\
- s
o M
o
e T T T T T
0 1 2 3 4 5

Value

Sampling Distribution (n =10)

0.6

Density

0.2

0.0

Sample mean

Sampling Distribution (n = 100)

2.0

Density
1.0

0.0

Sample mean

Figure 1: Central Limit Theorem: Sample means

population follows exponential distribution

Density

Density

Density
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Sampling Distribution (n = 5)
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follow Normal(u,o?/n) distribution when the



Simulation Example-2: We have a population that is distributed uniformly between [0,10]. In that
case ;1 = 5 and o2 = 8.333. As before, we draw samples with size n=2, n=5, n=10, n=30, n=100 and
n=1000, repeating the exercise 1000 times for each sample size.'

Population Distribution

(Uniform: [0, 10]) Sampling Distribution (n =5)

(=]
= )
0 o
<
z ° = N
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s 3 2 o
o : a 2
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o T T T T T | o I T T T T 1
0 2 4 6 8 10 0 2 4 6 8 10
Value Sample mean
Sampling Distribution (n =10) Sampling Distribution (n = 30)
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©
2 z °
B @
5 o § S
a a
N
o
< <
e T T T T T 1 e I T T T T 1
0 2 4 6 8 10 0 2 4 6 8 10
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Sampling Distribution (n = 100) Sampling Distribution (n = 1000)
0
<
z 2 Z
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Figure 2: Central Limit Theorem: Sample means follow Normal(u,o?/n) distribution when the
population follows uniform distribution

The Central Limit Theorem is fundamental in econometrics as it provides the theoretical justification
for statistical inference with economic data. Since most economic variables (income, prices, consump-
tion) are not normally distributed in their raw form, CLT assures us that sample means will approach
normality as sample sizes increase, enabling valid hypothesis testing, confidence intervals, and regres-
sion analysis. This allows econometricians to make reliable inferences about population parameters
using standard normal and t-distributions, even when the underlying data generating processes are
unknown or non-normal.

!The population distribution looks a bit off because of binning in R.
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3 Point Estimators

As we have highlighted many times in our class, most of the times our aim in economics is to estimate
an unknown population parameter. All we know /have is a sequence of values which are coming out of
the population. Formally, {z;}Y, is the population and {x;}", is our sample. Naturally the second
one is a subset of the first.

Consider the situation where we have a random variable X whose pdf (or pmf) is written as f(x;0)
for an unknown parameter 6 € ). For example, the distribution of X is normal with unknown mean
p and variance o2. Then § = (u,0?) and Q = {0 = (u,0%) : —00 < p < 00,0 > 0}.

Our information consists of a random sample X1, Xo, ..., X;, on X;i.e., X1, Xo, ..., X,, are independent
and identically distributed (iid) random variables with the common pdf f(z;0), 6 € Q. We say that T
is a statistic if 7" is a function of the sample; i.e., T = T'(X1, Xo,...,X,). Here, we want to consider

T as a point estimator of 6.

For example, if i is the unknown mean of X, then we may use as our point estimator the sample mean
X =n"1! Z?:l X;.

When the sample is drawn let x1,x9,...,x, denote the observed values of X1, Xo,...,X,. We call
these values the realized values of the sample and call the realized statistic ¢t = t(x1, x2,. .., z,) a point
estimate of 6.

Key distinctions to keep in mind:

e Estimator: é() An estimator is a function, a formula, or a rule to estimate an unknown
population parameter. For example X =n~1 Z?:l X;

e Estimate: The specific numerical value obtained by applying the estimator to sample data. In
other words, it is the value that you get when you apply the estimator formula to your data. We
use an estimator to obtain an estimate.

e Estimation: The overall process of using sample data to infer population parameters.

Since an estimator is a rule or formula to predict an unknown population parameter, we want our
estimators to give us the right prediction on average. This means, we do not want our estimators
to overestimate or underestimate the unknown parameter in a systematic way. This brings us to the
statistical properties of unbiasedness and consistency.

Definition 1 (Unbiasedness). The point estimator T' for 6 is unbiased if E(T) = 6.

A~

Or, we can express unbiasedness as E(#) = . Generally (especially in econometrics), instead of using
the notation T', we use the notation 6 as the estimator for 6. Both are fine, but T is a more general
expression for denoting the statistic. And why do we call 6 point estimator? Unbiasedness is an
individual property. 6 being an unbiased estimator means that when we repeat the estimation several
times (using a different random sample of n observations each time), the average of the fs that we
estimate are equal to the true 6.
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Now, consider the following intuitive example. Suppose we don’t know the average height of students in
our class and want to estimate it. In this example, the population of interest is all the students enrolled
in the class. Let’s suppose the population mean is 1.70 cm in our class but since some students don’t
show up in classes, we do not know the mean for sure. Suppose that we randomly select 20 students
to measure their height and calculate X. In the first week, our sample gives us an estimate of 1.68
cm. In the second week, we get 1.73 cm. We repeat this sampling exercise until the end of term and
record all the X's we collected. If this sample mean is an unbiased estimator, we would expect that the
average of the sample means we collected throughout the term to be very close to 1.70 cm which is the
population mean. Notice here that it does not have to be exactly 1.70. It is sufficient that this rule or
formula ensures that theoretically E(X) = 1.70. Or at least, we require that the mean of the Xs gets
closer and closer to 1.70 as we collect more and more samples. In contrast, consider another estimator;
instead of sampling 20 students randomly without conditioning on gender, we collect samples only
among boys. Since in the population, men tend to be taller than women, our sample mean would
systematically overestimate the true height of students in our class. In other words, this estimator
would be biased and the amount of bias would not disappear as we increase the sample size.

Notice that so far, we have been discussing a single prediction value for the unknown population
parameter as opposed to estimating an interval, i.e. range of values for the true population 6. This is
why we call this a point estimator. Later we will discuss predicting a range of values when we learn
about confidence intervals.

Let’s show now why the sample mean X and the sample variance S? are unbiased estimators of p and

o? respectively.

Unbiasedness of the Sample Mean We want to show that F(X) = pu.

(Linearity of Expectation)

Il
S|
=
A/~
I'M:
>
~

==Y pu (Since E(X;) = p for all 7)

Therefore, the sample mean X is an unbiased estimator of the population mean pu.

Unbiasedness of the Sample Variance (In Class)
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Definition 2 (Efficiency). 6, and 05 being two estimators of 6, if
Var (él) < Var (ég)
then 91 is a more efficient estimator than ég.
Important note: Efficiency is a comparative property. We might have several alternative estimators
for an unknown population parameter among the alternative unbiased estimators, we always want to

chose the estimator with minimum variance. Because it gives us more precise (narrower) confidence
intervals for our estimates (we will start learning about confidence intervals very soon).

Example 3.1.

Problem: Choose the best estimator for 5 from:

By = max{X1, X2,..., Xn}

- n+1
62: n max{Xl,Xg,...,Xn}

B3 =2X

Given Properties:

Estimator | Expected Value | Variance
b nit’ G
Ba B n(fi;)
Bs E &

Both have similar variance behavior, but:

e [ is biased downward (E[3,] < B)
e (3, is unbiased (E[B:] = )

e Comparing coefficients: (n+2)’(1n+1)2 < n(n1+2) foralln >1

So ,5’2 has strictly smaller variance than Bl.

° 33 has the largest variance
° Bl is biased and has larger variance than Bg

e (35 is unbiased and has the smallest variance among the three

25



We should choose B2 because it is unbiased and has the smallest variance among all three estimators.

Definition 3 (Consistency). Let X be a random variable with cdf F(x,0), 0 € Q. Let X1,..., X, be
a sample from the distribution of X and let T,, denote a statistic. We say T, is a consistent estimator

of 0 if
T, — 0.

If X1,...,X, is a random sample from a distribution with finite mean p and variance o2, then by the
Weak Law of Large Numbers, the sample mean, X, is a consistent estimator of pu.

Example 3.2.

Let X1,..., X, denote a random sample from a distribution with mean p and variance o2 We now

show that it is a consistent estimator of o2. Recall that by the Law of Large Numbers, X, L, w. To
show that the sample variance converges in probability to o2, assume further that E[X ﬂ < 00, so that
Var(S?) < oo.

Using the preceding results, we can show the following:

n
N
I
—_
EM:
=
|
S
3
e

Hence the sample variance is a consistent estimator of o2. From the discussion above, we have imme-

diately that S, i o; that is, the sample standard deviation is a consistent estimator of the population
standard deviation. Consistency is a very important property for an estimator to have. It is a poor
estimator that does not approach its target as the sample size gets large. Note that the same cannot
be said for the property of unbiasedness.

For example, instead of using the sample variance to estimate o2, suppose we use V. =n"13"" (X; —

X)2. Then V is consistent for o2, but it is biased, because E(V) = % Thus the bias of V is
—0?/n, which vanishes as n — co.
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Example 3.3. (In Class)
Example 3.4. (In Class)

Example 3.5. (In Class)

A recap: the big picture

So far, we have learned about some desired properties of point estimators. We will keep in mind that
we want to have unbiased estimators with minimum variance so that we have more precise estimates or
predictions of the unknown population parameters. But when we can’t have an unbiased estimator, we
at least want an estimator that is consistent (i.e. converges in probability to the population parameter).
This is why I recommend you try your best to understand the basic theorems, such as the Weak Law of
Large Numbers, Chebyshev’s Theorem, and the Central Limit Theorem which help us find unbiased or
consistent estimators. You should also make sure that you are comfortable with taking expectations,
and probability limits.

Now that we studied the properties of point estimators, we will now learn three techniques to yield
point estimators of distributional parameters of populations or data generating processes. These are:

1. Method of Moment (MM) Technique
2. Maximum Likelihood (ML) Technique

3. Least Squares (LS) Technique

3.1 Moment Generating Functions (MGFs)
Definition

For a random variable X, the moment generating function (MGF) is defined as:
Mx (1) = Ele™],

provided that this expectation exists for ¢ in some neighborhood around 0. The MGF can be used to
obtain the moments of a random variable. By differentiating Mx (¢) and evaluating at t = 0, we get:

M (0) = E[X™).
In particular:

M4 (0) = E[X], MY%(0)=E[X?, and so on.

Where does this come from? We can differentiate inside the expectation operator for all ¢ in an open

interval around 0. The derivative of the exponential function is %X = Xe'X.
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First Moment (n = 1):

M (t) = %E[&X] =F [jtetx] =B [XeX].

Evaluating at t = 0:  M%(0) = E [Xe°] = E[X].

Second Moment (n = 2):

MY (t) = %E (X =E [

Evaluating at t = 0: My (0) = E [X?e°] = E[X?].

d t t
—(Xe X)] = E[X%¥].

Notice that since 02 = E[X — E(X)]? = E[X?] — [E(X)]?, we can write the theoretical moments as:

General n-th Moment:

M (1) = E [x"e] .
Evaluating at t = 0: M)((n)(()) =E[X"].

e For continuous X: Mx(t) = [* e fx(z)dx

e For discrete X: Mx(t) =>, e”P(X = x)
The Intuition of MGFs, Why are M GFs Useful?

1. To Uniquely Identify a Distribution. If two random variables have the same MGF (and it
exists in a neighborhood around 0), then they have the same distribution:

Mx(t) = My(t) = X2V,

Hence, the MGF completely characterizes the distribution.

2. To Compute Moments Easily. MGFs make it straightforward to find moments without
directly computing integrals. For example, if X ~ N(u,0?), then:

Mx(t) = exp (ut + %02152) ,

and
E[X] = MX(0) = u, E[X?] = MY(0) = p* + 0°.
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3. To Analyze Sums of Random Variables. If X and Y are independent, then:
Mx v (t) = Mx(t) - My (t).

This property makes MGFs extremely useful for studying the distribution of sums of independent
random variables. For example:

e The sum of independent normal random variables is normal.
e The sum of independent exponential random variables follows a gamma distribution.

e The binomial distribution can be derived as the sum of Bernoulli random variables.

4. To Prove the Central Limit Theorem (CLT). In the proof of the CLT, MGFs (or charac-
teristic functions) are used to show that the distribution of standardized sample means converges
to a normal distribution. Specifically, the MGF of the standardized sum converges to:

My, (t) — e /2,

which is the MGF of a standard normal random variable N (0, 1).

To find the limiting distribution function of a sequence of random variables { X, }
Fx, (z) — Fx(z) at all continuity points of Fx

obviously requires that we know Fl, (z) for each positive integer n. However, it is often difficult to
obtain Fl, (z) in closed form.

Fortunately, if it exists, the moment generating function (mgf) that corresponds to the cumulative dis-
tribution function Fx, (x) often provides a convenient method of determining the limiting distribution.

Theorem 7 (Limiting Distributions via MGFs). Let {X,,} be a sequence of random wvariables with
mgf Mx, (t) that exists for —h <t < h for all n. Let X be a random variable with mgf Mx (t), which
exists for |t| < hy < h. If

lim Mx, (t) = Mx(t) for|t] < hq,

n—o0

then
X, — X.

Example 3.6

Let X1, Xo,..., X, be a random sample from a population with probability density function:

Fa6) = {96—91’, >0

0, elsewhere

Find the method of moments estimator of 6, say 0;.

Solution:
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The moment generating function is:

:9<0 t) s for t < 6

t) li=o
_ 1 01
O 1Pl # 0
So, p1 = %.
Find the first sample moment as:
1 n
LS - x
n-
=1
Step 4: Equate moments and solve for 6.
1 — 1
=X = 0==
0 X

Notice the hat on top of é, because it is our guess or estimate of the true 6, we put a hat on top of it
to distinguish the estimator from the true population parameter.

Example 3.7
Example 3.8
Example 3.9.
Example 3.10

Show that if Z is a variable with standard normal distribution, then the moment generating function
2
is My(t) = et /2.
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Solution:

The standard normal distribution has probability density function:

1
f(z) = e —co<z< o0

The moment generating function (MGF) is defined as:

My(t) = E[et?] = /OO e f(2)dz

—0o0

Substituting the PDF:
Combine the exponents:

Complete the square in the exponent:

Consider the exponent:

Complete the square:

Therefore:

z 1
te = = —5[(z—t)2—t2] =—(z—t)*+ =

Substitute back into the integral:

1> 2
Mz(t) = / e 2T gy

Factor out the constant term:

Mz(t) = /2. 1/ e 207 gy

Recognize the normal distribution integral:
. 1 [e’) _ L, )2

The integral ﬁfiwe 2(2=1)

variance 1, which equals 1.
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Therefore:
Myz(t) = o121 = t°/2

My(t) = et’/?

Verification: We can verify this result by checking that Mz(0) = 1 (which is true for any MGF) and
by computing moments:

My(t) = te!’/? = E[Z] = M}(0) =0
MY(t) = (£ + 1)e’/? = E[2%] = MJ(0) = 1

These match the mean and variance of the standard normal distribution.
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3.2 Maximum Likelihood Method

The rationale of the method of maximum likelihood is based on selecting the values of the parameters
that maximize the likelihood (the joint probability function or joint density function) of the observed
sample. Notice the use of the expression, ”observed sample”: we have a sample at hand, and we
try to choose the parameter values that make the observed sample most probable under the assumed
statistical model. Consider the following example. Suppose that we are confronted with a box that
contains three balls. We know that each of the balls may be red or white, but we do not know the
total number of either color. However, we are allowed to randomly sample two of the balls without
replacement. If our random sample yields two red balls, what would be a good estimate of the total
number of red balls in the box? Obviously, the number of red balls in the box must be two or three
(if there were zero or one red ball in the box, it would be impossible to obtain two red balls when
sampling without replacement).

