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T heorem:
1 AXEN DRI s
Proot nﬁxﬁn’=umﬂnmﬁmﬁ§f
COALUGH cose Y
AxL-3 => RyE

Demarl : The divection of Rx@ dbeys e figat Yand role
Y

T

-y

T Areas ARG
) :-‘ x hcts\n.i ‘“a" . cosot

S (Rx0Yy. 2]

EX, F’N* Hhe oea ol e k'-ﬂl‘slle ?&1.03 ?"L( 2:‘1 ?3(.13]

Pp_?t X ?,,?_1” Py D0-P < (1,0

1
2 S ?1,'\’1 =‘?3'P1_ = (4L2)

about:blank 26/131
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]
-1 -\ o (D-lf +0]-f-—u‘-&o+o\ = :\".
\ 2 (o) -
..-_:F....-..:; ..... ;.' ...... "‘; \\HS ‘H\( oee, - _‘_”-‘k" = \
| J v 2
-\ -\ o
Ex. Fid He pore .
N =Pfy x PP
P, 0,1,0) Vo
Ph) % (Fp-0)
2, 19,1,1) (Rch) < UF-4
] L
! )
P& l tf 9,'\ Il -1 A
2 2.0 Y o)
lr [} 3 ‘L \i
—n\fealn=pp(“ o= ! ﬁ
(X,\d,z)—lO,\,D)
ppol‘piof?s
= »xJ«&—\ +l2zo “P,,Pl,?g oe not eollinear
ity e, Phr PR <3
. Tiod tue 0. of e pone  which is /4o e pbne
z=1-%-y
ussing Hwoog 7o = (0,1,2)

=
we Goud find M as a::j fo-pmdicuhr weeler Ao e ‘olqm.

about:blank
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about:blank

Xiy4z =1
S0 o pefpdiculor Veckor is (L1,1)

The vonied eqn Po? [1,1,0) =0
kX'O,\d-\;Z'l)l\z\,‘” =D

)l-u:].lzrs
E’(glol\u-\—imi The ‘P\me esn wel s %a\un,\ farmof lae eqns

in ?_q.
Saa a ltne Yes Slope M ond - posses Mrough Po=l0,n)

[01“\ ™M % (Lm)ld

! M ["mlr) -L p
‘bd do+ product chect )

Se e of § = PP (-ma)-0

&"'U)‘U’l"‘] (-m,1) o Y= mxan

Lines ' space
sTope 1 Qm}i:gles in 03 dhen we use vectors.
» PefouaPPs 7]
Pelratn i e emn ok ¢
, (vecsor orm)
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(x,us,a.\ =Ho,\jo,1°)*({m*'°»ec\ where U =la,b,c)

X=Xq+40 W pommedtic Loron ) eliminate

= <+t - - - s‘j\m eHiC
lﬁ“’ 1= X—T’{" :—‘é—e:f z(za ﬂ?m
2z 2o+k

(H: a=o, x=¥,)

Dosenie Hot a line S IS aetually 2 salar et eachol
wth 13 o plane @n. becoose a line i netsecHanof 1w

[
'Ex‘ Find e &1(\ of

Qv*\o%-‘ cz+d =9

1) e line P&m‘mg H'nl'ous\v\ $¢,=(L|,|\ and 1 4o the ?Jd\e

v '-)H»U‘?.z=3
-

£=" Since Nl # #  we can dake Uy o

N
SO e ?'L‘I‘I‘\""L(‘h'l'g)
ferperdicols 4o plase
Ex. Fid e interscchion point of dhe line 07 x-1= g-2.=
ond the pone T !-t-ﬂ-u.-_L 2 A
t=2-1=Y-2 - 2 go x=k+! pot 1o
2 2. %-5 24642 > Sn of T
s at
¥o =-S5
Jo=2(-W5)+2  (4er) +(2442)+2¢ =L
20+ 2| -75) St=-2 t--2s

about:blank
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x Find the line of inkefscetlon of 4+he plonet

‘“’.1 )“‘3#9—1 -2 )

-Wc#o.re ok \le|
Ty ot ox-yslzed fere
Pnro.m:,l-dc fofme e = 2-4-2=
t=l4y-12

lex kohe X=+
-2
2¢-3-52 -'-:a=3-?—

S0 E:a——st
2

z -3 3-2¢
i)
y=t +3('-*_-th)-\
samm&ric Lofm g

t=x bj svodraction

ool

T xey+2z =2

2_[2_.5-2\ =2
T«
4{4|‘1+12=l s(o"“ &ﬂ3+3%=.\.

\l - -+ —1
f.«*ﬁd:q x:-L(-Sj i R )Li«-kuwo-ﬁt

about:blank 30/131
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veetot  [orm

’“ﬂbﬂ ae nafmal uectors N )Nl

NG L2
o ka\ \I =N, x N
N1 e Vet
iyt
Vg4  2)=(5,-,")
T -1 2

we need o gRink P, on g
ey z=0 > x+3=9- x= 312

= Pl Wiz, 112
x-y =ty ol @)

S e Squatian of 2 s

P-(az2,u2,0)4 t sS,-1,-2)

Ex. Find the plane containing
2 x-t= -2 Z ad fo (101

4 we olmﬁ lagus apoiak , we aeed a eUfb‘cL-'cular uectas
4-0 -‘-(ne lee
P] an .’ ol PeP| ;V( ae Il lo vae fla{\:_

/PI & So K‘ = % X \y lcon ke toven)

about:blank
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*““"“S =2 > x=1 4= frz 2= 0
o P L4, 2, 0)is on §
lo find a Np we br‘mg Mne o in Sandort farm

) (@ =2_’i°) - U=Cau,e)
2] <

[+

_“'_‘:"’_’—*ﬂ,.l‘_ so Vp=(t,-v2,2)
' -2

I3

> i g v
M ‘)QPIX\I‘Q'= o 1o - :['%_"“J"Il)

1 <Yy 2
SRR
o 12 -1
So PP . N0
l_L‘A-\\-(‘&-O\-l_Lz-l\ =0
2z 2

A liae £ 15 said 4o be preal do o plnc,
-
W is L do dne phne Hhat I8 Uy /N

about:blank 32/131
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pormed  lipe Ao T : \(+-j*'2=.?.
passing -\WwSI-\ ?o =(\,12)

bake Vg =M -LLLD o P=(LLL) + £ (LL1)

line 0 on Ane plae T : x+j-?.=l
L do & wh Q7 ax-1= yal =2
o Ky whee 1 33_ >

4

Ly, Wary intersect and Qerpendicolar

Ng LN

\l{ \ \'l‘ Yos we can dede \l’ = Ml\i"

A J L
NelLl -4
Lieliz 3 2]

4 ) w

L A -\

=(5.-%2,512) =Ny

1o Bed R, onf (Since NV, 2 Nis no+ L +o My,
%0 {, does not lic on of /1 4o . So 4, inyerseess T
quc_-i\j a¥* one Fo“(\'\- wheh bd dea( £ L ,?,] Mmust be
on ¢ as well.)

W @l found \::3 sSimul baneoss Sdubisq of ?.e:in and i
P, =( bz, u,tore)

about:blank
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Se 4 P= (w3, u,10/3)+ t(s ,-312, 512)
do’a‘ru%o pemetrile hele g dllemde 30;& Yot

betweer a point Po and q Ploe

\lec.-tor'mllj :;i is the vm'&ed‘.nq
of -A. an N.

%0

- [— 3 -
a-\%, l)-i Q= | 0P
( P STTPATT o\ of \wu

- -
herurg B P noddosr Wl fPmn N Gaerimett V2 QiSOG
between o point Py ond o line

-

?9, 13 e mec:hm of ‘P'Po onJ (Vq‘

PQ -(PP Ne
Vel lNelI

dy= 1PS\ = { o0, e

N l]

about:blank 34/131
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d= |” PPa”l- el.L = PP\ \K \—coxla

u‘P ?” sinet '\\P Pll) g.,\.( -\leoP XU‘(" ’ U( \IQ
(el )

W\ (el

digtonce bedween hio ghew Unes

-Pftﬂ do mt inkersect ond are nad 1(_\«:n._rt:t.\\e_\

2
% o
R e
Qe
%0 ’ ¢
[>) (=Y

P°Q° s e Pro'fc-\-iu of &9 on 7.8,
\l’l-\- P°Qo -L \-'D‘

so B o |l (\[0. x\'[fl\

aaq=(‘)og _—é_) __R_ T\’ T V2oa pogo
AL Juad

tave Kﬂle, W, ad U= g, xNey
“\lp( XVQ,_“
o P9, -(09.7) -ﬁa ontk Jecdof
= u PO&O“ JPol Il,,
o pQ*PQ fI(P—ot?S)-IIl

:-—_/ 1__ 2 h

about:blank 35/131
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d e W
Q-Ps .‘P-Q 3, __§§_-'-;’91
04, -198.3| e

Quadrie Surfoces

A quedric sweloce @ a :rﬂclnlim-‘inn of conie secliang
( porabolas, h:jperbolo.s, eltpses) in plone.

