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Section 4.3 The Effect of Inequality Constraints

e Now consider a problem that includes inequality constraints as well.

e Suppose we have a maximization problem with three choice variables

X1, X9, x3 and two constraints:

maxm = f(x1,$2,$3)
s.t. g1(x1, 29, 23) < 11
g2(z1, g, x3) < 1o

and T1,%9,T3 20

e We can convert the inequalities of the constraints by defining slack vari-

ables s1, so:

s1 =11 — g1(x1, T2, T3)

So =Ty — g2(x17 T2, m3)

e Therefore the original problem can be transformed into the equivalent

form:
maxm = f(xq,x2,23)
S.t. g1($1,1172, $3) + S1="T1

Go(21, T2, 3) + S = 79

and  x1,T2,3,81,52 >0



1§

e If the nonnegativity restrictions are absent we can form the Lagrange
function Z:

L_:Z = f(z1, T2, z3)+A1[r1—g1(21, T2, T3) — 1]+ A2[r2— g2 (21, T2, T3) — 52

and write the first-order condition as:

0Z 9Z 9Z 9Z 9Z
8331 (9:1)3 » (981 - (982

0z

O =

8372 8/\2

e But since z and s variables do have to be nonnegative the F.O.C.s for

these variables need to be modified:

07 0Z
oz, = 0 =0 Tigg
0Z 07
<O HBO E— =
ds; — O 20 Slasi !
07
=0
O\
wheret=1,2and j =1,2,3.
e Inasmuch as 0Z/0s; = —\; we can eliminate the slack variables from
the F.O.Cs to obtain:
5;20; A20; sA=0

e Since s; = r; — g;(x1, T2, T3) We get:

ri — gi(x1, X9, 23) > 0; A > 0; N[ri — gi(x1,22,23)] =0



e Therefore we can express the F.O.Cs in an equivalent form without the
slack variables:

0z _
8$]'_

oz

fi = ngl +2egd) <0 a5 20 zjm—=0 (1)
4

ri — gi(x1,T2,23) > 0; N >0; N[y — gi(z1,22,23)] =0

where gg denotes Jg;/0x;.

e For a constraint to bind requires that its Lagrange Multiplier to be strictly
positive. For a constraint to be non-binding, its Lagrange multiplier

equals zero.

e This is one version of the Kuhn-Tucker conditions for this problem.

AR



Section 4.4 Kuhn-Tucker Conditions

e We can obtain the same set of conditions set out in equation (1) more

directly by setting up the Lagrange function without using slack variables

Definition 1 (Kuhn-Tucker conditions) To derive the Kuhn-Tucker con-

ditions for solution of the problem

max 7 = f(x1, %2, T3)
s.t. 1T — gl($1,$2,1‘3) Z 0
re — go(1, T2, 23) > 0

and x1,To, 23 > 0

where all functions are concave and differentiable, we first form the

Lagrange function

L(z1, T2, T3, M1, A2) = f(@1, T2, 23) + M[r1 — g1(21, 2, T3)]
+Ao[r2 — g2(x1, 2, x3)]

and then maximize with respect to the variables x1,xs and z3 subject

to the nonnegativity restrictions xi, T2, 3 > 0

oL

oz;

0L

=)
xj@xj

fi— (Mgl + Xegy) <0, x; > 0;
and minimize with respect to the variables A\ and )y subject to the
nonnegativity restrictions A1, Ay > 0

oL oL

v ri — 9i(T1, T2, w3) 2 0; A > 0; )‘ia)\i =0

1210
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Example 1 max f(z1,22) = 421 + 3z2 subject to g(x1,z2) = 2x1 + 22 < 10 and z1, 2 > 0. We
first form the Lagrangian:
L =4z + 3z9 + A(10 — 221 — 29)

Hence, the necessary conditions for a point to be a maximum are:

Lo =4—20<0 2,20 z1(4—2)) =0
Ly, =3—-A<0 z9 >0 z2(3—=X) =0
21 + 29 —10<0 A>0 A10—2z1 —22) =0

We solve this set of inequalities and equations to find points which may be maxima. Let 1 (ii)

denote the second condition on the first line etc.

X
1(iii): z1(4—2\)=0=>z1=00r A=2 '\\
Suppose A = 2. Then: = *‘
2(): 3-A<0=1<0 Oy .
which is clearly false. Hence, we must have that 1 = 0. Then: ?% 5 t‘\l\ N
.5 N TN
2 (iii): z283=A)=0=>z2=00rA=3 5 "

We can see that, if 2o = 0 (together with z; = 0):
3 (ili): 10A=0=>XA=0
But this contradicts 1 (i). So, we have z; = 0 and A = 3. Hence:
3 (iii): 3(10—z2) =0= 2 =10

So, we have solved the system and found the only solution, which is z; = 0, 3 = 10, A = 3 and

hence f(z1,72) = 30. As before with equality constraints, A\ measures the increase in f(x1,z2) for

a one unit increase in the constraint (i.e. increasing ¢; = 10 by 1).

