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Content of this presentation

* Finding the Probability Distribution of a Function of Random Variables

* Finding the Joint Density Function of Two Functions of Random
Variables

 Summary of the four methods

* Obtaining the Transformation Method using the Distribution Function
Method

* Examples



Finding the Probability Distribution of a Function of Random
Variables

Consider random variables Y, , Y, , ....., Y, and a function U(Y, )Y, , ... ,Y,,) denoted as
U. We will introduce three methods for finding f,(U), the probability density
function of U:

* The Distribution Function Method

* The Transformation Method

* The Moment-Generating Function Method

The Transformation Method is obtained from the Distribution Function Method.



Finding the Joint Density Function of Two Functions of Random
Variables

Suppose that Y, and Y, are continuous random variables with joint density function
fY1'Yz(Y1 , Y,). The fourth method presented in the next slide is for finding the joint
density function fUrUz(Ul , U,) of two functions of random variables U (Y, ,Y,) and

U,(Y,,Y,) using fY1'Yz(Y1 ,'Y,) if certain assumptions are satisfied. This fourth method

IS:

e The Bivariate Transformation Method



Summary of the four methods

Summary of the Moment-Generating Function Method
Summary of the Distribution Function Method g4 e

) X Let U be a function of the random variables Y;. Y>, ..., Y,.
Let U be a function of the random variables Y,, Y5, ..., Y,.
. : i 1. Find the moment-generating function for U, my (7).
1. Find the region U = u in the (y1, 2, . - - , ¥a) space. 2. Compare my (1) with other well-known moment-generating functions. If

2. Find the region U < u.

3. Find Fy(u) = P(U < u) by integrating f(yy, ¥2,..., Ya) over the
region U < u.

4. Find the density function fy (u«) by differentiating Fyy («). Thus,

my(f) = my (1) for all values of 7. Theorem 6.1 implies that U and V
have identical distributions.

o) = Py G /. THEOREM 6.1
Let mx (1) and my (1) denote the moment-generating functions of random vari-

Summary of the Transformation Method ables X and Y, respectively. If both moment-generating functions exist and
Let U = h(Y), where h(y) is either an increasing or decreasing function of y mx (1) = my (t) for all values of 7, then X and Y have the same probability
for all y such that fy(y) > 0. distribution.

1. Find the inverse function, y = h~'(u).

R — dh—' dh—'(u)] The Bivariate Transformation Method

e du Suppose that Y; and Y, are continuous random variables with joint density
3. Find fu (w) by function fy, y,(¥1, ¥2) and that for all (y,, y2), such that fy, y,(y1, ¥2) > 0,
dh—!
Sfo@) = fylh™" )] = | uy =hy(n,y2) and up; = ha(yi, y2)

is a one-to-one transformation from (y;, ¥2) to (uy, u3) with inverse

»i =hl_l(ll|,ll2) and y2=h2_l(“lyu2)-

Ifh,—' (w4, u>) and h;' (uy, u>) have continuous partial derivatives with respect
to u; and wu, and Jacobian

ahy' any'
du duy ah' 8hy'  an;' an!
J = det _ll 2 — 1 2 2 1 £0,
3’!2 3’12 8u| 3“2 3“] 3“2
duy du>

then the joint density of U, and U is
Sy, u2) = fr,.vs (hl—l(“h us), hz—'(“l'uZ)) 71,

where |J| is the absolute value of the Jacobian.



Obtaining the Transformation Method using the Distribution

Function Method

FIGURE 6.8 u
An increasing
function = hiy)
M
v
——]
0 Y =h'lfujj ¥

Suppose that i(y) 1s an increasing function of y and that U = h(Y), where ¥ has
density function fy(y). Then h="(u) is an increasing function of u: If uy < uy, then
=) = v < v2 = h™'(iz). We see from Figure 6.8 that the set of points y such
that h(y) < uy is precisely the same as the set of points y such that y < h=Yuy).
Therefore (see Figure 6.8),

P(U <u)= P[h(Y) <u] = P~ [(Y)] < h~' )} = P[Y < h~"(u)]

or
Fy(u) = Fy[h™" (u)].
Then differentiating with respect to u, we have
, dFy(wy dFy[h~'w)]  _  d[hNu)]
folu) = = = fy(h™" (u)) .
du du elu
To simplify notation, we will write dh™" fdu instead of d[h~" ()]/du and

dh™!
du

fulw) = fylh™ ()] —.