If there are two red balls and one white ball in the box, the probability of randomly selecting two red

balls is N
() 1

G 3

On the other hand, if there are three red balls in the box, the probability of randomly selecting two
red balls is

It should seem reasonable to choose three as the estimate of the number of red balls in the box because
this estimate maximizes the probability of obtaining the observed sample. Of course, it is possible for
the box to contain only two red balls, but the observed outcome gives more credence to there being
three red balls in the box.

More formally, suppose that the likelihood function depends on k parameters 61, 6o, ... ,0;. Method of
Maximum Likelihood chooses as estimates those values of the parameters that maximize the likelihood

L(y17y2""7yn | 017027"'76k)'

Now let’s go back to our math courses, MAT119 and MAT120. Do you recall how you would find
the maximum of a function? We simply take the first derivative with respect to the variable we want
to maximize, and then set the first derivative equal to zero to find the value where the slope is zero
(example, utility maximization w.r.t. a consumption good). The idea is the same here. We will define
a likelihood function and then find an estimator which maximizes the probability.

In our problem, the information in the sample and the parameter 6 are involved in the joint distribution
of the random sample; i.e., [T, f(zs;0). We want to view this as a function of 6, so we write it as

n

L(0) = L(0;z1,22,...,2y,) = Hf(a:z,H)

=1

This is called the likelihood function of the random sample. As an estimate of 6, a measure of the
center of L(6) seems appropriate. An often-used estimate is the value of 6 that provides a maximum
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of L(#). If it is unique, this is called the maximum likelihood estimator (MLE), and we denote

it as 6; i.e., R
0 = Argmax L(0).
0

In practice, it is often much easier to work with the log of the likelihood, that is, the function I(0) =
log L(0). Because the log is a strictly increasing function, the value that maximizes [(#) is the same as
the value that maximizes L(f). Furthermore, for most ofAthe models discussed in this course, the pdf
(or pmf) is a differentiable function of 0, and frequently 6 solves the equation

al(0)

o0

Example 3.12

Suppose the common pdf of the random sample X1, Xo, ..., X, is the I'(1, ) density f(z) = 6~ exp{—2/0}
with support 0 < z < oo. This gamma distribution is often called the exponential distribution. The
log of the likelihood function is given by

e %l = _plogh— 6" Z T;.
i=1

| =

10) =log [
=1

The first partial of the log-likelihood with respect to 6 is

olB) 1 aax—

Setting this partial to 0 and solving for 6, we obtain the solution Z. There is only one critical value
and, furthermore, the second partial of the log-likelihood evaluated at Z is strictly negative, verifying
that it provides a maximum. Hence, for this example, the statistic 6 = X is the mle of §. Because
E(X) = 0, we have that E(X) = 0 and, hence, § is an unbiased estimator of .

Example 3.13 (In Class)
Example 3.14 (In Class)

Example 3.15 (In Class)
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3.3 Appendix

If X ~ N(p,0?), then its moment-generating function (MGF) is defined as:

Myx(t) = E(e!)

To find this expected value, we start with the probability density function (PDF) of X:

1 1
f(x):mexp <—M(x—u)2>, for z € R.

The MGF is then given by the integral:

M (t) = /o; et f(2) dz = \/2;7 /Z exp(tz) - exp <—2i2(x - M)2> da.

Combining the exponents inside the integral:

1> 1 )

Our goal is to simplify the exponent into a perfect square in x. Let’s expand and complete the square.

1
tr — o (x — p)?

1
557 =tr — —2(332 — 2uzx + p?)

20
Loy H s
=57 (1t )5

Now, we complete the square for the terms involving z. Consider the general quadratic form az?+bx+c.

Here,
2

1 15 15
“= g PEIT L =T
Completing the square:
| (#+2a)vema(org) -5
ar*+br+c=alz"+-z|+c=alz+—) ——+c
a 2a 4a
Let’s compute the necessary components:
b t+ 45 t+ 4 9 u 9
= CEEE t —):— — ot
20 2+ (—5%) —1/0? 7 ( t poe
® e (t+%)° g —02(t+u)2 .
40 ST Ty —2%) 202 2 o2 202
g



Now, expand the squared term:

Substituting back:

b2 o2 ([, 2ut 12 242 12 12 1 ,,
——qe=— [P+ ) =T e
da € 2< o2 Tgl) T2 T Ty M om g T GO
Thus, the original exponent becomes:
1 2 1 211} 2 L 9
tm—ﬁ(az—u) :—ﬁ(l’—(u—i—a t)) +<,ut+2at .

Substituting this back into the integral for Mx (t):

_ 1 > 1 2,112 L 509
MX(t)—\/W/_Ooexp<—w(x—(u+at)) +ut+§at dx.

We can factor out the term that does not depend on z:

M (t) = exp <ut + ;(f?t?) . [\/2;7 /_Z exp <_2i2(x (et a%))2> d:c} .

The expression inside the square brackets is the integral of the PDF of a normal distribution with
mean p + 0%t and variance o2. By definition, this integral equals 1.

Therefore, we are left with the final result:

Mx (t) = exp (ut + %a2t2) :
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3.4 Sufficient Statistics

Recall the definition of a statistic: a statistic is a function 7" = r(X1, Xo,---, X,,) of the random
sample X1, Xo, -+, X,,. Examples are:

_ 1 —
X, = - Zl X;, (the sample mean)
—

n

2 1

S = Zl(Xz — X,)?,  (the sample variance)
1=

Ty = max{ X1, Xo, -+ , X, }

T5 =10

Although the last one seems a bit strange and different than the others (as it completely ignores the
random sample), it is still a statistic. We say a statistic 7" is an estimator of a population parameter
0 if T is usually close to #. The sample mean is an estimator for the population mean; the sample
variance is an estimator for the population variation.

Obviously, there are lots of functions of X1, Xo, -+, X, and so lots of statistics. When we look for a
good estimator, do we really need to consider all of them, or is there a much smaller set of statistics
we could consider? Another way to ask the question is if there are a few key functions of the random
sample which will by themselves contain all the information the sample does. For example, suppose
we know the sample mean and the sample variance. Does the random sample contain any more
information about the population than this?

Let f(xz|f) with # € © be some parametric family. Let X = (Xi,...,X,) be a random sample from
distribution f(z|@). Suppose we would like to learn parameter value 6 from our sample. The concept of
sufficient statistic allows us to separate information contained in X into two parts. One part contains
all the valuable information as long as we are concerned with parameter 8, while the other part contains
pure noise in the sense that this part has no valuable information. Thus, we can ignore the latter part.

Definition 4. Statistic T(X) is sufficient for 0 if the conditional distribution of X given T(X) does
not depend on 6.

Let T(X) be a sufficient statistic. Consider the pair (X,T(X)). Obviously, (X,T(X)) contains the
same information about 6 as X alone, since T'(X) is a function of X. But if we know T'(X), then X
itself has no value for us since its conditional distribution given 7'(X) is independent of #. Thus, by
observing X (in addition to 7'(X)), we cannot say whether one particular value of parameter 6 is more
likely than another. Therefore, once we know T'(X), we can discard X completely.

It is difficult to use the definition to check if a statistic is sufficient or to find a sufficient statistic.
Luckily, there is a theorem that makes it easy to find sufficient statistics.

Theorem 8 (Factorization theorem). Let Xi, Xo, -+, X, be a random sample with joint density
flx1, @, ,xy)0). A statistic T = r(Xy, Xo, -+, Xy,) is sufficient if and only if the joint density
can be factored as follows:

f(ﬂfl,ﬂf?,’ o ,CCn|9) - U(i)fl,l’g,' c 7-7377,) U(T(J:la‘/EQa"' 7xn)79) (1)
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where u and v are non-negative functions. The function u can depend on the full random sample
T1,°*+ ,Xpn, but not on the unknown parameter 6. The function v can depend on 6, but can depend on
the random sample only through the value of r(x1, -+ ,xy).

It is easy to see that if f(¢) is a one to one function and T is a sufficient statistic, then f(7) is a
sufficient statistic. In particular we can multiply a sufficient statistic by a nonzero constant and get
another sufficient statistic.

We now apply the theorem to some examples.

Example (normal population, unknown mean, known variance) We consider a normal pop-
ulation for which the mean g is unknown, but the variance o2 is known. The joint density is

Flanee ol = (20) 20 exp (‘ : <xz~—ﬂ>2>

202 <
=1

1 « T nu?
_ n/2 _—n - 2 el Al
= (2n) o exp( 22;1xi+ 2;1:@ 557

Since o2 is known, we can let

1 n
w(wy, - a) = (27) 20 " exp (—22 E :1;?)
o
i=1

and
nu?

20_2 + %T(fﬂl, Zo, - - 73371))

U(T(xhx% e 7mn)a /‘L) = eXp (_

where

n
'I"(I‘l,xQ, e 7xn) - Z‘rl
=1

By the factorization theorem this shows that Y " ; X is a sufficient statistic. It follows that the sample
mean X, is also a sufficient statistic.

Intuition for Sufficient Statistics

A sufficient statistic is a summary of the data that contains all the information needed to estimate
a parameter. Once you know the sufficient statistic, the actual raw data provides no additional
information about the parameter.

A Simple Example: The Coin Flip Story

Imagine you flip a coin 100 times to determine if it’s fair. You could:

e Option 1: Record the entire sequence (H,T,H,H,T,...) - 100 pieces of information
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e Option 2: Just record ”43 heads” - 1 piece of information

For estimating the probability of heads, Option 2 contains all the information you need! The exact
sequence doesn’t matter - only the total number of heads. A sufficient statistic compresses the
data without losing any information about the parameter. It’s the optimal summary for estimation
purposes.

Example 3.17: Find two sufficient Statistics for Uniform[fy, 6].

Let X1, Xo,...,X,, ~ Uniform[f;, 03] be i.i.d. with 6; < 5. The joint density is:

CO|
Fons.osan | 01,02) = | [ =5 L0 (1)
1=1

where I4(x) is the indicator function that equals 1 if z € A and 0 otherwise.

Write the joint density clearly:

1
f(xl,...,$n | 91,92) = W 1{91 S 331,...,$n S 02}

Express the indicator function more usefully:

The condition 01 < z1,...,x, < 0 is equivalent to:

01 <min{zy,...,z,} and max{xi,...,z,} <0,
So we can write:
1
f(fL‘l, <oy I | 01792) = m ’ 1{01 < X(l)} ) I{X(n) < 92}

where X1y = min{Xy,..., X, } and X(,) = max{Xy,..., X}
Apply the Factorization Theorem:

We can factor the joint density as:

1
fl@r,. oz [ 01,00) = 1 'WI{91 < Xy H{X @) < 02}

U(T1500Tn)

v(T1,1%,61,62)

By the Factorization Theorem, the following statistics are sufficient:

T1 = X(l) = min{Xl, e ,Xn}
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T2 = X(n) = maX{X1, e ,Xn}

Verification: Why These Are Sufficient?

T1 = min X; tells us the smallest possible value for 6,

T> = max X; tells us the largest possible value for 65

Once we know these two values, the individual data points provide no additional information
about 61 and 69

e The conditional distribution of the data given (77, 7%) is uniform over all permutations of values
between T} and T5, which doesn’t depend on the parameters

The intuition is the following: if you want to estimate the interval [f1,02], you only need to know:

e The smallest observation (to estimate the left endpoint 6;)

e The largest observation (to estimate the right endpoint 6)

The exact positions of the other observations between these extremes don’t matter for estimating the
parameters!

3.5 Rao-Blackwell Theorem and Minimum Variance Unbiased Estimator

Sufficient statistics play an important role in finding good estimators for parameters. If 0 is an unbiased
estimator for # and if U is a statistic that is sufficient for 6, then there is a function of U that is also
an unbiased estimator for # and has no larger variance than §. If we seek unbiased estimators with
small variances, we can restrict our search to estimators that are functions of sufficient statistics. The
theoretical basis for the preceding remarks is provided in the following result, known as the Rao-
Blackwell theorem.

Theorem 9 (Rao-Blackwell Theorem). Let 0 be an unbiased estimator for 6 such that V(0) < oco. If
U is a sufficient statistic for 0, define 0* = E(0 | U). Then, for all 0,

E(6*)=0 and V(6*)<V().
Proof. Because U is sufficient for 0, the conditional distribution of any statistic (including é), given U,

does not depend on §. Thus, 6* = E (é | U) is not a function of § and is therefore a statistic. Because
f is an unbiased estimator for 6, Law of Iterated Expectations implies that

E(0*)=E[E@ |U)] = E®) =0.

Thus, 6* is an unbiased estimator for 6.
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V() =VI[E@G |U)+E[V(@|U)]=V(@)+E[VEO|U).

Because V(0 | U = u) > 0 for all u, it follows that E[V(f | U)] > 0 and therefore that V() > V (6*),
as claimed. n

The Rao-Blackwell Theorem provides a method to improve any unbiased estimator. The core idea is
that if you waste information, your estimator will be noisy. Use all available information to smooth
out the noise.

Start with any unbiased estimator §(X). Find a sufficient statistic 7'(X) for the parameter §. Then
create a new estimator by taking the conditional expectation: 0*(X) = E[§(X)|T(X)].

This new estimator is guaranteed to be unbiased and have variance less than or equal to the original
estimator: Var(6*) < Var(d). The theorem smooths out unnecessary variability by using all the
information contained in the sufficient statistic.

Example 3.18: Bernoulli Distribution Sufficient Statistic and MVUE

Let Y1,Ys,...,Y, denote a random sample from a distribution where P(Y; = 1) = p and P(Y; =
0) = 1 — p, with p unknown (such random variables are often called Bernoulli variables). Use the
factorization criterion to find a sufficient statistic that best summarizes the data. Give an MVUE for

p.
Notice that the preceding probability function can be written as
P(Y;=y) =p"(1-p)""", 4 =01
Thus, the likelihood L(p) is
L(y1, 92, yn | P) = (Y1, 92, - Yn | D)

= (1 —p) Y x p¥2(1 —p)l 2 x oo x p¥n(1 — p)tTUn

— pZyi(l _ p)n*Zyi

— i1 — )P Y

p="(1—p) x 1

9> yi.p) h(y1,y2;--,Yn)

According to the factorization criterion, U = )" , Y; is sufficient for p. This statistic best summarizes
the information about the parameter p.

Notice that E(U) = np, or equivalently, E(U/n) = p. Thus, U/n = Y is an unbiased estimator for
p. Because this estimator is a function of the sufficient statistic ) ., Y;, the estimator p =Y is the
MVUE for p.

Example 3.19

Suppose that Y1,Ys,...,Y, denote a random sample from the Weibull density function, given by

(3) e, y>o,

0, elsewhere.

f(y|9)={
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Find an MVUE for 6.

Solution: We begin by using the factorization criterion to find the sufficient statistic that best sum-
marizes the information about 6.