Thus o.c]uadl'ic wiface is +he gt Of all points (x.U,z\e13
sa*‘sl‘a‘-pg a Poldnowda‘ of dcaﬂfe 2.

A\l1+&u1£czi+0xa+ Exza-rn% *GIX+HU*T—1‘“)=0

do gletch o sfface in e, we congldes s intesseciiony
with plotes porallel +o ‘e coordiate plores. " The regw Lding
curdes am called "level corves’

. g'-'—-ud‘-=u Cin (K's\—,'ﬂ”-s Aok o cotve b s o Sufface

ntersecting e wrlace willh Worzodal plones ,we ged:
2 J——

230 we get xleytey
2=0 we 3'.‘_ xl..‘d-\=h

zcoO .o 4

we obtaW an ynbounded ualmder.(w\
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Ex. z =x*

Con.side:hg inkereetions wita ' constan +  pleaes

Yoy et

yrgoo Boxt
£

uz_o , 2=xt

it 8 olio celled cylinder LMtwnS et o werldble does nat
oppear in Hhe farmola. )

Ex. 2= x"*u"

inkertecd wivh  horizonkal plenes
2

"~

220, V'L-Mji:(ﬁ)t
20, x“‘+3"=o = dhe pouk (0,0)
z¢o , canrod b Hoe

X=0 , ',}=31

paraboloid

—
—
o —
~—

about:blank 37/131
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Ex. X"-‘-ljl- 2t =L
T

2>0, ¥L~3’-=|+z“-((’_'>1)
z=0, x"'«\.\l=_\_
[" is e inkessection of ¥z - plme foo\

with e sufoce © xteo-2t=L
hﬂ‘oerbolq

<= \|/
, X
h perbo{oid j
O‘Q ane SVeet

Ex. x'--ndt— 2* = -1 (cogides with 2= constens)

22!
251 y\+3‘- =2t-1>0
==\ 11*31':0

- 2D XL-&\J"'—‘ ot Poss\\nlg

_ 2= rteqt-o

about:blank
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v

x r‘ § the ersection of e ulface
with 2x- planc (.J zo0) gbt—xT ={

S—— hyperbola
ve ¥t hyterloloid of 2. shecs

é [ is the intersection ob Mg surfoce
20 with e plane 2x (ld‘O‘
go 2t=x! g=x or m=-x
2=0
we bc-* cone
240 @

about:blank 39/131
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@ =

Remark : 1f in tae expression of a quadric wrface one

on\j has ""1“31'“ fetm

Wen e gurfoce 13 cbtained bj ro—}q-L'-:\g a cuve abor = .

Thos,
Ay tayt
2= ¥ Wk oy=c , 50 on 2x-plmne
-2
2ce
T
[ otale about z-axis

x

— 1
2 =In (XL‘*\d) rotate 2= [axL

sy

about:blank
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Esbrate cogy b8 fxy = cosx
o_ T .,T a=1
"5 = -i.‘.ED K
n=%
HE) =2
£10x) - - sinx £ < - cosx £ = gax
PRIA T [U I\ « -
)3 eq)- 2 fo- 8

L, & (x-T)
T - Ty - S leg) e g)

HEE) =T (545)-

Fonctions of Seuveral \arialles
The properiies

LIMT of f: R'—> 1 -

4 fel-se
“mp,“o):" mews W €30 3 § >0 st
P .
W o \P-p| L enghn e

Fhen V£ -L L LE .

41131
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A e Lmid propertes o exp.cuﬁ Hhe jeme wirh one vertalle.

PeOPELTIES

Yoploma, clerma, cerpma eBme; Sueezing Hresrem is velial

S)l'uv\ EP)] =0 2= im £(D) =0
P2 o

Ex. Swow that (usH deln)

™ (*_“.”_) 9 s'mrn g>0 -f-inds si&.
‘ -

gy L) it o c\luy-tudleg
¥ v Yren \x-“w.-'z_\tg
f P £0p) 1
-
§> 1 0uy)-LLnl- Lxogh < ) et = Ly |
J(X-'\'L'* (y-nt £ 1x-at iyt
2 -1, 1y-1l
¥
| Loy -21 & Lalxly-1) € a0 =28 ¢ ¢
gin =g
i cc& -
Ex. Show im Y _ o

v =2(9,0) x'--&“‘-

ety e Sﬂue?_ﬁfx Yhm:

about:blank
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xty x*
¢ | 221 = \y| < 1v)
(o) l"h’ﬂl *14'11—51 ‘i

0
b
bU squeez'usj WM HGs ao goes o
80 Ls Frupeﬂ-j S ,without abs valve , we also have

i Lloy) =0
P—sLo,o)

Remor : L=L iedn sdydsve goldon yotlgts.
for §rutan

Hoe e 00 -mony was P>,
Ths, % paps on any corve  (Harough f) el

lim LB =L on some fived curue.
p=po

%o, W such curves we ges L
p=po

Poweues o show Motk lim  8lP) dne.
p-=pe

it suffies 4o find \'jUH 2 curves guing il . kmt velves
(or, Some Qurue giving no limi+)
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Ex. show Lmit ce

lim
. X T x4} > 0,0)
IIM X'l‘uﬁ on &ﬂ oaxis
Qc, ) (0,0) [ (50 ,x=2)
=}
lim E:vd'\- @
o) - o))
Sﬂs we checl y = ©° =|=o
M =x
| " yA
u,.p »(0,0) Lu,v\ —alo.ol"“’(1 -

@uyisonfy 0 x=y

So \imit d.n.e.

we could "economize", b‘ﬁ Checldng all lines  at He jone 1,

An N‘b\’dmn \ne Hnrnush Po=(0,0) (exccp¥ n—ox\'s)

S “=MX 1
1 ™
. _____)( -MX = “M £ —_—
So lim fly,y) = lim  YTamd ,_,.,\HM‘W- L
(X,\ﬂ\ >(0,0) LX,MY)% (o,0) x£o
g=mx

2 Yy weang Hed Yoo chmg Mre m lid alue i3 dulh
go limit dae.

about:blank
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T
Ex. . _R"_"‘.LJ-_‘)- do rod+ -\—L\‘j (E conkl olmoi
im oyt ey
iy) = (1) (HA) m* Luz-l)
T AU
p ='> lim Lx-— \)'L-l- w\“’l,x—*)
) (3, mu-041) > (4)
! A}
%—\: mly ) E"_";_“.":—)—-——"‘_ o

P Lot xes™)
Wiy does not suj lim=o0

becauie we did nor checke o\l corves
\wt l'!usl- WUnes.
Les vs 4oy (x-) =(y-)"  (poralocla passes M. (L,1))

lim e Ly-n*
0, 2{ET +1) ==L L) L‘]—ﬂ”-* lﬂ—l)”
*
im V2L =2 #0 g lim £(9) dae.
= pa L)

Conkinoy \—5

for H'= (r =) we Mar £ 33 eondiouous

at Py 6 L(R), Lim FUP) exish od equal .
[

°<|c fig : 072 Men foq or 9ot are undefined.
toweves Q'—= Q—> @
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£ ]
D\PL "Q'L—*Q. iS cond. V£ -C,e, oe Cfonk.

x Sinlxy)
e 3

Ex.

is cont on @

Xy - polyn (€= 2) iy cont

sinM- L= iy cont

An ¥y WE=2 & et

x.s'\f\kn (pmd.uc.-l- of cony Lunes ) ot rodio, sum, diff

e e=D s cont

x gin (xy)

So by remole hixy) =e v @t=R g eon+ cvegy

Tx. lex £0x4) = 11431 if ¥ *y
ax  af x=y
when w5 £ cond.?
A\Po=LxOIdo\ s a0t on x=y
o
ST i £ - lim () = 2R
." P"Po P-'IP;