FIGURE 6.9
A decreasing function \

uy = hiy)

0 ¥, =7 uy) ¥

If () is a decreasing function of v, then h™"(u) is a decreasing function of u.
Thatis, if uy < us, thenh="(u}) = N1>n= h="(u3). Also, as in Figure 6.9, the set
of points v such that h(v) < u 15 the same as the set of points such that y = h=uy).

It follows that, for U = h(Y), as shown in Figure 6.9,

PU<u)=PY >0~ w)] or Fy(w)=1-Fh™ ).
If we differentiate with respect to u, we obtain

d[h™" (u)]

oy gl
fulu) = =fy[h™ (u)] P So we have:

Let ¥ have probability density function fy(y). If h(y) 1s either increasing or
decreasing for all y such that fy(y) > 0, then U = h(Y) has density function

dh™'  d[h™' ()]

-1

. where

fulw) = frlh™ )]

du



EXAMPLES



Example 1: The Distribution Function Method

A univariate example:

EXAMPLE A process for refining sugar yields up to 1 ton of pure sugar per day, but the actual
amount produced, Y, is a random variable because of machine breakdowns and other
slowdowns. Suppose that ¥ has density function given by

) 2y, 0=y =1,
fy) =
0, elsewhere.
The company is paid at the rate of $300 per ton for the refined sugar, but it also has a
fixed overhead cost of $100 per day. Thus the daily profit, in hundreds of dollars, is
U/ = 3Y — 1. Find the probability density function for [J.

Solution To employ the distribution function approach, we must find

+1
Fy(u)=P(U <u)=P3Y —1<u)=P (:-f <X : )

Ifu = —1, then (« + 1)/3 < 0 and, therefore, Fi{u) = P(¥Y < (u+ 1)/3) = 0.
Also, ifu = 2, then (e + 1)/3 = 1l and Fyy(u) = P(Y < (u+ 1)/3) = 1. However,
if —1 = u = 2, the probability can be written as an integral of f(y). and

1 {u41)/3 {41373 1 2
P(}’g ut ):f f(}'}ld_\':f 2y dy = (”+ ) ,
3 —_ 0 3

(Motice that, as ¥ ranges from 0 to 1, U ranges from —1 to 2.) Thus, the distribution
function of the random variable U/ is given by

0, u = =1,
132
Fy(u) = (“+ ) —l<=u<2,
3 =u =
1, u =2,

and the density function for U is

dFy(u) 29w +1), —1=u=<2,
du

i) = =
fe 0, elsewhere. [ |



Example 2: The Distribution Function Method

Solution The region over which f(v,, v2) is not zero is sketched in Figure 6.1. Also shown
there is the line v — ¥» = u, for a value of u between 0 and 1. Notice that any point

. H . (v1, v2) such that y; — y2 < u lies above the line v — v = u.
A b|Var|ate example' If u = 0. the line vy — yv» = u has intercept —u < O and Fyy(u) = P(Y, — ¥» =
EXAMPLE id i d iables ¥; (th tional ' u) = 0. When u > 1, the line y; — v» = u has intercept —u < —1 and Fy(u) = 1.
consider 1e random variables e proportional amoun ; . .
. - - . ! prop . ForO0 =<=u =< 1. Fy(u) = P(Y) — Y2 = u) 1s the integral over the dark shaded region
of gasoline stocked at the beginning of a week) and Y3 (the proportional amount of . . . . .=
= L = S - & A above the line y; — v2» = u. Because it is easier 10 integrate over the lower triangular
gasoline sold during the week). The joint density function of ¥, and ¥> is given by = =

region, we can write, for 0 = u < 1,

£ ) 3y, O0=wm=En =1L
Vi, Va) = ' = J =1
A 0, elsewhere. Fo (u) P EJ W=1-r~Uzuw
Y=
Find the probability density function for I/ = ¥, — ¥;, the proportional amount of =1- f f 3vidyadwy
gasoline remaining at the end of the week. Use the density function of IJ to find E(U). w 0
1