L(yl;y?,---;yn|9):f(y17y27'--7yn’9)

2\" -,
(0> (y1><y2><~-><yn)exp<—0;y¢)
2\" I
=\lg) &P _ézyz X (Y1 X Y2 X -+ X yn).
=1

7(Y1,Y25--,Yn)

u(3y2,0)

Thus, U = Y, Y;? is the minimal sufficient statistic for 6.

We now must find a function of this statistic that is unbiased for 6. Letting W = Y;?, we have

()
= <9> e~w0 w>o.

That is, Y;? has an exponential distribution with parameter 6. Because

EY)=E(W)=6 and E (zn: Yf) = né,

i=1
it follows that
H =

S|

n
2 Y!
=1

is an unbiased estimator of # that is a function of the sufficient statistic Y &, Y;>. Therefore, 0 is an
MVUE of the Weibull parameter 6.
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4 Confidence Intervals

So far we learned what a point estimator is, what some desired properties of point estimators are (un-
biasedness, efficiency, i.e.minimum variance, and consistency), and how we can derive such estimators.
We will now learn about confidence intervals for an unknown population parameter.

One way to measure the goodness of any point estimation procedure is in terms of the distances between
the estimates that it generates and the target parameter. This quantity, which varies randomly in
repeated sampling, is called the error of estimation. Naturally we would like the error of estimation to
be as small as possible.

The estimation error ¢ measures how far our estimate 6 is from the true parameter 6 we're trying
to measure:

e=10—0|

Since 6 is calculated from data (and is therefore random), the error ¢ is also random. We can’t know
the exact error for any particular estimate, but we can make probability statements about how
large it might be.

Imagine the sampling distribution of 6 centered around the true population parameter 6 (since it’s
unbiased). If we choose a margin b around 6, the probability that our estimate falls within this margin
is:

P—60<b)=PO—-b<h<0+b)

This probability identifies the fraction of times, in repeated sampling, that the estimatord falls within
b units of 0, the target parameter. When b is practically small, a high probability P(e < b) provides a
measure of the goodness of a single estimate.

Suppose that we want to find the value of b so that P(e < b) = 0.90. If we know the probability density
function of 6, then we seek a value b such that:
0+b .

f(6)db =0.90
6—b

where f (é) is the probability density function of our estimator.

Even without knowing the exact distribution, if 0 is unbiased we can use its standard error>

create error bounds. Letting b = ko, Chebyshev’s inequality tells us:

Ué to

For example, with k = 2:

P(e <205) >0.75

This means there’s at least a 75% chance our estimation error will be less than two standard er-
rors. The point is that b = 20, is a good approximate bound on the error of estimation in most

2The standard deviation of an estimator is called the standard error.
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Figure 3: Sampling distribution of a point estimator 6

practical situations. The bounds for probabilities provided by Tchebysheff’s theorem are usually
very conservative; the actual probabilities usually exceed the Tchebysheff bounds by a considerable
amount. The probability that a random variable Y falls within two standard deviations of its mean,
P(p—20 <Y < p+ 20), varies across different distributions. For the Normal distribution, this
probability is approximately 0.9544. For the Uniform distribution, the probability is exactly 1.0000,
meaning all values necessarily fall within this range. For the Exponential distribution, the probability
is approximately 0.9502.

In an ideal scenario, a confidence interval should satisfy two key conditions: it must include the
true parameter 6, and it should be as precise (narrow) as possible. However, because the interval’s
endpoints are derived from sample data, they fluctuate randomly across different samples. This means
the position and width of the interval are both random, making it impossible to guarantee that any
specific computed interval contains the fixed parameter . Therefore, the aim is to develop an interval
estimation method that consistently produces narrow intervals with a high likelihood of capturing 6.

Such intervals are referred to as confidence intervals. Their endpoints are known as the upper and
lower confidence limits. The probability that a randomly constructed confidence interval contains
0 is called the confidence coefficient. In practical terms, this coefficient indicates how frequently,

over many repeated samples, the generated intervals would successfully include the target parameter
0.

Let’s be a bit more formal; consider 6§, an unknown parameter. Suppose that on the basis of sample
information, random variables A and B are found such that P(A < 8 < B) = 1 — «, where « is any
number between 0 and 1. If the specific sample values of A and B are a and b, then the interval from
a to b is called a 100(1 — o)% confidence interval of . The quantity 100(1 — )% is called the
confidence level of the interval. If the population is repeatedly sampled by a very large number of
times, the true value of the parameter 6 will be covered by 100(1 — )% of intervals calculated this
way.
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Figure 4: Confidence Intervals

Confidence Interval Estimation Based on the Normal Distribution: One Population
Intervals

Let z1,x9,...,2, be a random sample of n observations from a normally distributed population with
unknown mean g and known variance o2. Suppose that we want a 100(1 — )% confidence interval for
the population mean. We know from Econ205 that

_E—p
=

has a standard normal distribution and z, /5 is the value from the standard normal distribution such
that the upper tail probability is a/2. We use the following algebraic manipulation:

l—a=P(—z42 < Z < 24/2)

z—p
=P (—ZQ/Q < W < Za/2>
ag g

=P <_Za/2\/ﬁ <T—pu< Za/g\/ﬁ>
_ o _ o
= <$_Zoz/2\/ﬁ <:U’<'T+Za/2\/ﬁ>

For a 95% confidence level it follows that

g g
Plz—196-— 7 +1.96—— | =0.
<x 9= <p<a+ 96\/ﬁ> 0.95

We know that the probability that a standard normal random variable falls between the numbers —1.96
and 1.96 is 0.95.
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Confidence Interval Estimation for the Mean of a Population That Is Normally
Distributed: Population Variance Known

Consider a random sample of n observations from a normal distribution with mean p and variance o2.

If the sample mean is Z, then a 100(1 — a)% confidence interval for the population mean with known
variance is given by

g

7

T+ Z(x/Q
or, equivalently,

TEtME

where M E, the margin of error (also called the sampling error), is given by

g
MFE = Za/Q%

The width, w, is equal to twice the margin of error:

w=2(ME)

The upper confidence limit (UCL) is given by

UCL:{E‘FZQ/Q%

The lower confidence limit (LCL) is given by

LCL =7 — za/Q%

We need to interpret confidence intervals accurately. If random samples of n observations are drawn
repeatedly and independently from the population and 100(1 — )% confidence intervals are calculated
by Equation z+ z,, /2%, then over a very large number of repeated trials, 100(1— )% of these intervals
will contain the true value of the population mean.

This is a crucial point that most students tend to overlook. When we estimate a confidence interval,
our specific interval either includes the true parameter value or not (simply because confidence intervals
are estimated based on the random théta). But the idea is that if we repeat the exercise, say a 100
times, we can be sure that a certain percentage of such intervals will include the true parameter, say
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Figure 6: Intervals and Level of Confidence

95 percent. Let’s take a look at Figure 7. Assume that we draw samples from a normally distributed
population and calculate Z for each sample. If we set 1 — a to 0.95, this means that when we draw
100 samples and estimate 100 confidence intervals, 95 of these intervals will include the true p. In
Figure 7, all the blue intervals include the point estimates within the (1 — «) region, whereas the point

estimate falls outside (1 — «) region.

For selected confidence levels, the following Table lists corresponding values of z, /5, sometimes called
the reliability factor. Consequently, a 90% confidence interval is estimated as:

o
T+ 1.645—
x N

Table 1: Confidence Level and Corresponding Critical Values

Confidence Level | 2,/ Value
90% 1.645
95% 1.96
98% 2.33
99% 2.58
99.9% 3.27
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Example 4.1

A sample of 11 circuits from a large normal population has a mean resistance of 2.20 ohms. We know
from past testing that the population standard deviation is 0.35 ohms. Find a 95% confidence interval
for the true mean resistance of the population.

Solution

The following information is given: Sample mean: T = 2.20 ohms, Population standard deviation:
o = 0.35 ohms, Sample size: n = 11. For a 95% confidence interval, the critical value is Zo2 = 1.96.

First, calculate the standard error:

o 03 08 h1055

Jno V11 3.3166

The margin of error is calculated as:

ME =1.96 - 0.1055 ~ 0.2068

The 95% confidence interval is:
T+ ME = 2.20 £ 0.2068

So the confidence interval is:

(2.20 — 0.2068, 2.20 + 0.2068) = (1.9932, 2.4068)

The 95% confidence interval for the true mean resistance of the population is approximately (1.993,
2.407) ohms.

We are 95% confident that the true mean resistance is between 1.9932 and 2.4068 ohms. Although the

true mean may or may not be in this interval, 95% of intervals formed in this manner will contain the
true mean.

Example 4.2

The shopping times of n = 64 randomly selected customers at a local supermarket were recorded. The
average of the 64 shopping times were recorded as 33 minutes and variance is known to be 256 minutes.
Estimate u, the true average shopping time per customer, with a confidence coefficient of 1 —a = 0.90.

Solution
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Figure 7: Confidence Intervals

Given: sample size n = 64, sample mean Z = 33 minutes, variance o = 256 minutes?, and confidence
level 1 — a = 0.90. The sample standard deviation is ¢ = /256 = 16 minutes.

For a 90% confidence interval, the critical value is z, /2 = 20,05 = 1.645.
The margin of error is calculated as:

16
ME = 2,5 - —— = 1.645 = L6450 = 16452 =329

9
5=

The 90% confidence interval is:
T+ MFE =33+ 3.29

Lower limit = 33 — 3.29 = 29.71, Upper limit = 33 4 3.29 = 36.29

The 90% confidence interval for the true average shopping time per customer is (29.71, 36.29)
minutes.

4.1 Confidence Interval Estimation for the Mean of a Population That Is Normally
Distributed: Population Variance UnKnown

In most cases when the true population mean is unknown, the population variance is also unknown.
In such cases, whenever we want to construct a confidence interval, we use the sample variance, s°
in lieu of the unknown population variance. This introduce additional uncertainty into our inference,

especially if the sample size is small. When we know o, the quantity j(/\_/% follows exactly N(0,1)
by the Central Limit Theorem. However, when we replace ¢ with its estimate s, we get a different
distribution. Therefore when the population variance is unknown, we can no longer rely on critical z
values in small samples and we rely on the t-distribution. The t-distribution accounts for uncertainty

in three key ways:

e Heavier tails: The t-distribution has thicker tails than the normal distribution, reflecting the
increased variability that comes from estimating ¢ from the sample.
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Figure 8: Confidence Intervals

have ‘fatter’ tails than the
normal

o

e Sample size dependence: As the sample size n increases, s> becomes a better estimate of o2,
and the t-distribution converges to the normal distribution.

e Uncertainty penalty: Using critical t-values instead of z-values automatically widens our
confidence intervals to account for the uncertainty in our variance estimate, giving us more
conservative (and more accurate) intervals.

If we collect a random sample of n observations with mean Z and standard deviation s from a normally
distributed population with mean pu, then the variable:

X —p
s/v/n

follows the Student’s t distribution with (n — 1) degrees of freedom.
We therefore make the following adjustment for confidence interval estimation:

Consider {z;}7 ; a random sample of n observations from a normal population N (y, 02). If the sample

mean is Z, then a (1 — «)100% confidence interval for y with unknown o? is:

T+ tnfl,lf

o
2

=k

where,

S:\/82:

Example 4.3

A random sample of n = 25 with £ = 50 and s = 8. Form a 95% confidence interval for pu.
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Solution
The confidence interval for 4 when o is unknown is given by:
S

TElp11-2 7n

We have the following values: sample size n = 25, sample mean T = 50, sample standard deviation
s = 8, confidence level 95% so a = 0.05, degrees of freedom df = n — 1 = 24, and critical t-value
t24,0.975 = 2.064 (from t-table).

Calculating the margin of error:

S 8 8
— =2.064 x — =2.064 x — =2.064 x 1.6 = 3.3024
Vn V25 5

E=typ 11-2

The 95% confidence interval is:

50 £ 3.3024 = (46.6976, 53.3024)

Therefore, the 95% confidence interval for y is:

(46.70, 53.30)

Example 4.4: In class

4.2 Confidence Interval Estimation for Population Proportion

Confidence
Intervals
I
| ] |
Population Population Population
Mean Proportion Variance

—

o2 Known | |02 Unknown

Consider {z;}7,, a random sample of n observations from a Bernoulli(p) population. Notice that each
x; is either 1 (success) or 0 (failure). Z in this case is the observed proportion of successes, denoted as
p. Then, if np(1 —p) > 5, a (1 — «)100% confidence interval for p is:

p(1—p)

ptzie -
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The distribution of the sample proportion is approximately normal if the sample size is large, with
standard deviation:

When we have a sample at hand, we estimate it using the formula: ’3(17;@

Example 4.5

A random sample of n = 100 people shows that 25 are left-handed. Form a 95% confidence interval
for the true proportion of left-handers.

Solution

The sample proportion is:
25

— =0.25
100

ﬁ:

Check the normal approximation condition:

np(l —p) =100 x 0.25 x 0.75 = 18.75 > 5
The condition is satisfied, so we can use the normal approximation.
For a 95% confidence interval:

a = 0.05, 21,% = 20.975 — 1.96

The standard error is:

H(1 —p) \/0.25 x 0.75 \/0.1875
) = = = = 1/0.001875 = 0.04
o \/ - 00 00 0.001875 = 0.0433

The margin of error is:

E=2z_g-0p=196x0.0433 = 0.0849

The 95% confidence interval is:

p+ E =0.25+0.0849 = (0.1651,0.3349)

Therefore, the 95% confidence interval for the true proportion of left-handers is:

(0.165,0.335)
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Example 4.6: In class

4.3 Confidence Interval Estimation for Population Variance

Confidence
Intervals
I
| ] |
Population Population Population
Mean Proportion Variance

| | (From a normally

distributed population)

o2 Known | |02 Unknown

The chi-square (x?) distribution describes the sum of squared independent standard normal random
variables. This distribution is fundamental for making inferences about population variance.

When sampling from a normal distribution N (u,0?), the variable:

9 (n—1)s?

X_:
n—1 o2

follows a chi-square distribution with n — 1 degrees of freedom, where:

o iy (@i — @)

5= n—1

is the sample variance.
The notation X%_l,a represents the critical value satisfying:

P(X?I—l > X’?L—l,oc) =«

Using this relationship, we can construct a (1 — «)100% confidence interval for o2 as:

[(n —1)s%2 (n— 1)32]

2 ) T2
Xn—1,1-2  Xp-1,2

This interval is asymmetric, reflecting the skewed nature of the chi-square distribution and providing
proper coverage for the unknown population variance.