£ s cont. at. Po

.B)PO =(¥o,3e) i On %:x Line =

F{rsuj Yo' Xo ®

§) . Po'a yox Uaerindes yollosabiliriz

about:blank
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["'.'éa(,(o‘a,) Yo da kaska bir co:we Saeripln
/l * ta im FP)=lim ax = 26
. PP, (X9) = (x2,44)
on %=y
2o lim  R1P) = lim xbayl = layl o 2o
P=?, PP 10"‘)3
noton T d

Yo have o linit o4 P (Xo,Xs) we need 2xo= 2xF
Yot s X =0.1\
Po'(0,03 ) p‘L‘J1)

- G\‘\'\JI\.IOU-‘-ﬂ -

Since Xo=Yo , by defn,

£lHo,X0) =2Xo = Um  £(P)
"‘ P> %o, Xxs)

WP %e=00

so £ is mat at (0,0) ond (1)
1S fod cont+ any alner POInEF On yY=x.
[sine Umit d.ne. *nese painds)

Gmwu:-\—ﬂ m‘“’d '
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DERZINATIUE ot f: 0t @

\
L -t

X Xo x-Xq ax-s o

for S:e'=0 s w mm\&xless sice We ol
divide ba the vectar P-F)

- G y) = xxy does Aot Veve a defivetive
ﬂ')Then P=Pp, MEOMS X =D X, (rzx)o U-ra,]

p= xo,y)

: '; . po(fﬂ,ljp)
Y

£1P)- £(Fs £lrom) - £lxe,ug
™ )- €Lf) _ lim ) o)

3-»3,_, 3"3' ‘1_.3’ “- “p
iy iy colled +he portial
derivative of £ wrd U

show, .a_{'_
"9 e lP,

"de!"

B) Stwiterly

about:blank 48/131
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\.M ‘F(-P "F(PO '” X, a) _F(YQI a]

i;*P F—};T") = lim X T portial defivedine

o t-:{l,:u ° X3 Xo X-Xo of £ wek x

i Yo e % . P° 5hown

possig 9, H
<1

Pemorts and Notrations =

1) let o= £x,y.)
Then I[Xo)'\\M 5_\"“ - alx.) =lim 'c(‘(/'&n\—'“‘loﬂdos:ﬂ
X=Xo X~Xa x P

X=Xo BX,

Ths 3 [xsinlxy))l - davd| _d xsinfys)

A b Ox e e
= Sinkye)+ X cos Lxy.) Yo l x=Xo
7) Nodakions O
£ Weyo) = Oy €L¥° ge) = fy ey \= I \u,,“a\
£y (xogo) = ﬂaﬂxw'a-) Falxe,ya) - 35 (X, o)

Do

A 2 xtsny = 2xsi0y
ox

393(8 x’—slmj) 2x cosy =98x xls{t\j\

9 (3 x’Lsm‘j\ 9.simj kﬁj 3\6 olmaz
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ogX \wu~r ’

MOTATIONS For hiebhervordu pc(‘%-'\a\ derivads ues

2 [ q*
2 [ i - - L2
ax (9—3 X 3‘) -Fb Dm-ﬁ o aj flxy)

Y
CLALAUT'S TRM: U £ s continuoss 2™ onder ndived
porHals  hen -F',,& =¥%x
g'xxs = ng - "-SXK
DEMAGK: Even if Lot portials exist at fo Ihis doss 04 sy

L g cond. ad 'P

Consicter flyy) = {4 W x=*0 od Yo
2 £ X=o0 of ‘u]-:o

lim + =dne  so0 £ s not ot ot P=(0,0)
P= (0,0)

Lot i -fmd.tg (1[0,0) = -3_ )

we oconSidel what M{pms abwe. e x-axis $O

2 flowy =0
3Y °

Also ad (0,0,2) 0 plone which we cadd call “dongerdt ploe”

dne
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ils\u uab-r
@ FL -Hxe) - L (¥-x2)
lim =0

X3 Xo X-Xo

whith con ke genefolized o l=e
\lM ‘Ft’(l%}' “"(\'01‘503 'L\l"‘xﬂ) - Lz (&-ﬂa‘ —s
p'* Po

@ Epsilon Jom

-‘-Lx] "(—(X-) 'ka—x-)
X-Xeo
- ——
= £ Lx-¥o)

Lot et

- o
(x=x)

$0 ) FU) = flxe)4L(X-Y) + £(Xx-¥%) and €20 o8 X=X
amemliu% b frpt=ig -
3 Li lL'L s.k.

‘cl-!l'i) = ":{Xa,ljo]-\l_‘ L!—\'D) 4LL(‘0-3°) "81 (.Y'Xn\ *&(“'U’)
where , £, Lax,ay) , & (ax a4 =0
as Ax -390

ﬂﬂ_-,o E[p"’ PoJ

£ 0=\ s called differentiade at Po Lo, )
W 0 or 2) holds. (At-h)quﬂ \end 2) aceplu'malt/\-\v\

about:blank 51/131



4.02.2024 01:05 120 defter - METU Math120 Lecture notes of all term

Waraing * There i o derivative concept for VARV

Theorem |£ £ is differertiable at 0= lxs,yo) Lhen
o) £ i cond. ot P
b) e constonts L, L, oe a.c+uqll:1 f,(pn) ) fﬂ[po)

AT AL ekt o)

¥ =Xy X=X

Remarlug :

0 FOO = £Ux) 4 £'( XD (x-xa) + £ (x-xa)
ond €20 as x=¥e

i+ d;cpere/ﬁ:al,;.m:j of £f: W=
FU) 7 Luxe) + £'( ¥ x-x2) » largea+ line oﬁot‘oy'qma.-‘h'n.,
£ {:et=12 is kit at Py 4hren

£lag) = £IR) « £,(P) ax + £y (R) ay + £ ax «E24Y
£,6, ® © a3 (8x ay\= (0,0)

(daiI-Fere/--\—#o.b‘.Hl—j expression )

we aed e aﬂ)mxlm-l—inn

£1P) L (P) + £, (R ax « £y (7) Ay
dongend plone agproximation

Note Mot : Hhe differential fonctiong
DE = L0 - £lxal R £'(%) (X-x5) A-aim
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0§ = £V - £(R) & L (R x-%e) + £y (BXY-ya)  Ledhim

d £ (8x) resp df LAx.4y)

Ex. show MHui LLx,tﬂ =xy is UWfF cuer\éwhm
503 we uvee \imdd Corm -

£00 ) - £(xa,94) - £ (Po) Ax- £,(Po) Ay

- O
“ P"?o“
we hc.ue J-tw(pn)
){5 'v"‘J" - (39 va’(o) —Xa( A ’Y-)
\rgx-xo)‘* l‘ig-tje-')Tj
(-xo) (y-ys) _ Ox.ay
= = -
{6ty (anSiag)”
so by lim form,

In

AR £ley) = xy is diff

(ax)%(ay)

Q& o0

\lr at ony point LYO:‘J@)
2 °

THEOL EM (1o*al defiuative forpma, chain fole) ¢

led F: 10> ve differenHable at Po  onal
x (), y(4) 1L =12 hove derivetives . Then

about:blank

53/131



4.02.2024 01:05 120 defter - METU Math120 Lecture notes of all term

d § L), ulo)

m &:;o s”“(‘P‘J Cx e 4£\jlp-a\ l:j'[ L3)
(Lt ,ylda))
tSUMMaFj’

S) [WIA fa(?ﬂ exigt
-F s dift —- £ i$ cont ot Po
o+ Po "1‘
\inear approx makes fense
(errot =€, bx 1£,4y )
—» o
Jotal derivative formula

(L hence chain rule) iS valid.

There is q PRACTICAL way of Shou-‘-lj differen -Ha‘dl“y'-
THEQULEM (fundamerdal lemme )

1¢ £ bey), onel Fyluy) exist in o disc about B and
tHey are cond. at P, then L5 diffematioble a4 o

Ex. Ler £Lay) = xysiax

then Q£ _ ‘isinx = xy cosx

Ix g =const. conk. cuendwhve
YN

o .'d x=congk .