=1 —f Iyl —u)dy,
FIGURE 6.1y, =

Region over which
f(n. y2) is positive

1|12 +”3
=l=|l=gw+3

1 3
= —(3u —u’).
2( H—u)
¥ Summarizing,
0, u =10,

FIGURE 62 F @ £y @) . - I — == 1.
Distribution and ‘ ‘ Fu(u) (Su u)f2, O=u=l
density functions L5 1. u = 1.

A graph of Fyy(u) is given in Figure 6.2(a).
1 - It follows that
d Fyp(u) 3l —ud)/2, O0=<u<I1,
futwy = L@ _ { /
du 0. elsewhere.
The density function fi; (1) is graphed in Figure 6.2(b).
| ) . .. . .
0 1 0 1 u We can use this derived density function to find E(U)
(a) Distribution Function (b) Density Function

b 73 , 3w w*\]' 3
E{U}=[ u(—)l{l—:f‘}mr:—(i—i)} = —
0 2 212 4 o B8



Example 3: The Distribution Function Method

A bivariate example:

EXAMPLE

Solution

Let (1, Y2) denote a random sample of size n = 2 from the uniform distribution on
the interval (0, 1). Find the probability density function for U =¥, + 1.

The density function for each ¥; is

| l, 0<y<l,
fly) =

(), elsewhere.
Therefore, because we have a random sample, ¥; and Y5 are independent, and

| l, 0sy<l, 0=l
[ = ffn) =

0, elsewhere.

The random variables ¥, and Y, have nonzero density over the unit square, as
shown in Figure 6.3. We wish to find Fyy(u) = P(U < u). The first step 1s to find
the points (yy, y2) that imply y; + y2 < u. The easiest way to find this region is to
locate the points that divide the regions U < u and U > u. These points lie on the
line y; + v = u.

Graphing this relationship in Figure 6.3 and arbitrarily selecting y; as the dependent
variable, we find that the line possesses a slope equal to =1 and a y; intercept equal
to u. The points associated with U < u are either above or below the line and can
be determined by testing points on either side of the line. Suppose that u = 1.5.

FIGURE 6.3

The region of

integration for
Example

¥

AN

Lt Tt "
or U< u 7 g

— (5]

Let yy = ya = lf4;then ¥y + y2» = 14 + 1/4 = 142 and (y,, y2) satisfies the
inequality ¥y + v» = u. Therefore, ¥, = ¥ = 1/4 falls in the shaded region below

the line. Similarly, all points such that v, + v2 < w lie below the line v, + v = u.
Thus,
Fuin) = PIU=u)=P(Y) + ¥a=u)= ff Fiv. yaddyydya.
N
Ifu =0,
Fplu) = P(U = u) = ff Fiv, y2)dydy. = ff Odyy dyv: =0

B B e ¥idyaZu

and for u = 2,

1 el
Fylu)= Pl = u) = ff Flvi. v dyydy: = f f (Iydwy, dy: = 1.
o Jo

¥ +_"‘2£"

For 0 = u = 2, the limits of integration depend upon the particular value of u
(where u is the ¥; intercept of the line yy 4+ vz = u). Thus, the mathematical expression
for Fy(u) changes depending on whether 0 = w = lor | <= u = 2.