Example 4.7

A process engineer is concerned with the variation of temperature in an industrial furnace. She collects
a random sample of temperatures as:

975, 1075, 1050, 900, 1000, 950, 1025, 1050, 975 °C
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Calculate a 95% confidence interval for the (population) variance of temperatures in this furnace.
Solution
Given: n = 9 temperatures

First, calculate the sample mean:

975 + 1075 + 1050 + 900 + 1000 + 950 + 1025 + 1050 + 975 9000

7= = 1000
v 9 9
Now calculate the sample variance:
&2 — >o(xi —2)°
n—1
(975 —1000)? + (1075 — 1000)? + (1050 — 1000)? + (900 — 1000)? + (1000 — 1000)?
B 8
N (950 — 1000)2 + (1025 — 1000)? + (1050 — 1000)? + (975 — 1000)?
8
625 + 5625 + 2500 4 10000 + 0 4 2500 + 625 + 2500 + 625
B 8
2
= @ = 3125

For a 95% confidence interval for variance with n = 9:

a = 0.05

df =n—1=28
X?;,o,975 = 2.180 (from chi-square table)
X§,0.025 = 17.535 (from chi-square table)

The 95% confidence interval for o2 is:

’ 17.535 7 2.180

(n—1)s* (n—1)s?| [8 x 3125 8 x 3125
Xi—m—g Xi—L%

Calculate the bounds:

25000
L = = 1425.
ower bound 17535 5.8
25000
b d=—— = 11467.
Upper boun 5180 67.9

Therefore, the 95% confidence interval for the population variance is:

|(1425.8, 11467.9) |
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4.4 Confidence Interval Estimation: Finite Populations

If the sample size is more than 5% of the population size (and sampling is without replacement) then
a finite population correction factor must be used when calculating the standard error. Suppose sam-
pling is without replacement and the sample size is large relative to the population size. Assuming the
population size is large enough to apply the central limit theorem, we can apply the finite population
correction factor when estimating the population variance.

N—n
N—-1

Finite population correction factor:

Estimating the Population Mean

Let a simple random sample of size n be taken from a population of N members with mean . The
sample mean is an unbiased estimator of the population mean y. The point estimate is:

i=2

Finite Populations: Mean

If the sample size is more than 5% of the population size, an unbiased estimator for the variance of

the sample mean is:
2 N —
Var(z) = = < n>

n \N—1

So the 100(1 — a)% confidence interval for the population mean is:

B s2 (N —n
xitn—l,a/2 g <N—1>

Estimating the Population Total

Consider a simple random sample of size n from a population of size N. The quantity to be estimated
is the population total Ny. An unbiased estimation procedure for the population total Ny yields the
point estimate NZ.

An unbiased estimator of the variance of the population total is:
s2 N—n
Var(Nz) = N? ([ —
wv) = () (55)

A 100(1 — @)% confidence interval for the population total is:

52 N—n
Nz + N2 | —




Confidence Interval for Population Total: Example

A firm has a population of 1000 accounts and wishes to estimate the value of the total population
balance. A sample of 80 accounts is selected with average balance of $87.60 and standard deviation of
$22.30. Find the 95% confidence interval estimate of the total balance.

Solution: The 95% confidence interval for the population total balance is $82,837.53 to $92,362.47.

N = 1000, n = 80, & = 87.6, s = 22.3

vt = (5) (75)
= (1000)2 <(2§£’)2> <g§g>

NX = t0.025,79 - NGz—(1000)(87.6)+(1.9905) (2392.6)

82,837.53 < Np < 92,362.47

Estimating the Population Proportion: Finite Population

Let the true population proportion be P. Let p be the sample proportion from n observations from
a simple random sample. The sample proportion, p, is an unbiased estimator of the population
proportion, P.

Confidence Intervals for Population Proportion: Finite Population

If the sample size is more than 5% of the population size, an unbiased estimator for the variance of

the population proportion is:
o pl=p) (N—n
V pu—
ar(p) - ( N1

So the 100(1 — «)% confidence interval for the population proportion is:

R pl—p) (N—n
p:tza/g\/ n (N—l
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4.5 Sample-Size Determination: Finite Populations
Finite Populations - For the Mean

How can we find the required sample size for a level of margin or error that we are willing to tolerate?
Remember the margin of error formula:

o
ME:ZO‘/Q'E

Now using this formula, we can work our way to find the required sample size ng using the prior
formula: s o
20)20

ME?

nog =

To determine the required sample size for the mean, you must decide on the desired level of confidence
(1 — a), which determines the critical z value, the acceptable margin of error (sampling error), ME,
and you must know the population standard deviation, o.

Example 4.8

If o= 45, what sample size is needed to estimate the mean within + 5 with 90% confidence?
Solution

For a 90% confidence level:
a = 0.10, Zaj2 = 20.05 = 1.645

The required sample size formula is:

()

Substitute the values:

1.645 x 45> 4.025\ >
n= <65X5> - (7 0 5) = (14.805)? = 219.188

5 )

Since sample size must be an integer, we round up:

n = 220

Therefore, the required sample size is:
220
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The logic is similar for finding the required sample size for population proportions.The ME formula
for population proportion is:

ME = 25 - p(1 = p)

n
Using this formula, one can find the required sample size. However, the sample and population
proportions, p and P, are generally not known (since no sample has been taken yet). Since the
value P(1 — P) = 0.25 generates the largest possible margin of error, taking a conservative value
such as P = 0.5 guarantees that the resulting sample size will meet the desired level of confidence.
Therefore, to determine the required sample size for the proportion, you must decide on the desired
level of confidence (1 — ), which then gives us the critical z,/, value; the acceptable sampling error
(margin of error), M E; and estimate P(1 — P) = 0.25.

Example 4.9: In class
4.6 Confidence interval estimation: Two populations

In statistical inference, we often encounter situations where we need to compare parameters from two
different populations. While one-population confidence intervals provide estimates for a single popu-
lation parameter, two-population confidence intervals allow us to make inferences about the difference
between two population parameters, such as means or proportions. These intervals are essential for
comparing treatment effects, analyzing group differences, and testing hypotheses about population
disparities. Whether comparing the average incomes of two regions, the effectiveness of two medical
treatments, or the success rates of two marketing strategies, two-population confidence intervals pro-
vide a rigorous framework for quantifying the uncertainty in our estimates of the differences between
population parameters. The construction of these intervals depends on whether the samples are inde-
pendent or paired, and whether the population variances are known, unknown but assumed equal, or
unknown and assumed unequal.

Difference between Two Normal Population Means, Case 1: Dependent (Matched)
Samples

Let {z;}, and {y;}]"; be two matched samples. We can then create:

{d;}-y where d;=x;—y;, Vi

Then, a (1 — «)100% confidence interval for p1g = p, — py is:

dEtt,_11-2 NG

>y (di — d)?
o= 83:\/ -
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Z?:1 di

S
Il

Example 4.10

Six people sign up for a weight loss program. You collect the following data:

Table 2: Before and After Measurements with Differences

Person Before (z) After (y) Difference, d;

1 136 125 11
2 205 195 10
3 157 150 7
4 138 140 -2
5 175 165 10
6 166 160 6
Total: 42
Using the information given, d = 7 and s4 = m}ffdi_w = 4.82. For a 95% confidence level, the

appropriate t value with d.f.=5 is 2.571. Using the formula: d + tn,l’l,%i we find:

n’

| —1.94 < pg < 12.06]

Confidence Interval Estimation of the Difference Between Two Normal Population
Means, Case-2 Independent Samples

Our aim is to form a confidence interval for the difference between two population means, p, — py.
Independence here means that sample selected from one population has no effect on the sample selected
from the other population. As before, there are two possible cases:

1. When o2 and 05 are known: = use z,/2 in confidence interval estimation.

2. When o2 and UZ are unknown: = use ¢,,_1 ,/2 in confidence interval estimation.
(a) When o2 and O'Z are assumed equal.
(b) When o2 and O'Z are assumed unequal.

Case 1: When the o2 and 05 are known: the random variable:

(Z —9) — (ba — py)

z =
2 2
9z 4 %y
Ny Ny
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has a standard normal distribution and A (1 — «)100% confidence interval for pi, — p, is given by:

o2 o2

Example 4.11

A researcher wants to compare the mean wages of workers in Ankara and Istanbul. She has the
following data and information: Mean wage rate of 49 workers from Ankara is 6000. Mean wage rate
of 81 workers from Istanbul is 7000. Population variance of wages in Ankara and Istanbul are known
to be 640000 and 810000, respectively. Calculate/estimate a 95% confidence interval for the difference
of (population) means of wages in Ankara and Istanbul.

Solution

na = 49, Z 4 = 6000, 0% = 640000
nr = 81, Z7 = 7000, o? = 810000
Confidence level = 95% =20.025 = 1.96

The point estimate for the difference in means is:

Za — 1 = 6000 — 7000 = —1000

The standard error for the difference is:

2 2 640000 810000
SE— /%4 %1 _ \/ + — /13061.2245 + 10000 = v/23061.2245 = 151.86
nA Ny 49 81

The margin of error is:
ME = zg025 X SE = 1.96 x 151.86 = 297.65

The 95% confidence interval is:

(Za — Z) = ME = —1000 + 297.65 = (—1297.65, —702.35)

Therefore, the 95% confidence interval for the difference in mean wages (Ankara - Istanbul) is:

|(—1297.65,—702.35) |

Case 2a: When the o2 and 05 are unknown, but assumed equal, then a (1 — «)100% confi-

dence interval for ji, — i, is:

2 2

S S
7 m p p
r—vY + tnx+ny—2,l—% n + n
T )
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In our formulation:
s (na— 1)s3 + (ny — 1)35

Ng +ny — 2

and . ) " )
o Doy (wi—7) DA ()

S, = ——— K —
v ng — 1 Y ny — 1

Case 2b: When the 02 and ag are unknown, and assumed unequal, then a (1 — «)100% con-

fidence interval for p, — p, is:

In our formulation:

Ng—1 ny—1
Notice that, if n, = n, = n:
2
v=|145—5](n-1)
Sz SZJ
ER

Example 4.12

A researcher wants to compare the mean wages of workers in Ankara and Istanbul. She has the
following data and information: Mean wage rate of 49 workers from Ankara is 6000. Mean wage rate
of 81 workers from Istanbul is 7000. Population variances of wages in Ankara and Istanbul are unknown
and they are assumed to be unequal. Sample variance of wages in Ankara and Istanbul are calculated
as 490000 and 640000, respectively. Calculate/estimate a 95% confidence interval for the difference of
(population) means of wages in Ankara and Istanbul.

Solution

ny = 49, T4 = 6000, 5% = 490000
ny = 81, z; = 7000, 5% = 640000
Confidence level = 95%

The point estimate for the difference in means is:

za — 21 = 6000 — 7000 = —1000

61



(i 4 ﬁ)Z 490000 | 6400002

_ A _ (P3- +%5)

v= 62\ 2 2\2 (4900002 640000 )2
714) i) ( 49 ) + ( 81 )

A + "I 48 80

na—1 nr—1

Therefore: 390454200
v=—————=111.91 =~ 112

2863577.1

Using £112,0.975 ~ 1.981 (approximately the same as zp 975 = 1.96 for large degrees of freedom):

The standard error is:

[ o2 2
SE = Z—A + % = /10000 + 7901.2346 = v/17901.2346 = 133.78
A 1

The margin of error is:

ME = tv70_975 x SE =1.981 x 133.78 = 265.02

The 95% confidence interval is:

(Za —Z7) £ ME = —1000 + 265.02 = (—1265.02, —734.98)

Therefore, the 95% confidence interval for the difference in mean wages (Ankara - Istanbul) is:

|(—1265.02, ~734.98) |
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Appendix

Figure 9: Student’s T-Distribution Table

Numbers in each row of the table are values on a t-distribution with
\df) degrees of freedom for selected right-tail (greater-than) probabilities (p).

T (5. 4
difp| 0.40 0.25 0.10 0.05 0.025 0.01 0005 | 0.0005
1 | 0324520 | 1.000000 | 3.077684 | 6313752 | 1270620 | 31.82052| 63.65%74 | 6366192
2 0.288675 0.816497 1.885618 2.919986 4 30265 6.96456 9.92484 31.589
3 | 0276671 | 0764892 | 1637748 | 2353363 | 3.18245 | 4.54070 | 584081 | 12.9240
4 | 0270722 | 0740697 | 1533206 | 2131847 | 277645 | 374695 | 4.60409 | 85103
5 | 0267181 | 0726687 | 1475884 | 2015048 | 257058 | 336493 | 403214 | 68688
6 | 0.264835 | 0717558 | 1.439756 | 1943180 | 244691 | 3.14267 | 370743 | 59588
7 | 0263167 | 0711142 | 1.414924 | 1894579 | 236462 | 299795 | 349948 | 54079
8 | 0261921 | 0706387 | 1.396815 | 1.859548 | 230600 | 289646 | 335539 | 50413
9 | 0260955 | 0702722 | 1.383029 | 1.833113 | 226216 | 282144 | 324984 | 4.7809
10 | 0260185 | 0699812 | 1372184 | 1812461 | 222814 | 276377 | 398327 | 45889
11 | 0259556 | 0697445 | 1363430 | 1795885 | 220099 | 271808 | 390581 | 4430
12 | 0259033 | 0695483 | 1356217 | 1782288 | 217881 | 268100 | 305454 | 43178
13 | 0258501 | 0692829 | 1350171 | 1770833 | 216037 | 265031 | 301208 | 4.2208
18 | 0258213 | 0692417 | 1345030 | 1761310 | 214479 | 262449 | 297684 | 4.1405
15 | 0.257885 | 0.691197 | 1340606 | 1753050 | 213145 | 2560248 | 294671 | 4.0728
16 | 0.257509 | 0.690132 | 1336757 | 1.745884 | 211991 | 258349 | 292078 | 4.0150
17 | 0257347 | 0689195 | 1333379 | 1739607 | 210982 | 256693 | 289823 | 3.9651
18 | 0257123 | 0688364 | 1330391 | 1734084 | 210092 | 255238 | 287844 | 39216
19 | 0256323 | 0687621 | 1327728 | 1729133 | 209302 | 253048 | 286093 | 3.8834
20 | 0256743 | 0686954 | 1325341 | 1724718 | 208596 | 252798 | 284534 | 358495
21 | 0256580 | 0686352 | 1323188 | 1720743 | 207961 | 251765 | 283136 | 38193
22 | 0256432 | 0.685805 | 1321237 | 1717144 | 207387 | 250832 | 281876 | 3.7921
23 | 0256297 | 0.685306 | 1319460 | 1713872 | 206866 | 249987 | 280734 | 3.7676
24 | 0.256173 0684850 1.317836 1.710882 2.06390 249216 2.79694 3.7454
25 | 0.256060 | 0584430 | 1316345 | 1708141 | 205954 | 248511 | 278744 | 3725
26 | 0255055 | 0.684043 | 1314972 | 1705618 | 205553 | 247863 | 277871 | 3.7086
27 | 0255858 | 0.683685 | 1313703 | 1703288 | 205183 | 247266 | 277068 | 3.6896
28 | 0.255768 | 0683353 | 1312527 | 1701131 | 204841 | 246714 | 276326 | 36739
0255684 | 0683044 | 1.311434 | 1699127 | 204523 | 246202 | 275639 | 36594
30 | 0255605 | 0682756 | 1310415 | 1.697261 | 204227 | 245726 | 275000 | 3.6460
z | 0253347 | 0678490 | 1281552 | 1644854 | 195996 | 2.32635 | 257583 | 3.2905
o —— | —— | 80% 0% 95% 98% 99% 99.9%
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Figure 10: Z Table

Number in the
table represents
PiZ=z)

