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Section 4.3 The Effect of Inequality Constraints

r Now consider a problem that includes inequality constraints as well.

. Suppose we have a maximization problem with three choice variables

rL,r2,Jr3 and two constraints:

maxr: f (rt,,rz,rs)
t.t. gr(rr,*r,rs) 1 11

7z(rt,12,rs) 112
and ft,frz,re ) 0

We can convert the inequalities of the constraints by defining slack vari-
ables sy, s2l

sl : ?1 - 9{r1,rz,rs)
52 : T2 - gz(rt, 12, rJ)

Therefore the original problem can be transformed into the equivalent
form:

maxfl'-_ f(*t,12,r3)
t.t. gr(*r,,rr,rt) t s1 : ?'1

9z(q, rz,, rz) I sz : rz

and frI, fr2, 13, sl, sz ) 0

5
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. lf the nonnegativity restrictions are absent we can form the Lagrange
function Z:

I = 
Z : f (rr, 12 ) r3)* )1 [r1 - g{rt, 12, r3)- sr] * Az lrr- gr(rt, r.2, rs) - s2l?
and write the first-order condition as:

AZ AZ AZ AZ AZ AZ AZ
Arr: Arr: Aa:a,, : Arr: A\ : N: -

r But since r and s variables do have to be nonnegative the F.O.C.s for
these variables need to be modified:

AZ AZ
^ <0; rt>.0; rii:0Orj - - orj
AZ AZ
^ <0; st)0; si;:0O& oSt

%:od),
where i:1,2 and j : L,2,3.

r fnasmuch as 0Zl}st - -)i we can eliminate the slack variables from
the F.O.Cs to obtain:

sr)0; )r>0; s1)i:g

o Since si: ri - gt(rr,rz,rs) we get:

rt - g{rr, 12, rs) } 0; )l > 0; \o[ro - g{rr, 12, rs)) : 0



4c,5
r Therefore we can express the F.O.Cs in an equivalent form without the

slack varia bles:

AZ t rt -i , r .i, ' ^ -- \ n. Av
*,: 1,- (\dt + )2sl) < t ri ) o: 'ifr o (1)

rt - gt(rt, 12, rs) > 0; )t > 0; ),;lri - gi(r1, 12, rs)l : 0

where g/ denotes 7gil0r1.

e For a constraint to bind requires that its Lagrange Multiplier to be strictly
positive. For a constraint to be non-binding, its Lagrange multiplier
equars zero.

o This is one version of the Kuhn-Tucker conditions for this problem.

7
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Section 4.4 Kuhn-Tucker Conditions

r We can obtain the same set of conditions set out in equation (1) more

directly by setting up the Lagrange function without using slack variables

Definition | (Kuhn-Tucker conditions) To derive the Kuhn-Tucker con-

ditions for solution of the problem

max 7T : f (rt, itZ, ix1)

s.t. 11 - g(rt,12,rs) ) 0

rz - gz(rrt I2t rr) > 0

and frt,I2, rs ) 0

where all functions are concave and differentiable, we first form the
Lagrange function

L(rr, fr2, nr,)r, )z) : f (rt) 12) rJ) * )1[r1 - gt(rr, rz,rs)]
-l\21r2 - 7z(ry, 12, rr)l

and then maximize with respect to the variables 11, fr2 lfid rs subject
to the nonnegativity restrictions rr,r2,re ) 0

#:fi-1tgrr+xzst)So; 11 )o; .r#
and minimize with respect to the variables \1 and ),2 subject to the
nonnegativity restrictions )1, )2 ) 0

AL AL
C: rt - 9t(rt'r2'rs) ) Q; )l > 0; ^tO 

: o

8
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The conditi called the slackness conditions. This is because for each set
of thrce conditions, the first or the second condition can be slack (i.e. not equal to zero), but
the third condition cannot both be non-zero.

Notes: This is a maximum,dnlv problem. a minimisation, you need to maximise the function
-/(x). Secondly, in books varies, so the constrant conditions as gi(x) 2 cj, in
which case the siend'of some of the terms in the are altered.

Example 1 max f (rurz):4rtI3r2 subject to g(q,rz):2rtl12 1. 10 and n1, n2) 0. We
first form the Lagrangian:

L : 4rt * 3r2 | )(10 - 2r1 - u2)

Hence, the necessary conditions for a point to be a maximum are:

t<rqheck them individually to see which is the real-..' ,/

L"r:4-2^<0 rr)0
Lr":3-I<0 uz)0

2r1]-12-10<0 )>0

*t(4- 2)):6
,z(3-^):0

)(10-2r1-12):Q
We solve this set of inequalities and equations to find points which may be maxima. Let 1 (ii)
denote the second condition on the first line etc.

1(iii): ,t(4- 2)) :gl11:0or):2

Suppose ,\: 2. Then:
2(i): 3-^<0+1<0

which is clearly false. Hence, we must have that rr :0. Then:

q"

t0

20
a,

2 (iii): *r(3- )) :0 ) 12:0 or ):3
We can see that, if. 12:0 (together with z1 : S);

3 (iii): 10.\:0 * ):0
But this contradicts 1 (i). So, we have rrr : 0 and ) : 3. Hence:

' 3 (iii): 3(10 - rz) :0 1 t2: lQ

hence /(r1, rz):30. As before with equality constraints, ) measures the increase in /(r1, r2) for
a one unit incrcase in the constraint (i.e. increasing cr : l0 by 1).

In general, solving such systems can be very tedious (although not difficult) if there are more than
4 variables and constraints in total. What you need to do is just plug away at every possible combi-
rratiorr arrd elirninate those that do not fit the conditiorrs. When you have elirnirrated all irnpossible
points, you will be left with a few candidate points which you must then check by substitution into

Serkan Kucuksenel
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/(x) to find whether they are the maximum.