If 0 = u = 1, the region ¥ + ¥» = u, is the shaded area in Figure 6.4. Then for
0 = u = 1, we have

Folu) = ff Filvi, y2ddyydya =f f --(1311_1'11’;}'2:] (e — yaddya
o Jo 0

B B et

S . .
Vi - u- [

= Hys — -T_ =N — — = T-
2 ) 2 2

The solution, Fp(u). 0 = u = 1, could have been acquired directly by using
elementary geometry. The bivariate density f{v;. v2) = | is uniform over the unit
square, 0 = v, = 1,0 = y» < 1. Hence, Fi (1) is the volume of a solid with height
equal to f{y;. ¥2) = | and a triangular cross section, as shown in Figure 6.4. Hence,

Fy (1) = (area of triangle) - (height) = %{ 1) = %

The distribution function can be acquired in a similar manner when u is defined

over the interval 1 = w = 2. Although the geometric solution is easier. we will obtain



Example 3 (cont’d): The Distribution Function Method

FIGURE 6.4
The region

¥i o+ ¥ = ufor 1 FIGURE 6.6 F;.- (i) _.ﬂ ()

D<=wu=<1 \
Distribution and

density functions
for Example

l T
0 ¥
Fir(n) directly by integration. The region vy + ¥2 = u, 1 = & = 2 is the shaded area
indicated in Figure 6.5. I I
The complement of the event I/ = u is the event that (¥, ¥5) falls in the region 0 | 2 i 0 1 2
A of Figure 6 5. Then for 1 = w = 2, o ) o
(a) Distnbution Function { by Density Funciton

Frlu) =1 —f ’r Filvy. vaddw, dya
A .
The density function fi;(u) can be obtained by differentiating Fy, (u). Thus,

=1 _.r’.:. Jf:‘ Prevady: =1 - fai. (-"‘]:_,-J dya ﬁ:ﬂ] =10, )

1 E 1
= I—f (1 —u+ y2ddya = l—[il—ul_\'1+"f’3j|] d s
w—1 = w—1 d—“r'll'll:l =, {] ::- I E ].
= (—u"f2) + 2u — 1. fi.[”:—M4 i
. s - d 2
To summarize, d H[{_”-."IIEJ -+ 2y — ll =2—u l=<u = 2
a, w o= 0,
242 = i
Futuy =] /2 O=u=1 (=0 > 2,
(—u? /2y +2u—1, 1 =u=2,
1 w2 or, more simply,
The distribution function for L is shown in Figure 6.6(a). . {] E I E J
Fl GTLI-nlcRrE;r;i . \ folu)=32—-u, l<u=<?2,
M =w 1 0, otherwise.

1= u=2 A _ - .
\ . A graph of fi(u) is shown in Figure 6.6(b).

0 1 ¥,



Example 4: The Distribution Function Method

A univariate example:

we will consider the case U = hiY) = ¥*, where ¥ is a continuous
random variable with distnbution function Fy{ v) and density function fy{v). lfu =< 0,
Fylu)=P(U <u) = P(Y? < u) = Oand for u = 0 (see Figure 6.7),

Fylu) = P(U < u) = P(¥* < u)
= Pi=yu =Y = Ju)

o

FIGURE 6.7
The function

W I
= [ fiv)dy = Fy(Ju) = Fy(=/u).

hiy)
hiy) = _\'2
u
|
! I
| |
! |
-\ 0 \ U y
In general,
A Fy(Ju) = Fy(=Ju), u >0,
Fylu) =
0, otherwise.
On differentiating with respect to u, we see that
/’('_)(} l )+/’4 'F»( : ) 0
¢ Yivu — Jy{i=+u = |, u>\,
fl'(“) — 2\:"“_ \ 2\:"“
0, otherwise,

or, more simply,

I

fulu) = { 2./u

0,

[ (V) + fr(=V]. u>0,

otherwise.



Examples 5 and 6: The Transformation Method

EXAMPLE

Solution

Let ¥ have the probability density function given by
2y, 0=y<l,

fr) = 0, elsewhere.

Find the density function of U = =4} +3.

In this example, the set of values of y such that fy(y) > 0 are the values0 < y < 1.
The function of interest, h(y) = —4v + 3, is decreasing for all y, and hence for all
0<y<l,ifu=-=4y+3, then

3—=u dh"! |

V= h'l{u) = T and — =—-.

du 4

Notice that h-J{H]I 15 a decreasing function of u and that dh™! Jdu < 0. Thus,

3- l 3 -
- e[ dhT 2( “) — 02«1,
fulu) = fy[h™ (u)] —‘ - 4 4 4
du
0, elsewhere.
Finally, some simple algebra gives
I—u [ <u<i
fowy={ 8 ° SH=

0, elsewhere. [ |

The transformation method can also be used in multivariate situations. The fol-
lowing example illustrates the bivariate case.