-Rn fordomental lemma , £ g ciffeen Heble eue!:jwwue.
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Mol'cls.hw’mj Het £ is diff. ot P, 7é> £, fj are cont.

converse o fundamiental lepma it false

E‘l. (X'L*LJ’L] S‘)!\_“_‘_} ' (\(’&] =% (9,0)
Led Flxy) = dxtay

[ 1@(*.\3] =(0o,=)
Po = (QIO]
‘) F'\M 'C‘(KI\A\

£ lx.,ﬂ.\ % (0,0) * M ix,4) near (Yo,tl-])

{, (xo,qe) = 2Xo. 80 3 +(xteyat) eos 4 [-A)...
S’ x \Xo Yy \ ‘\‘*‘1“‘1’1 j W -L)
o
flx, 0) ~£(3)0) x¥sin 1
{00 = (im .I—: lim ‘1__;1:‘_0
=20 X-~o xse / = !
\bu Sequeele
Pheoem
. \ 1 .
axgin —— - Loax. L cos 1 if buw) 2(00)
\\i"-et“- - Q\(‘ui‘ ‘Sy‘lieu"-
So 4,{ ('ff‘j) =
o i+ (71\3\ =(o)
o{lu'M 'CfLI"'ﬂ = d-ne. becavse ag (xi4q) = (0,0) on 3=°
Luy) 3o
we Se-i-
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o)
lim Lelxol = Lim (M&it\‘_ - .!i&‘ . Jﬁ{')

X-20 X80 . A
d.ne

0 {, a+ lo.o) 18 not cond. (s‘)m‘\lu\j G_‘] at (0,0) is not)
byt -W\aJ exisk, £ylo/0) '-r.a(o.o\ = o

£ is diff at (0,0) beause 53 Limed Lorm
o
2% ”
lim £ (ryy - €loy0) - £,00,0) [x-o)—%leuollﬂ-o)
(_X‘“) "')(919)

\[ (A=)« (y-ot

(xi-\“‘) sin 1

i lli)(M‘a\ = (0.0} \W - lxq*jL -sin _ =0
! — - xlayl
\ \(‘--en‘l— \ 4 \/
\vd S.eo‘ueﬂ,'«f\j)
Hresrera

R 'C s dal“ ot (O,D)

Llxy) = P(Xor‘(o) + Ly (Y-:‘(-\(X‘Y-\ + -ty lx-f\('-) L?’VOJ
Exarples  fof  lingor approxiredions (dongear plone] :
1) Find &\.om.u,ss)‘“ EU wg lisesr afproxivatos

dekine £L¥-1\=\‘Y!d’- y Pa=01,2)
-I:‘ Ll,\s\“ ﬂ.ir__\\q-‘

X
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(-'5 ) = {x .\ (Acar tﬂ=ﬂ

————
dhor. st &

oo

Loy« £, (L, 4C3U,ﬂ (495 -2)

2 + ‘-lolols “\. (‘010\)

= 2.0l
3
S £
c
x 3Q
consdes £(xy) =€ p Po (0,8)
ue
=Ny e
- x. 1/ -3
f,a X.e ‘%“j ‘
(y-ye (x-)
Se e value X F(013) 4 £ 0.8V (L -o) +[yl0\3) (2 n-9)
= 1+ 2 =(o02
oo
THE CHAIN QULE
Pearlt Hie total derivarive Lormola’

A £ lxeer, 4t = £ x4 <Ly 3‘(9
at

(£ brxy oe dife)
p.cm::rks:

about:blank
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O Llet £: 2422 tuen
d ¢, 3 2 ¢ do not men Hre Same «[—\m'fs

dx X
8t

mesnsg |A‘-A5l.=t\ ﬂé-x

s0, & [lx, = f . dx afy dax)= £y 46 .90

- Xray(x)) Vg deb) t thy g

L h& {mparted  dlerivetive -formula.')

3£ meons y s constend,
> K
) les f:02->¢
Xril&,‘\) ’ ue“(!l*)
2 sty = £ L), ylsew)

&2 _ 5. 2x -+ -l:z_ . 24
Y v 2 as
S ¢=comt. \'i‘u g’v
Ex. 2 =fxy) =xyt 4 ysin ) x=tt ([ diff by . lemma)

lé-.cosf
2={ L&Y, cost)

z
t

[

cost

(-8
D-IQ.
-~

g
dt

{

&y

TP e

= (ytaycosx) -2t + (Lxy~sink ) L-sin t)

L e g
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S Los ommple c_l_%_\ =0 U xte) =0 yle)=1)

dt ‘.o
Ex. flxy) =x¥ ; x=xWw) = ntanv 5 ole) =t
4* “Lu,v)=vsinu wie) - dnt
d FlxCot,vu, y Lot ,v(en)
dt
_____(‘ _d_ x (UL&) () 4 [’_, cﬁ(ukkhv(tl\
y at L
_c =y. \l"\ I‘j - XV.‘&Y
d x (o) v le)) = X, u'ld) 43y V'Le)
J \
dt X, = danv Xy T u.sectv
ol 3(\;&3 e l) = 39 WL+ yy vLE)
v
vcaau slaw
NOTE: The "4rec” formulation
j{:\ P Yhru alt Pess‘\b\e biunches ot led Lot
X N}
N N
vV v u Vv
A S TR
t t ¢ t

- W R R VORT £ R M RVA £ PP TIRRTY [ BN PR TRPITAI 1)
qe& ) % 53 5 5! \l

about:blank
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(Mwis wmedhod works °“‘3 for fin} oder defivatives, no+ Wigher oney)

Ex. led £1 13 ke diff dwice (second order cond. partials)

2 lg V= £(st, S""'U') Fil\d a_":g {r\b

% Iv s ot u \

¢ 1 ‘s ¥ \t
32:1.-%*&\& < L3
Ak R stst

3 T o= st =t
3 [ 32\ .3 (Liug+f.v
3% (at) T l' t 7w k\

§lon)  NOTE: do find Ly, v =consi. and

¥ does a0t disappens: sy £loa)=utu®

then [, = 20vd o [, - [, (uv)
g0 En Froduc-\ defivalive

oo tog - [ty

UES-——\ ust
b{_a_f|=i-c|- 20 4 35 | 2y | ,[_'”__3_\3 —Ec\q_- N
as v as AV 53 3 oS
£
(or ‘"3 usilg  Fokal defivakive formola) \;Z \z
Z N \s{
L S
sinilorly 3—5"::1 =4y 290 AV ¢

‘ as
'Fvu -‘-L\v

about:blank

60/131



4.02.2024 01:05 120 defter - METU Math120 Lecture notes of all term

lMlo'ticH' Diflerentiakion
Ex. Szﬁm& 2=Llxy) is impl. defined lon

Ex +gian —xy2 +x.j-1 P, - L1,1,0) Fid 22 ( y=const)
a)({, :1
()
22 _ (32 .x+ 2|, eo&ﬁ-ﬂ_\/.[.a_;}-xael +Y=o
ax ax X > x
9—.:‘-1-&%‘3—3 = -1

IR X408z -XY

fo

Now soppore. FLuy) =0 delines adift funch. 3:“*]

1€ Fis diff. e apply bolal defivatwe formula, +o ‘oolh SHes.
X =x

Y= £ R A

o fix)= - F:: /Fy

Ex. Consides F Lx,y) =31"<
e Fkx,:)-:o detfines \J:-Fu] (= x")
thea £'0N=0dy _ _ Fy __‘_(_(_ )
dx S RS
A+ 10,00 #'1o) canaot defined by -F, /F,
sice Fy=0 a1 Lo/0)

d S ik E'\P =0 e comvot &Dl\tc:j ag o differemaMable {unc.
0
but gometimes ) U8 as @ cond. Lonc.
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TAMGEMT PLAMES
Qe Mot in PlMc,

{_xli\ yylt) bt €l some i(\kmc\lk =7

[
o0 Cuue lbeause, N

(€Y, 3&“
X L, yida)|

) o( 2= £ Vo) =F, o la) [X-X0) 48y o, Y ( y~v.)