For certain types of systems, we can assume the point(s) we find are maxima. This occurs if the
flnction / and the functions gi satisfy some more conditions, known as the Kuhn-T\cker sufficiency

conditiotts.

Result 2 If the following conditions are satisfied:

1. /(*) is differentiable and concave in the nonnegative orthant

2. each constraint function gi(x) is differentiable and convex in the nonnegative orthant

3. a poirrt xs satisfies the Kuhn-T\rcker conditiolrs

then the point xe is a maximum. lThe nonnegative orthant is the region where each 14 ) 0]

Example 2 Suppose f(",il:2r*3yand g(r,y):12*y2 <2.Showthat f andg satisfythe
Kuhn-T\rcker sufficiency conditions and hence find the maxima of f (t,y)'

Well, all lirrear furrctiorrs are both convex arrd cortcave, so "f is certairrly collcave, and is clearly
differentiable. As for g(r,A): we can show g is convex by showing the differential d2g is positive

definite. The Hessian matrix associated with g is:

H:l'olL0 2)
S<r clearly lHtl, lHzl ) 0, so g is convex. Hence, any candidate points we find will automatically be

maxima. As before, we form the Lagrangian:

L :2r * 3'g * ),(Z - 12 - y2)

The Kuhrr-T\rcker corrditiorm irnply that:

(1) Lt:2-2\n30 r>0 t(2-z),t):0
(2) Ly:3-2\a<0 y>0 y(3-zXy):s
(3) r'2+a2<2 )>o ),(2-12-a2):o

1 (iii) implies that either r:0 or,\r: 1. If s:0, then 1 (i) cannot be satisfied, hence )r: 1.

Similarly, XA: ? from 2 (iii) (and clearly r, U, \ > 0). Substituting these values for r and y in 3

(iii), and rroting that ) ) 0, we get:

As .\ > 0, we must have ) :,/#, hence E :,/t and r : /i3, uno we have a maximum at this

13
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Theorem 1 the problem:

su bject to:

and

,...r9^(r1r "',xr) ) 0

if all functions f and g1, j : 1, ...,m are'concave and differentiable and

if Slater's condition holds, that is if there a point (r!, ..., rfl) such

that g1@1,.,,ti"|,) > 0, all j :1,...,7n then there exists rn Lagrange

Multipli I such that the Kuhn-Tucker conditions both necessary

and sufficient for the point (r\,...,ri) to be a solution to\e problem.

Section 4.5 Example

r Consider the following linear-progra m ming problem:

maxU :45 + D

s.t. ,S+, < 10

S+2D<12
S,,D>O

. Since a linear function is concave and convex, though not strictly concave

or strictly convex, a concave-program ming problem consisting solely of
linear functions that meet the Kuhn-Tucker conditions, will always satisfy
the necessary and sufficient condition for a maximum.

>0

10
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To solve a concave programming problem, first derive the Kuhn-Tucker
conditions and then through trial and error find if the guess leads us to
a solution or to a contradiction that informs us to try something else.

Either start by assuming one of the constraints to be non-binding since

the related Lagrange multiplier will be zero by complementary slackness,

thereby eliminating a varia ble.

Or start by trying a zero value for a choice variable since this simplifies

the marginal conditions.

o In this example the Lagrange function is:

L : 45 + D + )[10 - S - D] + pl12 - S - 2Dl

o The feasible set is depicted below

S

12

10

)>0,p:a

Feasible set

11

.
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and the Kuhn-Tucker conditions are:

5-!:0, S*)o; *=rtds I --1 AS-

p.!:0, D*)o; *<0,dD r --1 AD-
)-* : o; ,\* ) o; * ar,d  '| --1 A^-
*AL ^ nt'r.fi: r, tt. 2 o; Wa ot

Since:
AL
as--4- \- tt

OL
Ar:1-I-2pr,
y:10-,s-D
a)
AL 1.un:12-S-2D

we obtain:

^9-[4-)-P] :0; ,S*)0; 4-^-p<0;
D-lI-)-2p]:0; D*)0; 1-)-2p<0;
.\.[10-S-D] :0; ,\*)0; 10-.9-D>0;

p.ll2-S-2Dl:g' p* ) 0; L2- S -2D> 0;

T2
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Let's guess that p > 0 and ) > 0 i.e. both constraints are binding
(point A in the above diagram). This implies that:

10:^9+D
12: S +2D

SolvingforS and D we obtain that S*:8 > 0 and D*:2 > 0. This
implies that:

4- )'- p,:a
1-)-2p-*0

in order to satisfy the complementary slackness conditions.

Solving for ) and p we get that )* - 7 > 0 and p* -- -3 < 0 which

contradicts our initial guess that p > 0!

r Next guess: Let's now guess that 1r,:0 and ) > 0. This implies that

10:S+D
72> S +2D

Try S > 0 and D - 0 for the choice variables (point
diagram). From equation (2) this implies that S* : 10.

that equation (3) is also satisfied when S:10 and D
implies th at

4- \* Sr:g
1-,\-2tt<0

(2)

(3)

B in the a bove

it is clear to see

: 0. This also

(4)

(5)

13
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o Since we guessed p:0 this implies from equation (4) that )* :4 > 0

and this implies that equation (5) is satisfied since -3 < 0.

Therefore we have satisfied all the Kuhn-Tucker conditions for this max-
imization problem and the solution D - 0,,S - 10, ), : 4, l-t : 0 is a
maximum.

14
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