= e T e ——

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

00 | .5000 5040 5080 5120 5160 5199 5239 6279 5319 5358
01 | .53%8 5438 5478 5517 G557 6606 5636 6675 5714 5753
02 | 5793 5832 5871 5910 5948 5987 G026 G064 G103 GBI
03 | 6179 6217 6255 6293 63N 6368 6406 6443 B4BO 6517
04 | .6554 6531 6628 6664 6700 6736 B7172 6808 6844 6879
05 | .6915 6950 6985 7019 7054  jO88  .M23  M5T M90 7224
06 | .7257  .729 J324 7357 7389 7422 7454 7486 7517 7549
07 | .7580 76T Je42 7673 7704 7134 7764 7794 7823 7852
08 | .7881 J910 7933 7967  .79%5 8023  .BOS1  BO7E  .BIDE  .B133
09 | 8159 8186  B212  B238 8264  B2B9  B5  B340 B3G5 8369
1.0 | B33 8438 .B4g1 .B485 .B508 8531 8554 BATT 8599 8621
11 | B643 8665 8686 8708 8729 8749 8770 8790 8810 8830
12 | B849 8869  .BBBE 8907 8925  .B944  B9G2  B9BD 8997 9015
13 | 8032 9049 9066 9082 90%9 M5 WA 4 962 9N
14 | 9192 9207 9222 9236 9251 9265 9279 9292 9306  .9319
15 | 8332 9345 9357 9370 9382 9394 9406 9418 9429 944
16 | 9452 9463 9474 9484 9485 9505 9515  O525 9535  .9545
1.7 | 9554 9564 9573 9582 9591 9509 9608 9616 9625 9633
18 | .9641 9643 9656 9664 9671 9678 9686 9693 9699  .9706
19 | M3  9M9 9726 9732 9738 9744 9750 9756 9761 9767
20 | 9772 4977é& 9783 9788 9793 9798 9803 9608 9812 9817
21 | .98 9826 9830 9834 9838 9842 9846 9850  9B54 9857
22 | .9881 5864 968 .98M 9875 9878 9881 0884 9887 9890
23 | 9893 9836  .98%8  .99M1 4904 9906 9909 .99 4913 9916
24 | 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
25 | 9938 9940 9941 9943 9945 946 9948 9949 9951 9952
26 | 9953 9955 9956 9957 9959 9960 9961 9962 9963  .9964
27 | 9965 9966 9967 9968 9969 990 89N 98972 9913 894
28 | 9974 9975 9976 9977 9477 9978 4979 9979 9980 9981
29 | .99 9982 9982 9383 9984 9964 9985 9985 9986  .9986
30 | .9987 9987 9987 9988 9988 9989 9989 9989 9990  .99%0
31 | 9930 999 4391 99: 9992 9992 9992 9992 9993 9993
32 | 9993 9993 9994 9934 9994 9994 8994 9995 9995 9995
33 | 9995 9995 9995 9996 9996 9996 9996 9996  99% 990
34 | 9997 9997 8997 9997 8997 99w 4997 9997 9997 9998
35 | 9938 9998 9993 9998 9933 9998 9938 9938 9938 9998
36 | 9998 9998 9999 9999 9939 9999 8999 9999 9999 999
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Figure 11: Chi-Square Distribution Table (Right-tail probabilities)

Significance level (a)

Degrees of |
freedom

(df) .99 975 .95 9 1 .05 .025 .01
1 ammmee 0.001 0.004 0.016 2.706 3.841 5.024 6.635
2 0.020 0.051 0.103 0.211 4.605 5.991 7.378 9.210
3 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.345
4 0.297 0.484 0.711 1.064 7.779 9.488 11.143 13.277
5 0.554 0.831 1.145 1.610 9.236 11.070 12.833 15.086
6 0.872 1.237 1.635 2.204 10.645 12.592 14.445 16.812
7 1.239 1.680 2.167 2.833 12.017 14.067 16.013 18.475
8 1.646 2.180 2.733 3.490 13.362 15.507 17.535 20.090
9 2.088 2.700 3.325 4.168 14.684 16.919 15.023 21.666
10 2.558 3.247 3.940 4.865 15.987 18.307 20.483 23.209
11 3.053 3.816 4575 5.578 17.275 19.675 21.920 24725
12 3.571 4.404 5.226 6.304 18.549 21.026 23.337 26.217
13 4.107 5.009 5.892 7.042 19.812 22.362 24.736 27.688
14 4.660 5.629 6.571 7.790 21.064 23.685 26.119 29.141
15 5.229 6.262 7.261 8.547 22.307 24.996 27.488 30.578
16 5.812 6.908 7.962 9.312 23542 26.2596 28.845 32.000
17 6.408 7.564 8.672 10.085 24.769 27.587 30.191 33.409
18 7.015 8.231 9.390 10.865 25989 28.869 31.526 34.805
15 7.633 8.907 10.117 11.651 27.204 30.144 32.852 36.191
20 B8.260 9.591 10.851 12.443 28412 31410 34.170 37.566
21 8.897 10.283 11.591 13.240 29615 32671 35.479 38.932
22 9.542 10.982 12.338 14.041 30.813 33.924 36.781 40.289
23 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638
24 10.856 12.401 15.848 15659 33.196 36.415 39.364 42 980
25 11524 13.120 14,611 16.473 34382 37.652 40.646 44 314
26 12.198 13.844 15.379 17.292 35.563 38.885 41923 45.642
27 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963
28 13.565 15.308 16.928 18939 37916 41.337 44461 48.278
29 14.256 16.047 17.708 19.768 39.087 42.557 45.722 49.588
30 14953 16.791 18.493 20.599 40.256 43.773 46.979 50.892
40 22.164 24.433 26.509  29.051 51.805 55.758 59.342 63.691
50 29.707 32.357 34.764 37.689 63.167 67.505 71.420 76.154
60 37.485 40.482 43,188 46459 74397 79.082 83.298 88.379
70| 45442  48.758 51.739 55.329 85527 90531 955.023 100.425
B0 53.540 57.153 60.391 64.278 96.578 101.879 106.629 112.329
100 | 61.754 65.647 69.126 73.291 107.565 113.145 118.136 124.116
1000 70.065 74.222 77.929 82358 118498 124342 129561 135807
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5 Hypothesis Testing

The objective of statistics is to make inferences about unknown population parameters based on
sample data. These inferences come in two forms:

e Estimation of parameters

e Hypothesis testing about parameter values

Hypothesis testing is the foundation of scientific progress. Scientists observe events or nature, collect
sample data, formulate a theory (state a hypothesis about parameters) and then test theory against
observation. So far, we learned about estimation of parameters and constructing a confidence interval
which contains an unknown population parameter with a specified probability (1 — «) x 100%.

In contrast, hypothesis testing evaluates whether a proposed or hypothesized value is plausible for that
unknown parameter. This process formally examines the validity of a claim about the parameter. A
statistical hypothesis is a precise statement regarding the numerical value of a population parameter.
There are four essential components of a statistical test:

1. Null hypothesis (Hp): The hypothesis to be tested (often representing status quo or no effect)

2. Alternative hypothesis (H,): The research hypothesis we seek to support

3. Test statistic: A function of sample measurements on which the decision is based

4. Rejection region (RR): The set of test statistic values for which we reject Hy

Decision Rule

o If test statistic € RR = Reject Hy,

o If test statistic ¢ RR = Fail to reject Hy

In the exact words of my dear wise friend, Eray Yiicel Hoca, there are two deadly sins with respect to
Hypothesis Testing

1. Never Say “Accept Hy” When H, is not sufficiently supported by the data, use one of these
phrases: i) Fuail to reject Hy Insufficient evidence to reject Hy

2. Never Include H, in your concluding statement Avoid creative wording when making
technical statistical statements.

Confidence intervals and hypothesis tests are two sides of the same coin.

Consider testing:
Hy:p=2 vs Hyi:p#2
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If © = 2 falls within a 95% confidence interval, then we cannot reject Hy : u = 2 at a = 0.05.
Otherwise, we reject Hy.

This illustrates an important principle: any value of u contained in a 95% confidence interval (if it
were our null hypothesis) cannot be rejected at the 5% significance level based on that sample.

This is precisely why we say “do not reject Hy” rather than “accept Hy”—because multiple plausible
parameter values may be consistent with the data.

Types of Errors

Accept Hy Reject Hj
Hy True | Correct decision | Type I error
H, True | Type II error | Correct decision

e Type I error: Rejecting Hy when it is true
— Probability denoted by « (level of significance)
e Type II error: Accepting Hy when H, is true

— Probability denoted by

The significance level, a defines the unlikely values of the sample statistic if the null hypothesis is true.
It defines the rejection region of the sampling distribution. Typical values for a are 0.01, 0.05, or 0.10
(Recall that the typical confidence levels, i.e. (1 — «)100% are 99, 95 and 90 percent in confidence
interval estimation). Level of significance, « is selected by the researcher at the beginning of the
hypothesis testing and provides the critical value(s) of the test (z or t or chi-square).

Hypothesis testing can be two-sided or one sided.

Figure 12: Level of Significance and the Rejection Region

Level of significance = & ‘ Represents
critical value
Hp:u=3 al? al?
Hi:u#3 1 ) Rejection
1 Two-tail test R = region is
shaded
Ho: =3 / a
Hyizp>3 1
Upper-tail test v
Hy:puz3
[24
Hi:pu<3
Lower-tail test -WAF

Source: Newborne, Carlston and Thorne. Statistics for Business and Economics, 2013 Pearson Education
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5.1 Hypothesis testing for the mean of a normal population: known population
variance

Consider the one-sided hypothesis test:

Ho:p<po vs Hi:p>po
with {z;};, a random sample of n observations from a normal population N (s, 0?) with known o2.

Given a statistical significance level a: Hy is rejected if
T — o
o//n

and we fail to reject Hy otherwise. The alternative rule is to reject Hy if:

T >/QL0+ZaU/\/Til

There is a p-value approach to hypothesis testing as well. The p-value is the probability of obtaining
a test statistic as extreme as, or more extreme than, the observed sample value, given that Hy is true.
Alternatively, it is called the observed level of significance. It represents the smallest value of
« for which Hy can be rejected based on the observed data. What we need to do is to convert sample
result (such as, T) to test statistic (e.g., z statistic ) and then obtain the p-value. For an upper tail
test:

> Za

X —
p-value = P <z > J/\/%O | Hp is true>

The decision rule is as follows:
If p-value < «, reject Hy
If p-value > «, do not reject Hy.

Example 5.1.

A phone industry manager thinks that customer monthly cell phone bill have increased, and now
average over USD 52 per month. The company wishes to test this claim. The manager selects a
sample with size 64 and calculates £ = 53.1. Test this hypothesis assuming ¢ = 10 is known and
a = 0.10.

Solution:

Our hypothesis test is constructed as follows:

Hy : <52 (the average is not over $52 per month)
Hy : > 52 (the average is greater than $52 per month)

(i.e., sufficient evidence exists to support the manager’s claim)
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Notice that this is a one-sided, upper-tail test since the alternative hypothesis is focused on the upper
tail above the mean of 52.

The following information is given:

Sample size: n = 64
Sample mean: T = 53.1
Population standard deviation: o = 10 (known)

Significance level: a = 0.10 (typical value)

Given the information, the test statistic is:

T—po 93.1-—52 1.1 1.1
o —

~ o/yn  10/v/64 10/8 125

=0.88

For o = 0.05 (right-tailed test):
Za = 20.10 = 1.28

Since z = 0.88 < 1.28, we fail to reject Hy.

Figure 13: Decision Rule

Reject H,

a=.10
Ly |
Do not reject H, I Reject H,
] Dn 1.28 ] o

z2=0.88
Do not reject H, since z=0.88 < 1.28

i.e.: there is not sufficient evidence that the
mean bill is over $52

P-value Approach

Since our test statistics is equal to 0.88, we need to use the z-table to find the upper-tail probability
for the minimum significance level to reject the null hypothesis:

p-value = P(Z > 0.88) = 1 — ®(0.88) = 1 — 0.8106 = 0.1894
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Since p-value = 0.1894 > 0.10 = «, we fail to reject Hy.
There is insufficient statistical evidence at the 10% significance level to support the manager’s claim

that average monthly cell phone bills exceed $52. The observed sample mean of $53.10 is not signifi-
cantly greater than $52 given the sample size and population variability.

Figure 14: P-Value Approach

. p-value =.189%4
" P(x=53.1u=52.0)

;i RejectH,
;. a=.10 [ 53.1-52.0}
=Plzz————
10/\/64

0
Do not reject H,

|
128 "OH _p(z>088)=1-.8106
Z=.88

=.1894

Do not reject H, since p-value = .1894 > o = .10 |

Confidence Interval Perspective A 90% confidence interval for p is:

1
=53.1+1.645- 10 =53.1+1.645-1.25 = 53.1 £ 2.05625

o
NG V64
(51.04,55.16) or approximately (51.04,55.16)

T =+ 2095 -

Since po = 52 falls within this 90% confidence interval, we cannot reject Hy : u = 52 at the 10%
significance level.

Example 5.2

Test the claim that the true mean number of TV sets in US homes is equal to 3. Assume that o = 0.8,
a sample of size n = 100 is taken, and Z is calculated as 2.84. Use a significance level of o = 0.05 to
test this claim.

Solution

Since we are testing if the mean is equal to 3, this is a two-tailed test:

Hp:p=3 (the mean number of TV sets is equal to 3)
Hi:p+#3 (the mean number of TV sets is not equal to 3)
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The following information is given:

Hypothesized mean: pg =3

Sample size: n = 100
Sample mean: T = 2.84

Population standard deviation: ¢ = 0.8
Significance level: a = 0.05

Critical values: z,/3 = 20.025 = —1.96, 21_q/2 = 20.975 = 1.96

Calculate the test statistics:

_ Ty 284-3 016 _

T o/yn  08/Vi00  0.08

Since z = —2.0 < —1.96, we reject Hy.

Figure 15: Two-tailed Test

Reject H, Do not reject H, Reject H,
-z 5-1.96 0 +Z = +1.96
-2.0

P-value Approach

How likely is it to see a sample mean of 2.84 (or something further from the mean, in either direction)
if the true mean is p = 3.07

For a two-tailed test:
p-value = 2 - P(Z < —2.0) = 2 x 0.0228 = 0.0456

Since p-value = 0.0456 < 0.05 = «, we reject Hy.

Critical Sample Mean Boundaries The rejection region boundaries for z are:

110 % 20975 - —— = 34 1.96 x 0.08 = 3 + 0.1568
/n
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Figure 16: P-Value Approach

X = 2.84 is translated to
azscoreofz=-20
P(z <-2.0)=.0228 a/2 =025 /2 =.025
P(z >2.0)=.0228 0228 | 0228
p-value —-‘ | —
H | (
=.0228 + .0228 = .0456 1‘-1.96 0 1.961 z
-2.0 2.0

(2.8432, 3.1568)

Since T = 2.84 < 2.8432, it falls in the rejection region.

95% Confidence Interval A 95% confidence interval for y is:

T+ 20075 - —— — 2.8441.96 x 0.08 = 2.84 + 0.1568

vn

(2.6832, 2.9968)

1. The test statistic z = —2.0 is less than the critical value —1.96.

[\)

. The p-value of 0.0456 is less than a = 0.05.

w

. The 95% confidence interval (2.6832,2.9968) does not contain pg = 3.