Now if (&), ylt) have derivabives, then [ hey Yangeq
\ines soy at L-45 , we have ine &mso.._-l- line

ldf mx-+N

Then, dytt) - dy . dxt8)
So dy \ M E‘A
0x 4o

ox ot

y'(+) since T = (w) // dongend Uire

™ B

- 1
Frea Vo= [, a0 4 (w0, vRY)
[’ru)‘ TSR e

we cndode et (x'18), $) /1 daget Unc

0( the hm&oﬂ line Yo o curue (n+),5u).al'«ﬂ inspace
is oelbined +o be Me Lline pa.l‘a.llel Jo (x'(®), Y&y, E‘L&\\lt
passig Marougn Po = Lxtaed, yleo), 2L4al)

about:blank
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0<Consio\e! o diffeerkable fonction [lx,y) gien by Hae tmplici
focmovlation Flx,y,2) =0

Congides ond wrve on +his gurface passing Yhrough
?°= Lvel‘dﬂf 29)
Then M selisfiey the a0, of e sutface
Se [ lx yta), =te)) = o
fali defiyalive d

3 St

\ ' . do

we cbe'l' kF. L) *F';%(l-)'f (:3, ';Lt-]\\Ps— Tt‘ =0
CFy Ry, F;)lP (x‘[el Le), ylt);lPo

1 " Jo Hac -l-mged-lme. [

So (Fy, rn.fﬂ]lpa L\uhk:h s ‘mntep.of- r”ss
1 Jaged bines do oW\ TS e @rlace Haru. P
CONCLUSION

The 40:\3&\-\- lines drawn o ony  Curve (Haru £,) on
e sorface F(x 9 )=

lie on one plene  with
vorma | uector M U:ul'-l,F:)\r ond H’le

DEFN: TWis plre it called twe 4w~3c,.+ plane
Yo Flx,y,2) =0 ot P =(vs, vo, 2.)

‘“I\t Cﬁ(\ 'St [L’,\h%) (xe,\lo,‘?‘-:)] . (F’,Fz, 2) o
P %
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Pemoris:

O To define  +he Yasgent plone we assumed] T iz dUfF
ot P, (Ac:\ucx\\ﬁ, Py 1:0Me+£i¢ oefa. of 40{\8@& plenes
Sayt Hodt - «1-0180\4 plane at Po exists & F i d;.'f-P.o-!-Pe)

I e srloce n guen explicitly , 2= L00yg) then
o\u:ws\j FLX,'Q.E\ = cL\(.\.ﬁ -2 20 s an tmpried+ Lore,
Q6. I e AfE D He eqn of the Jense,\\— Ure 1S

(p-ﬂ,\' U, |CI3 ,'LT} vwla({ vectar
vVov

L lo Me A+ plone.
O T hﬁ%?

3)0:\: dows (T, R, F) )"‘j VF, called Hac %('oouﬂd'

oF F (0 ftayn) = Wea NF - (£, L))
Thes, if Fis diff dhen VF\P it o normal vetter ko e ‘o\m

Ev Let o3 Lind Mae s of bme loged plee drown +o
xtaytagley at P = (0,7, {2)
(Fley,a) = qtayteatoy iz cliFE)
A normal 1s N = YF(P) = Lo.x.'i.w.zw.\\pe = (0, 24T, 2f7)
So e eqn:
(i 2) - 10,47 (T Y+ (0,24T, 20T ) =0

ox+(y—4M. 2T+l z-{T) 24T =0

= 24y =200
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9) Find the ean of Yhe Yanget line drawn Vo

F\Y.V’= glayl-y =0
ol g ) Il =0 > xay =0T

Ev. Find the begent e o dhe curve ol inbwscedian
of the wwrlaces a4+ P, = (4 11)
a cofue inspace is Hie \

TMasxtayl+ g2t =4 (
intusectian O Lo Surlaces

T-=2~-e™"

[ = cocue

'l'."%-@gn.*l:\'tcl—?o

T7 Wes @n Ty 30 iks ‘engeat liney Ueg an Mo
begeet plosedtain *o T, ai Po.

S, 1 ti.
forve| to He
togend Plee
to T,

—_-
[ Ues an Ty as_well. So, L Ny
S we cn Ylale V{ (i) ag Me= M xMy

Ni= llr.zu,ue}\“”l = L1,2,u)

N =le™™, =e*Y, -1) 9 = Lt -1 =)
== i j '8 _

\]E‘ ]2 9 h] - L‘le’—'u)
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bo = ]
1) cqn%t‘ P=0y,1, 0t 12/6,-u)

A-\’fﬂm-\-‘vel;,'- b lies on botr -Lerxuk- ploes ax Po.
3o Jiad e langead planey and mtessead them.

Ex. Let v Lind Mae points o We 4—a,n%¢.-\- Plares

posallel Fo the x3- plere wiee Hae surlace s

xta !43'14— Wal-2wy =T

sikce parallelily of luwo plares weons Iweir normals are /,
we aac‘l’

. o nn(";'w.\ Ao

N=V Lu"--vhtd'l-n\bi"--’l.xy -/ J » ¥ Plare

“~
So, VF=tlax-24,8y-2x,322) = A (0,1,0)

u,]_acc Y=y BD P‘:(’(-K;O\
gy-2x=4 we are not W paink mosk-be
112 =0 :’:t’_‘;h‘" an Ve wurface |

Q gust.:-loLihs Lo\ A Mae suface

gpln'. Ylauxl+0-2yxt=117 x=Y2

P|=(11110‘) P,ITL"L/ -?_'0)

we expect L painds oo e wrlace 13 a
Lrotated ] etlipsoid ,
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D ILECTIOMAL DEZINATWES

AN colJa=
AR AARY N
Dﬁ,ﬂv.v] VE (xe, Yo \‘-U)lo'.r'-m el e K

g (.)lo-l":.Vq ) \fo""L\"L\ "'CL‘B »Tg‘

lim
im0 £ U

> Dq £

£ 0o+ kcoext, Yo tsing) - £ Uxa,ys)

‘D 'F(Po' I
v ! l-llf-:o €

-
V= (cosa ,sina)

Remarde = \& s diff a4 P, Yen all direetional
desivatives  exict  anal

. 3

D, FLP) =Ty, - D 3 (\‘5\5

Cx. Led fGav) = xteay?

Find D?*j- £l £ oo dier euerywher

o SR I A CL TS } A TAD S S}
o CHS

Ex, Fid M rte ot change o £ Ooy) = 2xy +x?
i P moues from P,= (1,2) towerds P (L)

By f (42 is wanked  ond U = Pof = P-P, = (0,41)
since £ s Pobn. so ' s diff eveudwhfg.

ﬁtol-i) L(l,l\ = q ’r‘ t"'l.\ 'LO.—I)

= unld weetas
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4
(2y+2v, 1x) k'\:‘l)
= l‘:ﬂ—‘(o ,‘l) = ~?.

Ev. Aswh\s £ il ot P ol 3'men
., F(P) =
D“J f%) =L find all posgible volues ) cx LPo),L,J[Po.)
WV EPML =T

since £ s diff at Pg )

- 5iue4

Df*j FIRY = (£,08) , £,CF)) U—{Q -1

F

- acsian a)

Sor £1Bs) <Ly (F) = 7

LA A LHR) = 1 =g
« Bty N T fe) e 0

Sn lip 'C)((Pg\ =0 +hnea Iv‘PQ] =\{_ﬂ-'
.\f' ;V{Po) =0 "-ha c'(Pa\ "\[T

Ex. As&w.is Hae osl:} (arce ig areu'«lﬂ a ball iy pot

a+ Po on e surface 2= flxy) = xy-2x2y

a) 1f P (0,1,0) Hrea n which olirecHon will 1he ball
wmove 7 Lolutously in the direction where the slope

is stecpest downwords .)

(dit)
D;,' £UP) = N £(P) » (cosa, sin\

Ccosa, sinet)

VER) = LAy o)
Do, DO, F(F) = 4.cote + 0 5100 = coga
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This is minimwm, i X =1 So W =-4 (30 westincompass)
W) Same, P, (112, 0,0).

D, F1R) = (0,0) (ot sina) =0 fas all diveetiong,
So -\-mgm& plare s horizontal and bkall does not move.

Demarie: 1§ 35 LifF ok Py +vhes it s cagy lo calculale
Mre direction M st. Dy £LP) s min of max

gecmﬂ_

D; £(0) = txy,£v3|?-tcm ssinat) = NTF(P)I [1Ccosut sina)\] -cos R

e unth vectar

$ -smaues ongle bedwee, VE(P) and W .