EXAMPLE

Let ¥ and Y, have a joint density function given by

(1, y2) e, 0=y, 0=y,
Yi. ¥ e
0, elsewhere.

Find the density function for U = ¥} + Ya.

This problem must be solved in two stages: First, we will find the joint density of ¥;
and U; second, we will find the marginal density of U. The approach is to let ¥; be
fixed at a value y; = 0. Then U/ = y; + Y>, and we can consider the one-dimensional
transformation problem in which U = h(Y>) = y; 4 Y. Letting g(v;, u) denote the
joint density of ¥; and U, we have, with y» = u — y; = h~'(u),

-1

dh . .
flyn, h='(w)] =), 0y, 02u—y,

gy u) =
0, elsewhere.
Simplifying, we obtain
et 0<y <u,
gy, u) =

0, elsewhere.

(Notice that ¥; < UU.) The marginal density of U/ is then given by

fu(u) =f gy, u)dy,

—0o
u
f e dy, =ue™, 0<u,
=3Jo
0,

elsewhere. B



Example 7: The Moment-Generating Function Method

EXAMPLE

Solution

The number of customer arrivals at a checkout counter in a given interval of time
possesses approximately a Poisson probability distribution (see Section 3.8). If ¥,
denotes the time until the first arrival, ¥» denotes the time between the first and

second arrival, ..., and ¥, denotes the time between the (n — 1)st and nth arrival,
then it can be shown that ¥}, V>, ..., ¥, are independent random variables, with the
density function for ¥; given by
I -y /8 s
fr. () = ae Wy >0,
0, otherwise.
[Because the Y;, fori = 1,2, ..., n, are exponentially distributed, it follows that

E(Y;) = 6; that is, 6 is the average time between arrivals.] Find the probability
density function for the waiting time from the opening of the counter until the nth
customer arrives. (If Yy, Yo, ... denote successive interarrival times, we want the
density functionof U =¥ + Vo +---+ 1)

To use Theorem 6.2, we must first know my,(t), i = 1,2, ..., n. Because each of
the ¥;'s is exponentially distributed with mean 6, my,(t) = (1 — 81)~! and, by
Theorem 6.2,

my (1) = my, (1) x my,(t) X - X my, (1)
=(1=007 x(1=007" x-x (1=607 = (167"

This is the moment-generating function of a gamma-distributed random variable with
o = n and B = 6. Theorem 6.1 implies that U actually has this gamma distribution
and therefore that

W e™?), u=0,

fuw) =14 T(n)s"
0, elsewhere. [ |

THEOREM 5.9

THEOREM 6.2

Recall Theorem 5.9 from earlier:

Let ¥, and ¥; be independent random variables and g( ¥} ) and & (¥7) be functions
of only ¥; and Y5, respectively. Then

Elg(Y)h(Y3)] = E[eg(Y)E[R(Y3)],

provided that the expectations exist.

Using Theorem 5.9 we can prove the following
theorem and use it in this example:

Let Yy, Y, ...,Y, be independent random variables with moment-
generating functions my, (f), my,(t), ..., my, (), respectively. If U = ¥; +
Y,4--+Y,, then

my(t) = my,(t) X my,(t) X --- X my,(1).

Proof We know that, because the random variables Y, Y, ..., ¥, are independent

(see Theorem 5.9),
my(t) = E[e'"T ] = E(eMe™ .. ™)
=E(e") x E(¢'"™) x .-+ x E(e™).
Thus, by the definition of moment-generating functions,

my(t) = my,(t) X my,(t) X --- X my,(1).



Example 8: The Bivariate Transformation Method

Consider as an example a system having a component that can be replaced just once before the system itself expires.
Let X, denote the lifetime of the original component and X, the lifetime of the replacement component.