W

. The sample mean T = 2.84 is below the lower critical boundary of 2.8432.

All four methods lead to the same conclusion. There is sufficient statistical evidence at the 5% signifi-
cance level to reject the claim that the true mean number of TV sets in US homes is equal to 3. Based
on the sample of 100 homes with mean 2.84, we conclude that the true mean is significantly different
from 3.

5.2 Hypothesis testing for the mean of a normal population: Unknown population
variance

Consider the one-sided hypothesis test:

Ho:p<po vs Hi:p>po

Let {z;}"_; be a random sample of n observations from a normal population N(u,o?), where o is

unknown.

At the statistical significance level a:
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e Hj is rejected if B
L — Ho

s/v/n

> tn—l,l—a

e and we fail to reject Hy otherwise.
where:

- 1 n e
e =31 xis the sample mean

- \/ ﬁ o (z; — x)? is the sample standard deviation

® ty_11-q is the (1 — o)-quantile of the ¢-distribution with n — 1 degrees of freedom

Example 5.3

The average cost of a hotel room in Chicago is said to be $168 per night. A random sample of 25
hotels resulted in z = $172.50 and s = $15.40. Test this claim at the o = 0.05 significance level.

Solution

We are testing if the average cost is equal to $168, which is a two-tailed test:

Hp: =168 (the average cost is $168 per night)
H, :pu# 168 (the average cost is different from $168 per night)

Given Information:

Hypothesized mean: pg = 168
Sample size: n = 25
Sample mean: z = 172.50
Sample standard deviation: s = 15.40
Significance level: o = 0.05
Degrees of freedom: df =n—1=24

Since ¢ is unknown and n < 30, we use the t-test:

T—pp 17250 - 168 450  4.50

_ - - = = 1.461
s/vn  15.40/v/25  15.40/5  3.08

t

For a two-tailed t-test with df = 24 and o = 0.05:

taj2,af = t0.025,24 = —2.064 and  t1_o/2 4t = t0.97524 = 2.064
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Figure 17: Hypothesis Testing for Population Proportion

H.: P =.08 Test Statistic:
0- - =
H,: P .08 g- PP 0508 4
o = 05 \/P0(1—P0) \/.08(1—.08)
n=500, p =.05 n 500
Critical Values: £ 1.96 Decision:
Reject Reject ‘ Reject Hy at o = .05 ‘
| Conclusion:
025 | 025 There is sufficient
f 198 0 196 Z evidence to reject the
247 company’s claim of 8%
response rate.

Since |t| = 1.461 < 2.064, we fail to reject Hj.

P-value Approach For a two-tailed t-test with df = 24:
p-value = 2+ P(Tyy > 1.461) ~ 2 x 0.0785 = 0.1570
Since p-value = 0.1570 > 0.05 = «, we fail to reject Hy.

Figure 18: P-Value for Hypothesis Testing for Population Proportion

Calculate the p-value and compare to o

(For a two sided test the p-value is always two sided)

. Do not reject Hy :
Reject H, Reject H, p-value = .0136:
a2 = 025 al2 = 025
., |P@z—241)+P@EZ =247
.0068 .0068
jg N —2(.0068) = 0.0136
4 196 0 196 4
Z=-247 Z=247

Reject H, since p-value =.0136 < o = .05

95% Confidence Interval A 95% confidence interval for  is:

15.40
T+ to.o75.94 - % = 17250 £ 2.064 x —— = 172.50 4 2.064 x 3.08

172.50 £ 6.357 = (166.143, 178.857)

1. The test statistic ¢t = 1.461 falls between the critical values —2.064 and 2.064.
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2. The p-value of approximately 0.1570 is greater than o = 0.05.
3. The 95% confidence interval (166.143,178.857) contains o = 168.

All three approaches lead to the same conclusion.

5.3 Hypothesis testing for population proportion

Hypothesis testing for population proportion involves categorical variables. There are two possible
outcomes; Success” (a certain characteristic is present) “Failure” (the characteristic is not present).
Fraction or proportion of the population in the “success” category is denoted by P. We assume the
sample size is large.

The sample proportion in the success category is denoted by p where

Number of successes in sample

p= Sample size

When nP(1-P) > 5, p can be approximated by a normal distribution with mean and standard deviation

VP(1—P)
R

pp and

Consider the one-sided hypothesis test for a population proportion:

Hy:p<pyp vs Hi:p>po

Let {z;}7, be a random sample of n observations from a Bernoulli(p) population, where each z; takes
values 0 or 1.

At the statistical significance level a:

e Hj is rejected if
P—Do

po(1—po)
n

> Zl—a
e and we fail to reject Hy otherwise.
where:

p= % Z:-":l x; is the sample proportion

po is the hypothesized population proportion under Hy

Zq 18 the (1 — a)-quantile of the standard normal distribution

The test statistic uses pg in the denominator because the test is conducted under the assumption
that Hy is true
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5.4 Example 5.4.

A marketing company claims that it receives 8% responses from its mailing. To test this claim, a
random sample of 500 people were surveyed with 25 responses. Test at the a = 0.05 significance level.

Solution

We are testing if the response rate is equal to 8%, which is a two-tailed test:

Hy : p=0.08 (the response rate is 8%)
Hy :p#0.08 (the response rate is different from 8%)

Given Information:

Hypothesized proportion: pg = 0.08
Sample size: n = 500
Number of successes: © = 25

T 25
S 1 tion: p = — = ——=0.05
ample proportion: p = - = =
Significance level: o = 0.05

Critical values: z,/9 = 20.025 = —1.96,  21_q/2 = 20.975 = 1.96

Calculate the test statistics: For testing a proportion with large n, we use the z-test:

D —Dpo 0.05 — 0.08 —0.03
z = = =
\/m \/0.08><O.92 \/0.0736
n 500 500
—0.03 —0.03

= —2.473

0.0001472 _ 0.01213

Check Conditions for Normal Approximation:
e npo(1 —po) =500 x 0.08 x 0.92 =36.8 > 5

Decision Using Critical Value: Since |z| = 2.473 > 1.96, we reject H.

P-value Approach For a two-tailed test:
p-value = 2 - P(Z < —2.473) = 2 x 0.0067 = 0.0134

Since p-value = 0.0134 < 0.05 = «, we reject Hy.

5.5 Power of a Test

The power of a hypothesis test is its ability to correctly reject a false null hypothesis—essentially, the
probability of detecting an effect when that effect truly exists. Imagine you’re searching for a faint
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star in a dark sky using a telescope. A more powerful test is like using a telescope with a better lens
and less distortion; it’s more likely to reveal the star if it’s actually there, rather than missing it and
concluding the patch of sky is empty. In statistical terms, higher power means you're less likely to
make a Type II error (failing to reject a false null), and it increases with larger effect sizes, larger
sample sizes, or by allowing a higher significance level—all of which sharpen your capacity to identify
a real signal amid the noise.

As you may recall, a Type I error occurs if the researcher rejects the null hypothesis in favor of the
alternative hypothesis when, in fact, the null hypothesis is true. The probability of Type I error is
denoted as a. A Type II error, on the other hand, occurs if the researcher fails to reject the null
hypothesis when, in fact, the null hypothesis is false. The probability of Type II error is denoted as S3.
So,

P(Reject Hy | Hp true) = «
P(Fail to reject Hy | Hy true) =1 — «
P(Fail to reject Hy | Hy false) = 8
Power = 1 — 8 = P(Reject Hy | Hy false)

In sum, power is the ability of a test to reject a false null hypothesis.

Assume the population is normal and the population variance is known. Consider the test:

Ho:p=po
Ho o pp# po

X — o

Reject Hy if z =
eject Hy if z YN

> Za

or,
Reject Hy ifY>YC:MO+za.%
If the null hypothesis is false and the true mean is *, then the probability of type II error is:
. X
B—P(X<XC]Hatrue)—P<z<;/\/§>

Let’s go through an example, suppose we are testing the hypothesis that true population mean is higher
than 52 at the 5 percent significance level. Assume that sample size is 64 and population standard
deviation is known to be 6. Here are the visual steps for calculating the power of this test:
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= Type Il error is the probability of failing
to reject a false H,

Suppose we fail to reject Hy: p > 52
when in fact the true mean is p* = 50

o i

.

50 52

Reject Do not reject
Hy:p=52 X. Hp: p =52

= Suppose we do not reject Hy: p > 52 when in fact
the true mean is p* = 50

This is the range of X where

This is the true_ H, is not rejected
distribution of x if p =50

N

50 52
Reject Do not reject
Hy p=52 R Hy:p =52
o

= Suppose we do not reject Hy: 4 = 52 when
in fact the true mean is p* = 50

Here, B =P(X>x_)if y* =50

a i

50 52

Reject Do not reject
Ho:pz52 X Hy p 252
c

= Supposen=64,0=6,anda=.05

_ (o] 6
X. =H,—-2Z,—=52-1.645——_ =|50.766
=Ho~2o - o

(for Hy” i > 52)

[So B =P(X>50.766 ) if u* = 50|

[
~
.

50 50.766 52
!
Reject | Do not reject
Hy:p=52 X Hyop=z52
c
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= Supposen=64,0=6,and o =.05

50.766 -50

JP(Z>1.02).5—.3461.1539
=

P(x =50.766|p* = 50)P{z >

Probability of
type Il error:

B =.1539

52

Do not reject
Hy: =52

Reject
Hyuz52 y
0 x c

5.6 Tests of the Variance of a Normal Distribution

Consider
H'O’2<O'2 VS _[’.{'0'2>O'2
0. 0 ]' ° 0

and {z;}?_,, a random sample of n observations from a normal population N (, a?).

At the statistical significance level «, Hy is rejected if

(n—1)s? 2
2 > Xn—1,1-a
0

and we fail to reject Hy otherwise.

Population variance
Lower-tail test: Upper-tail test: Two-tail test:
Ho: 02 > 0,2 Hg: 02 < 0,2 Hq: 02 = g2
H;: 02 < gy? H;: 02 > gy? Hy: 02 # 042
a o al2
) N
)(34 e Xim }fﬁq 1-a/2 Xiu 2
Reject Hy if Reject H if RejectHo if
2 2
T < Ht 1 Yt Yot or ;znfﬂ = iﬂ*hwz
K1 < Antt-an

Example 5.6

A process engineer is concerned with the variation of temperature in an industrial furnace and wonders
if it exceeds 1500. She collects a random sample of temperatures as:

975, 1075, 1050, 900, 1000, 950, 1025, 1050, 975 °C

Conduct and conclude the relevant hypothesis test at the significance level of 5%.

Hy:02 <1500 vs Hp:o?> 1500
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Solution:
The relevant distribution is x? and the degrees of freedom is 8.

Since:
(9—1)-3125

= 16. 15.
1500 6.667 > 15.507

we reject Hy at a = 0.05.

5.7 Hypothesis testing: Two populations

The logic of the hypothesis testing is very similar to the confidence interval estimation. And this
applies to the case with two populations as well. Recall that earlier, we learned about different cases
when we had two populations;

1. Dependent Samples
2. Independent Samples

(a) Variance known
(b) Variance unknown

i. variance of each population assumed equal
ii. variance of each population assumed unequal

Two Sample Tests Population means,
independent
[ samples
| | [ |
Population Population ) . 2 2 —
Mpeans er’eans Population Population 0,2 and 0,2 known Test statistic is a z value
Dependent Independent Proportions Variances PR
Samples Samples Ox” and o,” unknown
Same group Group 1 vs. Proportion 1 vs. Variance 1 vs. assumed equal Test statistic is a a value from the
before vs. after independent Proportion 2 Variance 2 0} 7 Student’s t distribution
treatment Group 2 o, and o,
assumed unequal

Paired t-Test Formulas

d
Let t = ———= be the test statistic.

sa/v/n

o Right-tailed test: Hy: g <0, Hy: g >0
Reject Hy if ¢t > tn—l,l—a

o Left-tailed test: Hy: puqg >0, Hy : pug <0
Reject Hy if t < tp—1,a
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e Two-tailed test: Hy: ug=0, Hy: g #0
Reject Hy if [t| > t,_11-a/2

Where:

n = number of matched pairs

e d = mean of the differences

sg = standard deviation of the differences

tn—1,1—a = critical value from t-distribution with n — 1 df

Example 5.7

Assume you send your salespeople to a ”customer service” training workshop. Has the training made
a difference in the number of complaints? You collect the following data:

Salesperson Before (1) After (2) Difference, d; = (2) - (1)

C.B. 6 4 -2
T.F. 20 6 —14
M.H. 3 2 -1
R.K. 0 0 0

M.O. 4 0 —4
Total —21

Test this at a = 0.05.
Solution
For a two-tailed test (testing if there’s any difference):
Hp: g =0 (no difference in complaints)

Hy :pg #0  (training changed complaint numbers)

The table shows d; = After — Before, but for our test we want:
d; = Before — After = —d;

So we’ll work with:
d, =2,14,1,0,4

Then ) d, = 21.
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Calculate Sample Statistics

n=>5

- 21

d=— =42
5

S (@) =22+ 142 412+ 0° 442 = 4+ 196+ 1 + 0+ 16 = 217

1\2
S(d)2 - E4D 917 ML 917889 1288

n

n—1 4 4 4
Sq=V32.2=x~5674

= 32.2

sa

Test Statistic _
d 4.2 4.2

Sq/v/n - 5.674/v/5 T 2537
Degrees of freedom: df =n —1 = 4.

t= ~ 1.655

Two-tailed test at a = 0.05, so a/2 = 0.025 in each tail, df = 4:

t470.975 ~ 2.776 and t4,0.()25 ~ —2.776

(from t-table; since t-distribution is symmetric, t4,0.025 = —t4,0.975)

Reject Hy if |t| > tepiticar Or if t < —2.776 or t > 2.776.

It| = |1.655] = 1.655 < 2.776 = Fail to reject Hy.

5.8 Difference between two normal population means Case: Independent samples
and Known population variances

Consider:
Hoy:pg—py <0 vs Hy:pg—py >0

Let:
{witizy < o ~ N (4o, 0%)
N,
{wi :L:y1 CH{yi i~ N (NyvUZ)
where o2 and 05 are known.

Right-Tailed Test For:
Ho:pg —py <0 vs Hy:pig —py >0

At the statistical significance level a:

e Hj is rejected if

T—y

= > 21—«
oF | %
ne | ny



e and we fail to reject Hy otherwise.
Left-Tailed Test For:
Ho:pe —py >0 vs Hy:pg —py <0

At the statistical significance level a:

e Hj is rejected if

T—y

5 < Zq
9%z 4 %y
Ny Ny

e and we fail to reject Hy otherwise.
Two-Tailed Test For:

Hy:pg—py=0 vs Hy:pg—py #0

At the statistical significance level a:

e Hj is rejected if

T—7 T—7
ﬁ < Za/Q or ﬁ > 21—04/2
oz 4 % oz 4 %
Ny Ny N Ny

e and we fail to reject Hy otherwise.