= WYL -1 c,ngg (( winlmize / maximize whea o ehonges ,

1S ahcd\jt!>
s R=T cos 1'1 1S ain

;x—g=o CRE it max

Conelusign: Dy FUP) is min if U mokes an ongle T wwith
TE(R) [ thot 35 U = - TEIR), is mex ;6 T = TER)

h
most pegative rotd posiHve U*-tv)lg
ditect g AAijectHin
Ex. £lxv) = xy* it (xv) =(0,0)
x4y
o it (vy)=to,0)
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about:blank

”
Find D(w“'mw) £(9,0) = ]ifio f( 0+ tcosx,0+ &sina) -£(o,0)
+

i tcosa Ltsing)” £ exo =2

0
. —_ =0
im - 4 = 7Ylim El-c,gmu.g
L= theosli +EUsinux € ko
) Cosot. sl if rotd E o
Wim  ——
Lo COSLE4t-Sind
= ginta
cosa
So B, £10.9) exisks in all directions .
Rur is aot differmmtiable ot (0,0) ,becavte (§ i\ were,
L would \ce cont. a+ l0©) Wt we showed ecoslier Thet
lim L) = d.nee.
L,y 3 (oo)

Just check: V(0,0 -Ceosa Rin Y = (0,01 - (cosasing) = ©

k&x,cv‘ \lDI';] + P -L(DSO)
Cossin
F(om = im. ‘f““’__‘x'_‘:_"_c’l =5 Lloh-0 IS
¥ -

{ art dRlee dok product bllavdmaz.

Last foney example
1A Ioc-tor:) produce; Q = 200 ilems and gells €ach itom
for We peice P=10
. P
'?N:l*' forcrion = £ (P,9) - SP- wr - ‘%_'
since £,8 connot be changed immediately ; Small charpes

ore postible. Whei should ke dane?
a) § (10,200) = - Gok
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about:blank

( D £0,200) is most ponikve)

since £ 1S UfE ar Po LHWs meens , N = O £(8)
r, - 3L _ g «8% _uet

ap ub* % at+ Po

8t _po_28
h"ag Lo

%0 VF(R) =(-200,0) = 200.(-2 )

P mos maie in A alicec+an {.c. Pmutz be lowendh

Say P: AoNg £(9,200) = -13

What is +he v lHivatke aoal? (moximize € 10 tne [0/§

Find eribe points. fua
I+ hagpens #hat P, Lb,32) iz a ent. potat ongl

i+ gives max £

£06,32) = S¢

Extreme Valves of [ pt—=w
bounded oma coqt dnS:ng als. nax, Min O‘M‘d‘:"mr'
if we ve clord indervel tha, L2 2E WS exaveme Vol

Dela lunot&icie) : A svloses Sl e called clowd £
i+ conteint its \aounclera.

-
&/ cloted not cloyed
J__/ ot bounded l; l . loonded

71131
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- v

cloted
bounded

€ ateme Malve Thepem
Let DCrel be cloted and bounded . UF L:l-2pz is eond.

on D Mea [ hag o max end o min values an D

'c\chgclu'xs al erilical puir\\-‘s nla,b)
) =2 = local max, min > R
&) cheddﬁs end- p¥3.
A oerit. pr.oob 2= R i3 apoint guch ‘et dne tangeat

plone is horizoatal. (£ is ditf)
This \""'PP"‘S whea U is L ko Mae '\-w\goﬁ ploe , Het s,

W), L () -0 o UFIR), VELF =(0,0)

ovtercation: b Fis Qiff ot P, and F(P) is q Lmax Lheq,

Tatertee s, cuorve

Dy HPYeo  Se WH(R).Y =0
Wi

_—

Loy ¥ = lcosw, Sing)  Fhrea

about:blank
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£x LPo\ .CO%A A ‘Cq (Po) sit = O

¥ = Lu(P) = £, (R =0 50 Pois erit. ph

1\

n=T0 Xx=Q
2

So we corclude : \E £ s diff ,ant' _Qmm(lm'm pt. is crid. fl»

(VeP) = (0,0))
Bul o crit. ph need not be a Qmax ar & min poink.

3
¥ 2=x3 = P04 [ max,min

‘Hm%yd— plone i3 horizortal

soddle % both L. .vox ond £.mia
P r—_

Le+ £ Youe oconk. lﬂd order parkal decivadves . .

a~d ™
(So £, Ly, £y o all diff) Mea L has a £.awax o+ €0
NV direchian ,the curve on 2 = Fley) \Kﬂ—ica\lj cbove
HuS ditection also hat o Q mar. omd amin

lﬂd derivative = D\T (D{? -(:) (pos

D\,L’= Ul (cotw,sina) = L, cose , £y sina
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V (fxcora, Cy sinx) Ceasx, staa) lP

Claitautks  ame = Ly ~Eyy

cosla an * 20, Sinxcora * fyy Sin?a

fo
we wed HUS ko be (-) for all o

if cos TO Wen s s ’(:VY (")
it nod: = cotlx L Lax *2-&\, rans + Loy +=v\”°‘)

P

Conclusion *

(f Me discriminent <0

asd  Fyy (P) €O

then e swond derivabive o all o
So in all direckion we have a loal max

so f(xy) hat a lpeml mex
dixcrioninand: U fyy (B)5- Ly (P £yy (P) Lo

hessioa = -discMminaqt

Theoem: Led £:102— 12 have second ordes cont.

Pd‘Ha‘ dertinatives  Y}wen,
O TLIPNY=100) (1. acrik ?-\.3 +hen

) Hession (Pa) >0 and {yy (P) 20 => L has a £ min

D tegian (ps') 20 ond .Gv\( PN 2o = f_ha_g a e max

) “ ¢o Ien £ har o saddle
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L 7 o %hen no info
3 alt Po,

Remert :

the case «=
Lo ond £y, Yove same Sign

S0 % does O} maller L (Pa)  wr R (FS)

Pl

Ex. Find onel clacsi&j all epritical poinis.
LUxv) = (2=t 231 ( con+ and qll pertials exis})

= 0O X =1
x Po =( 1,0)
'c\lg [»} Veg

Lux =2 -f\m = U Lxy =0
Hessian = 2.L,-0% = >0

min ok P,
fux (P) 725> 0 WSP'“’”' F

Ex. CATIH dewonn
LOyY =2 x3-2x2y % -ey? 49y

Pol“_ « all ander fuJ‘J—.'oN dcor*+ ® Yuecore nn

a.pPl.‘cu.,ie
Ly = bxt—bxy =0 oltain farm Lue R0
£y » -2xtazyt-12y +9 =0 pur in 2
[561: 6x (x) =0 x= 0 y=x
‘jz"“‘d +2cz0o 4° 374
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ﬂ':/‘ k&'{]=g P-_;"'(ZM'/ 324)
Pe-(0,0)  A7(0O,3)
A'W‘“ we Hrcorernm:

P, =L0,1) ¢ {.',,,(eux-a,\P = -6

o

foy = dy-12 lp, = —8

by “-tx|p, = o

Hessian = 14 S o
2.mex o0+ P4

.p\’\, (.poJ =-bJLnn

ad P2=(0,0: |essian Lo  S8ddlc pk.
o% Pq = (Lky, 32L) ¢ Messlanr 4D gedeie Pl
Ex. Llxv) = x‘-’-ey"—z.x'~+c(xy-2ul
L= Ux2-tx 4Ly =©
fy= Lujz HlexX = Ly
1«2z =  LcviayD =o A3 x3=2x  x=2][2

So g=-x P, = o)

pg_ = (ﬁ.’, '\l?j
Pg'—'- [~JT|, w)
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A .
Lo = t2xty Hessian = 20.20-L1 DO } toea{ min
Fxn L82) =200
fyy =123 -U
. Ressian = W2-LT D0 j toeal min
N4

fxx(%)=12.2-L>2

Hessioo =p o+ £
/ﬂo info

loole  Hhe fanetiss Shself  Lluy) = xU+yY-2( x-y)®

As (xp) =(0,08) oOn Y=x Llxy) =2xu 2 O
and C(P.\ "g(ocO\ =0
S on Y= ,# has alocal min o+ (0,0)

Consider (xp) =(0,0) ©n X-axi§ [y =o)

£0x0) = x2(N1-2)

£ (x0) is nesr enosh to (0,0) (x1-2)co
anol £(0,0) =0

So £ (00) {§ e '0'»5523'4 value
Por ntorln:j poinds  en ¥-Gx1S. Asg (4y) =6,0) ot vmaxis
& has o £ imax a+ (00)

Conelusion: So P, is e taoddle peint.

l‘_)

¢

FohveMA jeestLicnons
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Ex. £lxy) =xteyloxyanay

since D is bovnded and closed
and ¥ i cont. cuendthcm,
£ hot min ad max on O
by e cxieme vale ‘Megem.