Continuing with the component lifetime situation, suppose that X; and X, are
independent, each having an exponential distribution with parameter A. Let’s
determine the joint pdf of

X
Yi=u(X,,X) =X; + X, and Yo = ur (X1, X5) =X +1X2
1

We have already inverted this transformation:
xi=vilyLy2) =yiy2 X =v(Ly2) =yl —y)

The image of the transformation, i.e. the set of (y,, y») pairs with positive density,
i1s 0 < y; and 0 < y, < 1. The four relevant partial derivatives are

o o oy vy
oy1 2 dy, -~ l dy, T Oyy %

from which the Jacobian is — y;y, — y1(1 — y2) = —y;
Since the joint pdf of X; and X5 is

2

f(x1,x0) = Ae ™1 - fe2 = Je~*u+a) x1>0, x>0

we have
2 a2
gyi,y2) =2Ae™ -y = Ayje -1 0<y, O0<y <1

The joint pdf thus factors into two parts. The first part is a gamma pdf with
parameters o = 2 and = 1/4, and the second part is a uniform pdf on (0, 1).

Since the pdf factors and the region of positive density is rectangular, we have
demonstrated that
1. The distribution of system lifetime X; + X, is gamma(x = 2, f = 1/4)

2. The distribution of the proportion of system lifetime during which the original
component functions is uniform on (0, 1)

3. Y, =X, +X,and ¥, = X,/(X, + X,) are independent of each other [ |

Recall:
A continuous random variable X is said to have a gamma distribution if the

pdf of X is

|
flx;o, p) = [T (o)

0 otherwise

X I e 8 x>0

where the parameters o and f satisfy o > 0, f > 0. The standard gamma
distribution has f§ = |



Example 9: The Bivariate Transformation Method

Consider a rectangular coordinate system with a horizontal x; axis and a vertical x,
axis as shown in Figure 5.7(a). First a point (X, X,) 1s randomly selected, where the
joint pdf of X, X5 1s

X Ti D{I] < l, (0 <A < |
0 otherwise

.f.(-r]f-rlj =

Then a rectangle with vertices (0, 0), (X, 0), (0, X5), and (X, X5) 1s formed. What is
the distribution of X,X5, the area of this rectangle? To answer this question, let

Y1 =XiX; Y2=X;

S0

yi = uy(x,x0) = x5 Y2 = (X, X2) = x5
Then

x; = Vi(y1,)2) =:—: B =nL))=n

Notice that because x> (= v,) 1s between O and 1 and v, is the product of the two x;s,
it must be the case that 0 < y; < y,. The region of positive density for the new
variables 1s then

T={(vi.y2): 0<y <y, 0<ym < 1}

which is the triangular region shown in Figure 5.7(b).

Xy ¥z
1 1
A possible
/ rectangle
t/
0 1 Xy 0 T »
0 1 0 1
For (X7, X5) For (¥y. ¥3)

Figure 5.7 Regions of positive density for Example 5.26

Since Ov,/dy; = 0, the product of the two off-diagonal elements in the matrix
M will be 0, so only the two diagonal elements contribute to the Jacobian:

1
— 2 1
M= ¥ | det(M)| = —
0 1 r2

The joint pdf of the two new variables is now

; 1
: (:\—I'f'}‘g)-— 0<v <y 0<y, <1
gy, v2) =f|= ..:r‘z) - [det(M)| = y2 y2

1
2 0 otherwise

-

To obtain the marginal pdf of ¥, alone, we must now fix v, at some arbitrary
value between 0 and 1. and integrate out y.. Figure 5.7b shows that we must
integrate along the vertical line segment passing through v, whose lower limit is
y1 and whose upper limit 15 1:

1

= 1
Ziln) = J (}—l+}-‘z> c—dy;=2(1—-y) 0 <y <1
) A\y2 ¥2

This marginal pdf can now be integrated to obtain any desired probability involving
the area. For example, integrating from 0 to .5 gives P(area < .5) = .75. |
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