Two Population Means, Independent
Samples, Variances Known

Lower-tail test: Upper-tail test: Two-tail test:
HO:”X_I‘IyEO HD:“X_”ySO HU:”x_“yzo
H1:UX_py<o H1:UX_Uy>O H1:UX_|Jy¢O

o Zy ~Zy2 Zyr2

Reject Hyifz < -z, RejectHyifz>z, Reject Hyif z < -z
orz>z,,

Example 5.8

A researcher wonders if the mean wage of workers in Ankara falls short of that in Istanbul. She has
the following data and information:

e Mean wage rate of 49 workers from Ankara is 6000
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e Mean wage rate of 81 workers from Istanbul is 7000
e Population variance of wages in Ankara: 640000

e Population variance of wages in Istanbul: 810000

Conduct and conclude a hypothesis test at the significance level of 5% to assess if mean wage rate in
Ankara is less than the mean wage rate in Istanbul.

Solution

Let:

e [, = mean wage in Ankara
® /i, = mean wage in Istanbul

e n, =49, & = 6000, 02 = 640000

n, = 81, §j = 7000, o} = 810000

We test if Ankara wages are less than Istanbul wages:

Ho:pe —py >0 vs Hy:pg —py <0

Since population variances are known, we use the z-test (normal distribution).

4. Test statistic calculation

L rT—y 6000 — 7000
n 2 o2 /640000 , 810000
\/ ZTD + rTz \/ 19 T sl
Calculate denominator:
2
640000
Ia _ ~ 13061.2245
Ny
o2 810000
4= = 10000
Ty 81
2 52
Iz + -2 = 1/13061.2245 + 10000 = v/23061.2245 =~ 151.86
Ng Ny
Thus: 1000
= ~ —6.585
151.86
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Left-tailed test at o = 0.05:
Za — 20.05 — —1.645

Reject Hy if z < z4.

Since:
—6.585 < —1.645

we reject Hy at a = 0.05.
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6 Linear Regression Analysis

Recall that previously, we learned to find point estimators using the Method of Moment and Maximum
Likelihood Techniques. We are now ready to learn about one of the most commonly used methods
in economics, namely the Least Squares (LS) Estimator. This method relies on fitting a curve to the
data points at hand and trying to find the best fit by minimizing the distance between the actual data
points and the curve that we fit.

Most of the times, the aim of this exercise is to understand the relationship between two economic
variables. We have seen this before when we learned how to estimate the covariance or the correlation
coefficient between, say X and Y. The linear regression analysis also gives us this correlation, but this
time the way we model the correlation implies that X might have a causal effect on Y. We call X
the independent or explanatory variable (because it explains the variation in V) and Y the dependent
variable.

We model the relationship between dependent and independent variable(s) as follows:

y = Po+ Brz1 + Poxs + - - + Brag

However, a minimalist design is also possible:

y=Po+ Bz

Even this may be a good enough model:
y = bo

The process of inference begins with the specification of an economic model. Then a statistical model
describes the sampling process that we visualize was used to produce the sample data. See the structure
below:

Economic model:
y =B+ Bz

Statistical model:
y=Po+ Bz +e

The random error term (¢€) serves three main purposes:

[label=0.]e captures the combined effect of all other influences other than z. These other effects
are assumed to be unobservable, otherwise they would be included in the model. € captures any
approximation error that arises because of the linear functional form. e captures any element of
random behavior present in each individual observation.

See the structures below:
Case 1: Unconditional model of mean

Economic model:
y = Bo
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Statistical model:
y=Po+e

Case 2: Simple Linear model

Economic model:
y =B+ Bz

Statistical model:
y=Po+ Pz +e

Case 3: Multiple Linear model

Economic model:
y = Bo+ Brx1 + Boxa + - - + Brak

Statistical model:
y = PBo+ Bix1 + Poxa + - + Brai + €

Example: Keynesian Consumption Model

Keynes postulated the marginal propensity to consume (MPC), suggesting that as the income increases,
individuals increase their consumption, but not one to one. In other words; 0 < mpc < 1

Keynesian Consumption Function:

Y =03 +5X where 0 < 55 < 1

e Y=consumption expenditure, X=income and (51 and (3, are parameters of the model, respectively
the intercept and slope coefficients.

This is a single equation model with one equation. If there are more than one equation, it is called
a multiple equation model. In our example, consumption expenditure is the dependent variable
and income is the independent/explanatory variable.

To allow for an inexact relationship between economic variables (why inexact?), the econometrician
would modify the deterministic consumption as follows:

o Y =01+X+e

e where e is known as the disturbance or error term which is a random (stochastic) variable
with well defined probabilistic properties. The disturbance term includes everything that affects
consumption but not taken into account explicity.
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B, = MPC

Consumption expenditure

B

Income

Figure 20: Keynesian Consumption Function

Consumption expenditure

Income

Econometric model of the Keynesian consumption function.

Obtaining Data:

Data for U.S. Economy between 1981-1996. Y variable is the aggregate consumption expenditure and
X is the gross domestic product. Both measured in 1992 US dollars (they are in real terms).

DATA ON Y (PERSONAL CONSUMPTION EXPENDITURE)
AND X (GROSS DOMESTIC PRODUCT, 1982-1996), BOTH
IN 1992 BILLIONS OF DOLLARS

Year Y X
1982 3081.5 4620.3
1883 32406 4803.7
1984 3407.6 51401
1985 3566.5 53235
1986 3708.7 54877
1987 3822.3 5649.5
1988 3972.7 5865.2
1989 4064.6 60620
1980 4132.2 6136.3
1991 4105.8 6079.4
1992 4219.8 6244 .4
1933 4343.6 6389.6
1984 4486.0 6610.7
1995 4595.3 67421
1996 47141 6928.4

Source: Economic Report of the President, 1998, Table B-2, p. 282.
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Estimation of the Econometric Model:

Next task is to estimate the parameters of the consumption function. The following is the estimated
consumption function:

e ¥V = —184.08 + 0.7064X;

e The hat on Y indicates that it is an estimate and 51 and (o are estimated as -184.08 and 0.7064
accordingly.

e The estimated consumption function (i.e. regression line) is as follows:

5000
4500 ~

4000 -

PCE (¥)

3500 -

3000 |, i , ;
4000 5000 6000 7000
GDP (X)

Personal consumption expenditure (¥} in relation to GDP (X), 19821896, bath in billions of 1992
dollars

What does this tell us?

e marginal propensity to consume was around 0.70 suggesting that for the sample period, a 1 dollar
real increase in income led on average to an increase about 70 cents in real consumption.

e we say ‘on average’ because the relationship between consumption and income is inexact, not
all the data points lie exactly on the regression line.

But how did we calculate mpc = 0.7067 Here is how we do it:

Building and estimating a Simple Linear Regression model

Consider a variable y which we believe is explained by another variable x via a linear relationship like:
y=P5o+px+e

In this expression,

e [y stands for the autonomous/unconditional component of y

e iz stands for the part of y attributable to x; depending on the sign of £1, an increase in  may
induce an increase or a decrease in y
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Figure 21: Simple Linear Regression Line. (Source: Karademir and Yiicel)

e A case of 81 = 0 corresponds to our unconditional model of mean

Estimating this model means estimating [y (the intercept) and (; (the slope) because these two
parameters characterize the relationship between x and y. Hence, we have two unknown parameters
that we would like to estimate. The Least squares method tries to find the ”best estimates” of 5y and
(1 such that the distance between our predicted and the actual y is minimized. Since we used the word
”minimized”, this can actually be considered as an optimization problem where we find the minimum
of a function with respect to certain choice variables. In this model, our choice variables are Bo and
Bl, which are our prediction or estimators for the unknown Sy and ;.

Let us define the predicted vy, 4: R X
9i = Bo + By

The difference between y; and ¢; are the error terms:

€ =Y — i

Now we will choose Bo and Bl such that the sum of the squared prediction errors, ", é? is going to

- (2
be minimum.® Let us go over how this can be done:

i = Bo + Pz
yi = Bo + Bixi + &
& =vi — Bo — Pr

S = é?_i<yi_BO_BIxi)2

i=1 i=1

3

n R R 2
in ; (yz —Bo — Bm)

3Why do we minimize the sum of squared errors and not just the sum of errors? You will hopefully learn this in
your econometrics course.
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Minimizing a function requires taking partial derivatives and setting them equal to zero:

éh?‘ = zn:Q (yz — Bo - lez) (-1)=0

9Bo

3§_Z 2 (i = Bo — Br) (—2i) =0

91
This gives us the normal equations:
Z (yi — Bo - 31371) =0
n
Z (yi —Bo — /31%) ;=0
As you see, we now have two equations and two unknowns. Expanding these:

Zyi_”BO - (Zﬂfz) B =
in‘yi B (le) Bo — (sz) Br=0

Rewriting as a system of equations:

Solving for fo:

Subtracting the equations:

Ay = (e, X S-S
( ' )50 S,



Boz Zw?Zyi—inZmiyi
ny xi — (X x)?

Alternatively, from the first normal equation:

Zyi_nBO_ (Z%) B1=0
?130 = Zyz - (Z$z> Bl

30:?3—3156

Z%yi— (Z%) <§—3156> — (Zx?) BrL=0
Z%%-ﬂZ%-B@Z%-&Zﬁ =0

s ) . ) . 2
szyl _gle _Blile _ﬁlz% :O
n n n n
2
TiYi A A T
LN NI PO
n n
PO vtk D OE 21

2 —
52 4 2% n?z?+ny x?

B M XY = )T Y
T a4 (T )

Now, reconsider that Bo =y— Bli and that ) x;y; — Bo dox— Bl > xf = 0. Substituting the first one
into the second:

sz‘yi —2561234‘31296@—312%2 =0
B (fo - Zl‘zf) = Zfﬁi(yi - 9)
B wilwi—x) =Y wi(yi — 1)

5 > xi(yi — 9)
£ > wi(zi — )

Now notice the following:

Y@i—2)yi—9) =D (@i —Dyi =Y _(vi — P

as,
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and, as the sum of the deviations from the mean is zero, i.e.,

Z(wi—i):in—Za_c:in—nizo
Swi-0=>u-> 5= y-nj=0

The same logic applies in:

At the end, the above-derived expression for Bl, i.e.,

s iy — )
=S o)

can be rewritten as:

S D))
(- 7)?

=
[l

so, can be written as:

B — LS (@i — 2)(yi — 7)) _ Cov(z,y)
DR Var(z)

To sum up, our Least Squares estimators (notice the use of word, ”estimator” here) Bo and (3, for
the model parameters 5y and S; are found to be:

B = >z —2)(yi —y) _ Cov(z,y)
S (2 — 7)2 Var(z)

93



and

@
(e}
Il
|
\
51»
8l

Why do we call BO and Bl estimators? Because they are the formulas or rules to estimate the unknown
Bo and B, and this is the definition of what an estimator is.

Now do not get scared by the amount of algebra that we endured to get to this point. We will almost
never do these by hand and software programs like R or Stata will do it for us. But we still need to
understand how we got here and how we derived these formulas.

T T T
30 s

10} (

o] (e}

of ¥ ™~
e

\ I \ \ \ I
5 0 15 20 25 30
X

o -

Figure 22: Simple Linear Regression Line. (Source: Karademir and Yiicel)

Example 6.1

X=z|3 -2 -1 0
Y=y |3 3 4 5

Assume that the following data is appropriate to a simple linear regression equation given by:
Yi=a+ Bz, +e, i=1,2,...,n

Calculate the values of the OLS estimators of 5y and ;.

Solution

Let Bg and Bl be the OLS estimators. From the data, we have n = 10.
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Calculate the necessary sums

dai=(-3)+(-2)+(-1)+0+1+2+3+4+5+6=15
> yi=3+3+4+45+6+T7+8+9+10+12=067
D al = (=34 (=27 + (-1 +0* + 17 + 22 + 32 + 4% 4+ 5% 4 67
=944+1+04+1+4+94+16425436=105
D aiyi = (=3)(3) + (=2)(3) + (—1)(4) + 0(5) + 1(6) + 2(7) + 3(8) + 4(9) + 5(10) + 6(12)
=—9-6-44+0+6-+14424+36+50+72=183

Calculate sample means

n 10
,_Zyi_67_
y= n _10_6'7

Calculate the OLS estimator for [;

The formula for Sy is:
B, = > (zi —2)(yi — )
B Rk

First, calculate the numerator:

> (zi—2)(yi —§) = Y wiyi — nxy = 183 — 10(1.5)(6.7) = 183 — 100.5 = 82.5

Then, calculate the denominator:

D (i —2)? =) af —nz® =105 — 10(1.5)> = 105 — 10(2.25) = 105 — 22.5 = 82.5

Therefore: 895
3, = 227 4
b =55

Calculate the OLS estimator for 3,

The formula for Bo is: X )
Bo=y— bz
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Substituting the values: R
fo=67—-1(1.5)=67—15=52

Thus, the estimated regression line is:

}fi:5.2+1-$i

Let us now calculate the predicted values and the residuals. From the previous solution, we have
the estimated regression equation:

A~

Y, =52+1 x
The residuals are calculated as:
€ =Yi — Ui

i Ti Y Ui =52+ € =Yi — Ui é?

1 -3 3 524(-3)=22 3—-22=0.8 0.64
2 -2 3 52+4(-2)=32 3-32=-02 0.04
3 -1 4 52+4(-1)=42 4-42=-02 0.04
4 0 5 52+0=52 5—52=-0.2 0.04
5 1 6 52+1=06.2 6—6.2=-0.2 0.04
6 2 7 52+2=72 7T—72=-02 0.04
7 3 8 52+ 3=28.2 8§ —-—82=-0.2 0.04
8 4 9 52+4=9.2 9-92=-0.2 0.04
9 5 10 5.24+5=10.2 10 —10.2 = -0.2 0.04
10 6 12 52+4+6=11.2 12-11.2=0.8 0.64

Total > éi=0 Y e2=16

Observation | =; vy; U é;
1 3 3 22 08
2 -2 3 32 -02
3 -1 4 42 -0.2
4 0 5 52 -02
5 1 6 62 -02
6 2 7 72 -02
7 3 8 82 -02
8 4 9 92 -02
9 5 10 10.2 -0.2
10 6 12 11.2 0.8

Example 6.2

For a sample of 20 monthly observations, a financial analyst wants to regress the percentage rate of
return Y of the common stock of a corporation on the percentage rate of return X of the Standard &
Poor’s 500 Index. The following information is available:
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20 20 20 20
D yi=226 Y x; =254 > 2f=1457 > zy; = 1505
=1 =1 =1 =1

1. Estimate the linear regression of Y on X.
2. Interpret the slope of the sample regression line.

3. Interpret the intercept of the sample regression line.

Solution

gt BA
n 20
>y 226
= = —=1.13
Y n 20
Estimate Bl
Using the formula:
B = > TiYi — nTY
Ya? — nz?