Thea o occer s ot interior of D (without boundaries ) .
Hen % s Lorx or 4. min 80 iF will ke a erit. P-l.
Let vt Qind Ahete s,

bo-amyn-o } we get 8L, -) e D
Cy = 2y -x 4150 4
7 Nes

boved D:
ac%d on [ i %0, -1y ¢o
Flov) = ytay

"\s F‘L crix. pis: g_Lv.J'l*ﬂ\ =2y« =0
-3 So; Pulo,-172)
end pis.: y=-2 ,y=o so B-(0,-2)
P, =Lo.o)

on [0 Y=o, 1Lxco
Lley) = 2T +x
So p(,, + (-%,0) P5=(-H2,o]

about:blank
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on (_1‘_ . U=—x-& ,-ULXcO

£0gv) = 3 Uxteaxen) A AWt4LR4) = 2(ax+2) = O
by IUMHM-EQA dx

=

X= ‘%: Y=
B =212, -212)

end pls. give (-2:0),(0,-3) again
Hen, F(PY: -1 (abs)min  £(P) = (P =4 &= (o) max
FIPY <GPy ~-Uyy SR -0  £(8) = -21y

Pemorl © The bofic ‘dec o} solkion in He above example

wes ,  Solve Koru on Hae Lwndnrj aurves and gubgki dote tn £ .
s mele it o func. 0F one voriakle.

Sk e boondoty corte iy given implicitly ond we  cannot golve
for x or for y , what thea )

Example :

Domen 5|

[// X\(g +\’x?-—-\o £ixy) = ey
|-

.

___1 ; Y

\45rw\3:

LAGRANGE'S METHOD .

Oocatien: Biver a=Flxy) findd ts Mmin ! vax \aloes

or lop of a corue lin glane)l Wi Xy)=zo — [
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. . - "
(15 e cwrue has points wher no +tange,t line con

be drown , we check Hiem separately.)
2 = d LU ,yn) < L, e+ £y y'lt)
alt

WY = hye.x'(8) thy "d‘“'-‘ =0
S0 Vh-(_s('lﬂ,vd‘lﬂ] =0
—

So Gh 1L vY

So alt P, on '\_: , DG'! I'-U’-\'=0 msy hold

_ -
VEW@Y . Ny, .o Se T ) v,
N (L
(B XA 2L, (P) y'iH =0 So WELRN L Lette, Slti-ﬂ
——s
01\
8o ab o “he veetsars, VE(P) and Th(fe) oe Lot L\,

(& vectars consideed in xy-plane)

TWikY 7 UE%)
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Metned
Tn(Po) + A T£(P) = L0,0) UALAOUNS : Xo,Vo, A
hib)=0 \ we have Hwee emnc.

Togfarge. motliplier

Remorl:  Generalizations
w= 'elxl'-(r'a'.‘, Cb(“l\n’l-\ =0
\’\llr\lf?\ =0

l G curve in Yfuce
wWeseehon o) hwo suclacey

Ny L 7, , A 19w

Dy flh)=0 = TFl). Wt So VERY | v
el

o{we 3\!_4 at 'Pw

Vh, Uy, V& 1 Nt atfo

0 Vh Vs, 7L oe 7/ lo bhe plane  with aofmal V.
Se V‘F=-ﬂqﬂ - Th (e+ %)

hence T £(f) « AV (P)+ u Vh(P) = (0,0,0)
h(f)=0
glé)=o

5 unknowns

5 Zealor egnsS

. Find  mda lmex  of chrY‘r!{«q(»i on Xz 49_31 =1

onsHajnt
“‘F ‘*G\Vh ={0,0) c

=yl -
hk?o\ =0 Ip’ hixy) =y *25"‘—1 =D
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'l:l" kx =0 { 9—{“(?0 @
.f\, +L\\f PP | +L|',]v =0 @
2#9_3"-—..' @

Pied  ovsenmtion YN, d*0
-t 5= (-2 -0

oy ‘\@_\fu*r@

@(D-® = 24 Lx-av) = 0

ﬂ‘/ - l.ud"-+z‘j1_‘\—-:(
N T T
-1_._ L
PA"NU-Y ‘i f— \Y_'
w "
p‘L"‘N’lV\ P tszl—f F

e fone. £ i3 contr. en Mie closed and ‘eounded chue

Ex. Fi‘d u’t shartest distente CI‘QM xt +3L+ 2l =4
o e point T <(4,1,2)

The 5'\!223\-\04 ‘e do Lind min of

d (B ,P("=\W|]H ud-.)"--x 12-21%

ca Hue sp here

byl 3t =4 (consyeoantd

Yendi ain'lbe;  Poesi de aManldif. , fwF x2o
§o cangides necd ,

about:blank 82/131



4.02.2024 01:05 120 defter - METU Math120 Lecture notes of all term

A ( ?n ' P) t- L*")'L"'(‘d“)z‘Ll'z]‘L = ’CL’(IYI 3\
x143141'\-=I
O\ﬁ;laﬂj lqaw‘sg Mebpod
U‘c + Aq"\ = (010,0)

ls
WPy o } e Hontaoen

2x) 4+ 24y =0 MDx[2428)-2=0 %Y,z #z0
2ly~) « 28y =o @ Y (2¢2)-2 =0
212-7) *23 2 =0 @22+2 -6 =0
ilidlle=| @
®-@ 2x-94)(1+4) =0
\5“ _ ~ todrndicks D
=<
1.®-Q yl2e24)-2(e+29) =2
2.(3y-2) Le=2 g) ==

Leyleayl «+L P Lo =
yregieayt =t y= @ MA@ (T

=4

P L\—,:—!—|é
l’&m‘ w4
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CEu. Find adalmex of Flxy,2) = vy 4y
Su"{led' Yo Mac conttrainds Y"*t\17=z =2

@3 6(.‘[4‘31%} =\£\"‘\31'_ T
lag2) =y 2- 2

T4 +ATo+ 4 T =l0.0,0

11*31=2
:j‘i-'=9_
@\\‘4-9_:? cao #mn@w-ll‘)n =0
(t)(su-g 2y« M2 o *3 ™ &:—o
@3*-/45 =0 @ (MH‘&HC*S@
@x1431=2 ) &-Flﬂxw
@a%—?ﬂ_ @ X*Zaﬂ =2
Wtx=e y=o = vto u#a
@ .x = xy +2dx*
@.“ =_xy +Zﬂt|7'
o - bn@ Aro @’h&mn

=41 Py, ) PRy(-L-t,-2)
S

NL “7-)(
pgt‘;"l;"’—) Dl((—"" 2)
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Sie £ lx;ﬂ: xu& Y2
$P) =142 <2 =f(Pr) -~ wmax
FAP) = -ta2 =t = FLPLY = min

NOTE = y2=2 » g #'de i gmta\\;r{%
Ex. Fiad mit Imax of £ixy) =xy
su&:')eﬁ to y3+33=.L

Loy L = xTag?-1
VE+4A Th=(o,0)

®Y+'J.x'7-4 = W ox=o ba_@ Y=o condra (D
@x-h'!dLﬂ =0 8'1;&0
® X%*Uizl V?.@ -xt(®
YZ-XZCO
IR

(g5 )

RoMler tzuel‘H&-\ , 4o o [ mvox yalud e;dS-‘o-‘?

X=n ;-
"U—ﬂ':}“l -c(!l,\ﬂ: l’\-kl’;_ﬂg\ 9” ;Sno win

“ o5

oK X,YL0 e ’1’*\3 =1 is violated.

Se, xy>o. s fay¢
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0L X<
) Xy cannot B0 Yo 00w Ywe 't a vex

o0& Yyl

CcoucWSION) = £ (D) is Hie most

Ex. Find min / max of Flxayz) =xye
sgyect o xayez =l

—

h
VE=y2,x2, %y  Se ya+d:o 0
Uh= 4,4, xt+A=z0 0
X\i -+ 4 =0 @
\L+us-(2=_]_ @
®>-© =2 l%—x\ =0
4 -
7= " 9.0 gw
A=° Xx(r—y) =o
o x— ‘:.L z2=]
Xv=o =0 X=u =% ‘."_L_
X-.OL/ \\jso Qﬁ‘ 1
g \
gt
(Q,!,O) (1/0,0) (0,0;l) (%l%l}—)

L
vhinf O ar &
? 31
ot Hhege wila fmax ue.lue.s?
NO  becavte Mwe s po Min /ooy
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e n +n+d-2n =L

* N k3

Yaye -n ~q € Le2n =\

Ex. Same af plt‘.\u' oUS |, byd

d

Xy, x =0

! it ane. of xyz s =O
\ \/ ! Hes ¥y -o a'wcs Mmin valwe

(o4 +he odges o4 driongle)
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XYt =Nt l-2A) = ~oo
no Min