In general, solving such systems can be very tedious (although not difficult) if there are more than
4 variables and constraints in total. What you need to do is just plug away at every possible combi-
nation and eliminate those that do not fit the conditions. When you have eliminated all impossible
points, you will be left with a few candidate points which you must then check by substitution into
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f(x) to find whether they are the maximum.

For certain types of systems, we can assume the point(s) we find are maxima. This occurs if the
function f and the functions g; satisfy some more conditions, known as the Kuhn-Tucker sufficiency

conditions.

Result 2 If the following conditions are satisfied:
1. f(x) is differentiable and concave in the nonnegative orthant
2. each constraint function g;(x) is differentiable and convex in the nonnegative orthant
3. a point xq satisfies the Kuhn-Tucker conditions

then the point X¢ is a maximum. [The nonnegative orthant is the region where each z; > 0]

Example 2 Suppose f(z,y) = 2z + 3y and g(z,y) = 2% + y? < 2. Show that f and g satisfy the
Kuhn-Tucker sufficiency conditions and hence find the maxima of f(z,y).

Well, all linear functions are both convex and concave, so f is certainly concave, and is clearly
differentiable. As for g(z,y): we can show g is convex by showing the differential d%g is positive

definite. The Hessian matrix associated with g is:

=[5

So clearly |Hy|, |Ha| > 0, so g is convex. Hence, any candidate points we find will automatically be

maxima. As before, we form the Lagrangian:
L£=2z+3y+A2-22-1?)

The Kuhn-Tucker conditions imply that:

(1) L;=2-2Xx<0 z>0 z(2—2X\z) =0
(2) Ly=3-2\y<0 y>0 y(3—2\y) =0
(3) ?+y?<2  A>20 A2-z2-9%) =0

1 (iii) implies that either z = 0 or Az = 1. If z = 0, then 1 (i) cannot be satisfied, hence Az = 1.
Similarly, Ay = % from 2 (iii) (and clearly z, y, A > 0). Substituting these values for  and y in 3
(iii), and noting that A > 0, we get:

1\2 2 \? 13
- —y = 3 ™ 0=\A==% 13

As A > 0, we must have A\ = i—g, hence y = ,/% and z = ,/%, and we have a maximum at this
point.
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Section 4.5 Example

e Consider the following linear-programming problem:

maxU =4S + D

st. S+D<10
S+2D <12
5.0D20

e Since a linear function is concave and convex, though not strictly concave
or strictly convex, a concave-programming problem consisting solely of
linear functions that meet the Kuhn-Tucker conditions, will always satisfy

the necessary and sufficient condition for a maximum.

10
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e To solve a concave programming problem, first derive the Kuhn-Tucker
conditions and then through trial and error find if the guess leads us to

a solution or to a contradiction that informs us to try something else.

e Either start by assuming one of the constraints to be non-binding since
the related Lagrange multiplier will be zero by complementary slackness,

thereby eliminating a variable.

e Or start by trying a zero value for a choice variable since this simplifies

the marginal conditions.

e In this example the Lagrange function is:

L=4S+ D+ 10— S — D] + p[12 - S — 2D]

e The feasible set is depicted below

Feasible set

11

12‘.1L,



and the Kuhn-Tucker conditions are:

15

oL
* T =) *> . i .
S@S 0; 8 = b 85_0,
oL oL
D(?D 0; D* > 0; aD_O,
oL oL
*_: K *> A ___>
/\8)\ 0; A" > 0; a)\__0,
oL oL
’ua/,l, ) /’L — ), a/l,_ )
Since: 5%
— = — §—
B &
oL
- =] —%—D
oD LT AT
oL
—=10-S-D
D)
%=12—S—2D
op
we obtain:
S*[4—A—u]=0; S* > 0; 4 —)\—pu<0;
D*[1 -\ —2u] =0; D* > 0; 1—XA—2u<0;
A[10— S — D] =0; AF > 10—-S—-D >0;
p*[12 — S — 2D] = 0; put > 12— S5 —-2D > 0;

12



nab
e Let's guess that > 0 and A > 0 i.e. both constraints are binding
(point A in the above diagram). This implies that:

10=8+D
12:=84 2D

e Solving for S and D we obtain that S* =8 > 0 and D* =2 > 0. This
implies that:

4—-A—p=0
1—-A—2u=0

in order to satisfy the complementary slackness conditions.

e Solving for A and u we get that \* = 7 > 0 and p* = —3 < 0 which

contradicts our initial guess that p > 0!

e Next guess: Let's now guess that =0 and A > 0. This implies that
10=8+D (2)

12> S+2D (3)

e Try S > 0 and D = 0 for the choice variables (point B in the above
diagram). From equation (2) this implies that S* = 10. it is clear to see
that equation (3) is also satisfied when S = 10 and D = 0. This also
implies that

4—A—pu=0 (4)

1= =20 (5)

13



124%

e Since we guessed = 0 this implies from equation (4) that A\* =4 >0
and this implies that equation (5) is satisfied since —3 < 0.

Therefore we have satisfied all the Kuhn-Tucker conditions for this max-
imization problem and the solution D = 0,S = 10,A =4,y =0 s a

maximum.

14
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