Calculate numerator:

> @iy — nzg = 150.5 — 20(1.27)(1.13) = 150.5 — 20(1.4351) = 150.5 — 28.702 = 121.798

Calculate denominator:

D af —na® = 145.7 — 20(1.27)° = 145.7 — 20(1.6129) = 145.7 — 32.258 = 113.442

Therefore:

A 121.798
1= igaae © O
Estimate Bo
Using the formula: ) .
fo =y — Pz

Bo=1.13 —1.0737(1.27) = 1.13 — 1.3636 = —0.2336

The estimated regression line is:

Y = —0.2336 + 1.0737X
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1. Slope interpretation (Bl = 1.0737):

e For every 1 percentage point increase in the S&P 500 Index return (X), the common stock’s

return (Y) is expected to increase by approximately 1.0737 percentage points.
2. Intercept interpretation (ﬁo = —0.2336):

e When the S&P 500 Index return (X) is 0%, the expected return of the common stock is
-0.2336%.

Variance of Least Squares Estimators and Hypothesis Testing

Consider the linear model:

Y;:60+ﬁ1Xi+€l', izla"'an
where g; "= N(0,02).

As we have shown above, our estimators are the following ones in a model with one explanatory
variable, X

What about the variances of these estimators? We will not cover how to derive the variances in this

course yet, as this is material for your econometrics course. But for now it is sufficient to know that
the formulas for Var(By) and Var(f5;) are as follows:

o 2
Var(f) = , Var(f) = SU
XX XX
1 X2 — 1 X2
_ 21 _ 2 (1
Var(f) = o <n + SX)() ., Var(fo) =0 <n + SXX)

where;

Sxx
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Calculating Standard Errors

SE() =\ Var(B) = | <
XX
~ [— & \ 2
SE(ﬁo) = Var(ﬂo) = \/(AT2 (:L + Sii)()

An important note: unlike before, we call the square root of variance of the least squares estimator,
standard deviation and NOT standard deviation. The reason is as follows:

Purpose: Measures the spread or dispersion of individual observations/data points
What it describes: Natural variability in the population or sample

Formula for sample standard deviation:

o= nilz:(yi_?)2

i=1

Interpretation: How far individual data points typically deviate from the mean

Example: If s = 10 for test scores, individual scores typically vary by about 10 points from the
class average

Standard Error: Describing Estimator Precision

Standard errors measures the precision or reliability of an estimator/statistic
What it describes: Sampling variability of the estimator across different samples

Formula for standard error of j:

52

— o

SE(1) = \/Var(3) =

Sxx

Interpretation: How much Bl would vary from sample to sample

It’s the standard deviation of the sampling distribution of the estimator

”Error” refers to "error in estimation” or ”estimation error”

Represents the typical magnitude of error we make when using Bl to estimate (3

If we repeated the study infinitely many times, the standard error tells us how much our estimates
would typically vary from the true parameter
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Hypothesis Testing

Test for slope: Hy: (31 =cvs. Hy: 1 #¢

t = 31—0 _ Bl_c
SE(61) &2

Sxx

, t~t, o under Hy

Test for intercept: Hy: g =c vs. Hy: By #c

t:BO_AC: 50—0

SE(f) \/A2<1 X?)
o“ | -+

n  Sxx

Confidence Intervals

, t~t,_ounder Hy

100(1 — a)% Confidence Interval for f;

6—2

BiEti_aon2 SE(B) =Bttt _amn o Srx

100(1 — a)% Confidence Interval for f,

. . A (1 X2
Bo £ ti—as2,n—2 SE(Bo) = Botti_aj2n2" \/02 < + >

n  Sxx

Example: Study Hours vs. Test Scores

A researcher wants to test if there’s a relationship between study hours and test scores. They collect
data from 5 students:

Study Hours (X) Test Score (Y)

65
75
85
90
95

U W N =
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Solution

n=>5 X=3 Y =82
Sxx =) (Xi—X)=(1-3"+(2-37+3B-3>+(A-3°+(5-3)7=10

Sxy = Z(Xi -X)(Y;-Y)=140

Calculate OLS Estimates

. S 40
Br=22 -~ — 490
Sxx 10

Bo=Y -1 X =82-40x3="70
So our regression line is: Y =70+ 4.0X

Standard Error

Fitted values: Y7 = 74,Y, = 78, Y5 = 82, Y, = 86, Y5 = 90
Residuals: e; = —9,e0 = —3,e3=3,e4 =4,e5 =5
Sum of squared residuals: Z e =81 +9+9+ 16425 = 140
o 140 140

MSE: = =4
S I P53 6.67
Standard error of Bl:
52 4
c 6 6 — VA.667 = 2.16

Sxx

Hypothesis Test for Slope: Does study time affect test scores?

Formal hypothesis test:

Hy: 51 =0 (No relationship)
Hy: 1 #0 (There is a relationship)

Test statistic: .
pr—0 40-0

SE(%) 216

Degrees of freedom: df =n—-2=5-2=3
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Critical value (at a = 0.05, two-tailed):
t0.975’3 = 3.182 (fl“OHl t—table)
Decision and Interpretation

Since [t| = 1.85 < 3.182, we fail to reject Hj at the 5% significance level.

Interpretation: We don’t have enough evidence to conclude that study hours significantly affect test
scores (t = 1.85, df =3, p > 0.05).
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Appendix

Figure 23: Student’s T-Distribution Table

Numbers in each row of the table are values on a t-distribution with
\df) degrees of freedom for selected right-tail (greater-than) probabilities (p).

T (5. 4
difp| 0.40 0.25 0.10 0.05 0.025 0.01 0005 | 0.0005
1 | 0324520 | 1.000000 | 3.077684 | 6313752 | 1270620 | 31.82052| 63.65%74 | 6366192
2 0.288675 0.816497 1.885618 2.919986 4 30265 6.96456 9.92484 31.589
3 | 0276671 | 0764892 | 1637748 | 2353363 | 3.18245 | 4.54070 | 584081 | 12.9240
4 | 0270722 | 0740697 | 1533206 | 2131847 | 277645 | 374695 | 4.60409 | 85103
5 | 0267181 | 0726687 | 1475884 | 2015048 | 257058 | 336493 | 403214 | 68688
6 | 0.264835 | 0717558 | 1.439756 | 1943180 | 244691 | 3.14267 | 370743 | 59588
7 | 0263167 | 0711142 | 1.414924 | 1894579 | 236462 | 299795 | 349948 | 54079
8 | 0261921 | 0706387 | 1.396815 | 1.859548 | 230600 | 289646 | 335539 | 50413
9 | 0260955 | 0702722 | 1.383029 | 1.833113 | 226216 | 282144 | 324984 | 4.7809
10 | 0260185 | 0699812 | 1372184 | 1812461 | 222814 | 276377 | 398327 | 45889
11 | 0259556 | 0697445 | 1363430 | 1795885 | 220099 | 271808 | 390581 | 4430
12 | 0259033 | 0695483 | 1356217 | 1782288 | 217881 | 268100 | 305454 | 43178
13 | 0258501 | 0692829 | 1350171 | 1770833 | 216037 | 265031 | 301208 | 4.2208
18 | 0258213 | 0692417 | 1345030 | 1761310 | 214479 | 262449 | 297684 | 4.1405
15 | 0.257885 | 0.691197 | 1340606 | 1753050 | 213145 | 2560248 | 294671 | 4.0728
16 | 0.257509 | 0.690132 | 1336757 | 1.745884 | 211991 | 258349 | 292078 | 4.0150
17 | 0257347 | 0689195 | 1333379 | 1739607 | 210982 | 256693 | 289823 | 3.9651
18 | 0257123 | 0688364 | 1330391 | 1734084 | 210092 | 255238 | 287844 | 39216
19 | 0256323 | 0687621 | 1327728 | 1729133 | 209302 | 253048 | 286093 | 3.8834
20 | 0256743 | 0686954 | 1325341 | 1724718 | 208596 | 252798 | 284534 | 358495
21 | 0256580 | 0686352 | 1323188 | 1720743 | 207961 | 251765 | 283136 | 38193
22 | 0256432 | 0.685805 | 1321237 | 1717144 | 207387 | 250832 | 281876 | 3.7921
23 | 0256297 | 0.685306 | 1319460 | 1713872 | 206866 | 249987 | 280734 | 3.7676
24 | 0.256173 0684850 1.317836 1.710882 2.06390 249216 2.79694 3.7454
25 | 0.256060 | 0584430 | 1316345 | 1708141 | 205954 | 248511 | 278744 | 3725
26 | 0255055 | 0.684043 | 1314972 | 1705618 | 205553 | 247863 | 277871 | 3.7086
27 | 0255858 | 0.683685 | 1313703 | 1703288 | 205183 | 247266 | 277068 | 3.6896
28 | 0.255768 | 0683353 | 1312527 | 1701131 | 204841 | 246714 | 276326 | 36739
0255684 | 0683044 | 1.311434 | 1699127 | 204523 | 246202 | 275639 | 36594
30 | 0255605 | 0682756 | 1310415 | 1.697261 | 204227 | 245726 | 275000 | 3.6460
z | 0253347 | 0678490 | 1281552 | 1644854 | 195996 | 2.32635 | 257583 | 3.2905
o —— | —— | 80% 0% 95% 98% 99% 99.9%
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Figure 24: Z Table

Number in the
table represents
PiZ=z)

= e T e ——

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

00 | .5000 5040 5080 5120 5160 5199 5239 6279 5319 5358
01 | .53%8 5438 5478 5517 G557 6606 5636 6675 5714 5753
02 | 5793 5832 5871 5910 5948 5987 G026 G064 G103 GBI
03 | 6179 6217 6255 6293 63N 6368 6406 6443 B4BO 6517
04 | .6554 6531 6628 6664 6700 6736 B7172 6808 6844 6879
05 | .6915 6950 6985 7019 7054  jO88  .M23  M5T M90 7224
06 | .7257  .729 J324 7357 7389 7422 7454 7486 7517 7549
07 | .7580 76T Je42 7673 7704 7134 7764 7794 7823 7852
08 | .7881 J910 7933 7967  .79%5 8023  .BOS1  BO7E  .BIDE  .B133
09 | 8159 8186  B212  B238 8264  B2B9  B5  B340 B3G5 8369
1.0 | B33 8438 .B4g1 .B485 .B508 8531 8554 BATT 8599 8621
11 | B643 8665 8686 8708 8729 8749 8770 8790 8810 8830
12 | B849 8869  .BBBE 8907 8925  .B944  B9G2  B9BD 8997 9015
13 | 8032 9049 9066 9082 90%9 M5 WA 4 962 9N
14 | 9192 9207 9222 9236 9251 9265 9279 9292 9306  .9319
15 | 8332 9345 9357 9370 9382 9394 9406 9418 9429 944
16 | 9452 9463 9474 9484 9485 9505 9515  O525 9535  .9545
1.7 | 9554 9564 9573 9582 9591 9509 9608 9616 9625 9633
18 | .9641 9643 9656 9664 9671 9678 9686 9693 9699  .9706
19 | M3  9M9 9726 9732 9738 9744 9750 9756 9761 9767
20 | 9772 4977é& 9783 9788 9793 9798 9803 9608 9812 9817
21 | .98 9826 9830 9834 9838 9842 9846 9850  9B54 9857
22 | .9881 5864 968 .98M 9875 9878 9881 0884 9887 9890
23 | 9893 9836  .98%8  .99M1 4904 9906 9909 .99 4913 9916
24 | 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
25 | 9938 9940 9941 9943 9945 946 9948 9949 9951 9952
26 | 9953 9955 9956 9957 9959 9960 9961 9962 9963  .9964
27 | 9965 9966 9967 9968 9969 990 89N 98972 9913 894
28 | 9974 9975 9976 9977 9477 9978 4979 9979 9980 9981
29 | .99 9982 9982 9383 9984 9964 9985 9985 9986  .9986
30 | .9987 9987 9987 9988 9988 9989 9989 9989 9990  .99%0
31 | 9930 999 4391 99: 9992 9992 9992 9992 9993 9993
32 | 9993 9993 9994 9934 9994 9994 8994 9995 9995 9995
33 | 9995 9995 9995 9996 9996 9996 9996 9996  99% 990
34 | 9997 9997 8997 9997 8997 99w 4997 9997 9997 9998
35 | 9938 9998 9993 9998 9933 9998 9938 9938 9938 9998
36 | 9998 9998 9999 9999 9939 9999 8999 9999 9999 999
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Figure 25: Chi-Square Distribution Table (Right-tail probabilities)

Significance level (a)

Degrees of |
freedom

(df) .99 975 .95 9 1 .05 .025 .01
1 ammmee 0.001 0.004 0.016 2.706 3.841 5.024 6.635
2 0.020 0.051 0.103 0.211 4.605 5.991 7.378 9.210
3 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.345
4 0.297 0.484 0.711 1.064 7.779 9.488 11.143 13.277
5 0.554 0.831 1.145 1.610 9.236 11.070 12.833 15.086
6 0.872 1.237 1.635 2.204 10.645 12.592 14.445 16.812
7 1.239 1.680 2.167 2.833 12.017 14.067 16.013 18.475
8 1.646 2.180 2.733 3.490 13.362 15.507 17.535 20.090
9 2.088 2.700 3.325 4.168 14.684 16.919 15.023 21.666
10 2.558 3.247 3.940 4.865 15.987 18.307 20.483 23.209
11 3.053 3.816 4575 5.578 17.275 19.675 21.920 24725
12 3.571 4.404 5.226 6.304 18.549 21.026 23.337 26.217
13 4.107 5.009 5.892 7.042 19.812 22.362 24.736 27.688
14 4.660 5.629 6.571 7.790 21.064 23.685 26.119 29.141
15 5.229 6.262 7.261 8.547 22.307 24.996 27.488 30.578
16 5.812 6.908 7.962 9.312 23542 26.2596 28.845 32.000
17 6.408 7.564 8.672 10.085 24.769 27.587 30.191 33.409
18 7.015 8.231 9.390 10.865 25989 28.869 31.526 34.805
15 7.633 8.907 10.117 11.651 27.204 30.144 32.852 36.191
20 B8.260 9.591 10.851 12.443 28412 31410 34.170 37.566
21 8.897 10.283 11.591 13.240 29615 32671 35.479 38.932
22 9.542 10.982 12.338 14.041 30.813 33.924 36.781 40.289
23 10.196 11.689 13.091 14.848 32.007 35.172 38.076 41.638
24 10.856 12.401 15.848 15659 33.196 36.415 39.364 42 980
25 11524 13.120 14,611 16.473 34382 37.652 40.646 44 314
26 12.198 13.844 15.379 17.292 35.563 38.885 41923 45.642
27 12.879 14.573 16.151 18.114 36.741 40.113 43.195 46.963
28 13.565 15.308 16.928 18939 37916 41.337 44461 48.278
29 14.256 16.047 17.708 19.768 39.087 42.557 45.722 49.588
30 14953 16.791 18.493 20.599 40.256 43.773 46.979 50.892
40 22.164 24.433 26.509  29.051 51.805 55.758 59.342 63.691
50 29.707 32.357 34.764 37.689 63.167 67.505 71.420 76.154
60 37.485 40.482 43,188 46459 74397 79.082 83.298 88.379
70| 45442  48.758 51.739 55.329 85527 90531 955.023 100.425
B0 53.540 57.153 60.391 64.278 96.578 101.879 106.629 112.329
100 | 61.754 65.647 69.126 73.291 107.565 113.145 118.136 124.116
1000 70.065 74.222 77.929 82358 118498 124342 129561 135807
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