Az = nTt L*2n) = oo

o Mo

Sice  Huis ‘m‘o,gk is cloted ond bdd od £lxy,2)=xy2

is cank. i+ hag mia and mox. So,(

Ex. Led %, %,...0n 20 , % +%q4-. 4%, = A

Find min of Flx,x2,

I’(ﬁ\ =

%,31-: Ji) gives Hue mox,

(A>c)

Xy X ... X

(wc assumc we Lnow Miat lo.a(‘o-ge\s Mmedlhoal w&u‘ks)

qc"' Aq\’\"'(ﬁcO.---:o]

n=-fold

Tttq ..o x. = A
P SR
—
S,!‘ Xp¥q...xn+ Al =0
X\..-Yg--- ¥, 2 ﬂq =0

XyXq oo xﬂ-l *a‘ -0

about:blank

]c AA-.J oﬁ )(4-—_5
‘LMCA N WL X - Xn = O

anal e 3& min
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®'® ¥ XU .. ¥ (YQ-Y\] =0 Xi=¥,y

VisXg = X =Xy

SQ; Xy 9—“& = Y1 =¥X3

So Pue (£ & e &) )
Peve Hxuxi, %) =xixq..o 0 & £ %0) = F;\,‘—'

Yaue n- Toods ¢

(toraom ) e B m XekMae oot X
n "

Ey A l‘cc-'rem&u\u box with sides pumllel +o coodifde
axes is pot In the P:j'“"""d with verdices at
(0,0, , (0,2,0),(49,0) ond (0,0,0),

Fid e dimersions sL. s voume ‘orsesl'.

)‘-\VT—-(’tt! = \UQW), %

Pl B = x4y moriwlle volome

V& cvw.cli— ¥t js =0 wolume = o Sain.

U-r=(\f7,-,‘tt,w-1] So yp+d=e°

Tn-C1, L, 1) 2+ Al2:=0
'A(\' L] 1"':
hi -4
0D yli-n=o B S
»

4 [ |

P = sl — o —— j—

hie 2=x / -3 'Pc‘(E 2 Z\
2.0-0 x(224y\-o

23 =y
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Ex. A rec-‘ﬂ/\sl\u‘ box is 40 be wenufacdured <i. He maderials
vied  cost:

0 for lbolio~ o5 oMY Square

b lar sides

¢ for dop

B Jws foox 12 houe qustome Uod0 | find Hhe Aimedion
10 et cost w wia,

2 ot = xyo 4 Al syl * wy.c
minimize cotd , sdeet bo hyz = Uo
[ i"l ? Sof

X W)« 2o

VE= Wa+22%e4ye, %a +22% +cx, 2Zlx+y)b)
Th= (42, 22, vy

XN/2 #+o
LQ"'C) y* 22l + A‘{ =0 Y@ - \(@ = 9wzl y__\{\l =0
la+c) X + 221+ Ava =0 b=o x=y
2 (9 o+ Any=o
“@ - 2@ q+C
e = \lo = ——

2

Y'Y'aﬁ)\fr Vo

12
2u
So ‘¢=(?.Tc "“) =%

2= G*C_Lzh Vo

Po
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Ex. Find e (otes) max /min of LL“"""’“L“"L"—"""T]*‘

on D= § o)t x2ayrteal

(—Ms 15 1ot o poely laawsc peslolert since i:\g_ide ol e disc tholld
ke consideed )

stnce b e difl Ceord D oie cloted ood kounded , § Wos min tavax

In e ‘nteias ns. B(wilrho.» ‘cnur\dp.rj grele) '“M'(\ woulel be °n0
el gt 30 we checl Q€ =10,9)

f¢ =2x-2=0

} P°= Ul’-)

-F“ = 9.\(..u=o

Qn +he lnowdur:j'-
Lind pex fndes of £ ook, xbtaqt=9 (bW e lqﬁr’mg:}
Ve+AQTh=L0/0) ¢ 2x-2+02x=0

!.n -L\*?Qtd=°
taqt=)

we obeerve et I xzo thes we gt cedl. ko 0)

H %.,c ” Woon " ” @

SQ XN ®o

y®-x@ * -2y4ux=o @
Taux = x=t12 P2 _’“-5
" 3 ls "(4? s

£10) =1 e ™ pr.';("_g_ . i)
F(P) =13 {s N
ELP) ®1S+0 37 ¢
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Exercise: wmox fmia o) Flxy) = x4y @y A

Qowle lm%mis

SS Koy = A,

SS FOw) dxdy = haetpy

Ex. LC{' p\h\l“ X‘L"H"' e= Loll] X [ 3:5]

?mper Yies:

SS LdN = ora (D)

)

¥ fxy) 2o on D Heen

g\(ﬁhﬂ) dA g dhe vowme De- B

Slxd) 1y odd S = - £Lxy)

Cemorus :
niv)

* 5 L£L6v) dy i3 a PDJ-HQ\ 'm\—cﬁ('o.\
aLx)

about:blank

gince x i3 eostat
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X An \herated integral may have no geomehdic meaning

& \tefated nteglals eve "easu" }o calevlate

1TERATION THEOLE (M

\s—kLK\ b 'hw.,
Khxm dA= K £ ) dy dx
“ ﬁu) ﬁ\ a 9w
ol s'\MP\e fegion wrd y , ¥ is costant
x=3\) %= Wiv) 4 W
d —
J;Uw) dA= X gﬁxm dx dy
¢ ¢ A
ok s':mp\e (%ia\ wrh x Y ig cangtort
Ex. Ller D: xt loslirg ot a-d\'r!d—icu\ (ineseasing 4)
YS
R
r XxX: 0-—=]
L] x’-
SS £Lxy A#\-=S SSUN] dy dx
D o x?

about:blank
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DN iz alse amdle wrk x- fush
12

'
R o I TY
= x:ox=Jy x=y SS CUx) dA = S Fley) dxdy
1 0=
3 ' D o {f

Ex. y=xt

ler 0 e

. . syl oy =
wrk t‘hcﬂ T W y=x Y= xeL
LA N
2 xa2

SS .cHN\ dA:S S £ UJY) d\, ax

-\ g2

x O ot &lufk wed x- [irgd

+ do Mot wethoud dvde B jato L pohs.
uy Aﬁ

SS Ll A[\=S S‘lﬂ,ﬂ dxd«i S g\v,v\dxd‘{
' y-2 0.

Ex. Tind Yue vdome ol tetrahadson (P\‘]M.m(d) ounded Yoy

e corditote plates ond tre plase AxAy+E L

[~

about:blank
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P

™ bottom = D (bage)
2= 2-2%X-y20 o.D

b4 So ,\olume:
(2-2x-4) o A
D
+ 2-ax
S X 2-2%-y d:j ax
o l&:O
2-%
2

(2-2%-y) dx dy

O e—p

[+

F‘mdivb wolume.

bwnded by Y=xt y=l, 2=, 2=

. - =M
\ Sgu -1} dnA B:_—ﬂ

D
A

} ] ¢ age
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[:&:Ir"_/
L
SS “A""‘“'“S S YT dy dx
° -oxt

MEAN VALUE THM.

SS £ aA £ ' cott
0 coted , Lovnded , connected

)= B
ovea (D)
avel
va!
centoid + XA Y ‘-XSdi r ng da
? 0
area (D) area (0)
Ex.
b: ORI
§=S S * A\ddx
- o -0 ‘bewosx +'sodd
g letoxt Te/2
‘{-;S S 'l d:]dx
3 \ ue
. o - &Li’--_ﬁ o cen‘lrnd_—t), ?\7\'}
—T(QT_ 2 e L
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POLAR CODLOINATES

¥= fcosd
\ = rsing
xayts st
al% 1. at
ex, M= a cos™ [x~ I’) -b\{ = L‘_

~.r=r7.0.Cco%« a .) e a ] e
-1 Y
xtay? = ax (39) pobents 3 ‘ﬁmu‘f v

I =) |0\ gellinde 'oul ,ooi\‘\:re i am::'-\-

£y A= w¥) . .
SS »v) d 'lm\i_ ZJ! lP‘) ) .c. nr Al
€Sy oea of 19 -ploe

mdots\c
¢ T,
bondories .y 8=/
r=2
Q=0T =
=0 isaole e/
o Wldnl'\tj
™y 2
Pien ot B"*’SS“"“xv’ SS( rdAc, - SS r drd9
0X\| DTB [+ -]

O et [ coming
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S‘\Mple resiaas in ?o\n.rs.
:345\'

x =8

Ex.
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