
 

Rao Blackwell Theorem R BT
and move sufficient statistics play an important role
in finding good estimators for parameters
If is an unbiased estimator for O 8 if U is a statistic
that is sufficient for
Then there is a function of U that is also an unbiased
estimator for a and has no larger variance than

If we seek unbiased estimators with small variances
we can restrict our research to estimators that are
functions of sufficient statistics

RBI States that
Let O be a unbiased estimator of O such that vid hd
If U is a sufficient statistic for parameter O Define

D ECO Iu then for all a
El GR O and V18 I V1 O

RBT implies that an unbiased estimator for 0 with small
variance is or can be made to be a function of sufficient
statistic

If we start with an unbiased estimator for parameter
O and the sufficient statistic is obtained through
factorization criterion application of RBT leads to a
MU UE minimum variance unbiased estimator for the
parameter

111
these statistics passes

Efficient property known as
completeness

If u is a sufficient statistic that best summarizes the
data and some function of U such that as hav can be
found such that

E Chiu
It follows that hiv is move for a



Ix Consider a bernouilli rv with unknown p Usefactorizationtheorem to find a sufficient statistic that best
summarizes data Give a move for p
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According to factorization theorem

U In yo is a sufficient statistic for p
Elu n p ar E VIN p

Vin Y is an unbiased estimator for p
since this estimator is a function at sufficient statistic

E yo estimator P y is a move for p

sufficient unbiased MOVE

Methods for finding Paint Estimators

method at moments mm

method at maximum likelihood ML

Least squares method s

Bayesian Estimation

Estimator 0 Estimate

Let 4 be a ru with pdf fly to where O is a parameter
we want to estimate
Let 41 421 hen be a random sample from this population
Then an estimator of is a function or rule of the far

14 42 Yn



which signifies that estimator is a function of
4 42 Yn

Estimator is a random van able since its
a function of random variables

when values of ru's are inserted into equation an estimate
is produced
Estimate is value at random variable or estimator
t

it is not random
An estimator is a function of sample observations that
does not depend on any unknown parameters
EI Suppose we assume that expenditures by individuals

with an annual income of so ooo are approximately
neomally distributed with an unknown mean O but known
variance 62 5002 that is X is a random variable
denoting expenditure from a 20 ooo income by a person
in this population

Y N N 10,62 50002

a sooo

Let 41,42 Yn be a random sample of observations
on expenditures from this population thus we are asserting
that

yo tei i ti in
where random var Ei Yi O has distribution

Li N N co soo 2

represents difference between lit its mean ei represents
all factors that influence level of expenditure other than
income

Yi Otei is a linear statistical model that represents
our maintained hypothesis about underlaying
sampling process or how sample observations
on expenditure are obtained

sample observations are assumed to be experimental outcomes
equal mean plus some random disturbance ei well detinenddistr



A common estimator of O is an aritmatic mean

014 Yn E Yi n T

is a random variable since rule says no matter
what values of Yi are sum them t divide by sample site

If n 3 y 9000 42 17000 43 18000
parameter estimate is

EE yi In 13000

method of Moments mm

r th moment of a ur Y about origin is

Mi E ly r

If pdt of y is fly to where o Oi k is a
vector of unknown parameters then in general Mi will
be a known function of O

pl're Milo
idea at method of moment is to use random sample of
data Yi 42 Yn to compute sample moments

pff Yi In r 1,2 k

then equate sample 8 true moments

pit period
and solve resulting systemof k equations for unknown
parameters if possible

Resulting estimator I is method of movements estimator



Ex Let Yi 4h be a random sample for a NCO 62
population Recall that

E Y O Mi 62 51421 E Y

Mal mi 2

Mi E yi in Y O
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There are difficulties of this method

1 These estimates need to be unique
2 Method can be difficult to apply in more complicated
problems

3 It also depends on random variables in question havingmoments which is not always the case

Method of Maximum Likelihood me or MCE

consider Y that is a bernoulli random variable with
parameter p bye

suppose we have a random sample of size n 3 with
values y 1 1 42 1 I 93 0

Question is how to use these data to estimate unknown
parameter p

method of me will choose that value of unknown parameter
p that maximize probability likelyheed of randomlydrawing
a sample that was actually obtained

since fly I p poll p y yo
we can calculate probability of our random sample from
joint Pdf of Yi Ya 43

f ly 1,92 1 43 0 f Il I o p g i i p t y i

p p CI p



Is a function of p given sample observations Its called
likelyhood function and written as eeply

Likelihood function is mathematically identical to joint
pdf of random sample

But it is interpreted as a function of unknown parameters
instead of values of random variables

In making inferend or decesions about p after sample values
are observed all relevant sample information is contained in
likelyheed function

e 114 ly 0.0468 11314 ly 0.1406

Thus likelihood of obtaining sample values we actuallyhaveis maximized by choosing
p 314 rather than p i ly

p 314 MLE of P

H is the valueof p most likely to have generated our sample
However it will rarely be case that set of parameters
contains only two elements

P can only take any value in parameter space

plot pet
one way is to use numerical technique to maximize

Max l ply p2 i p

second way is to find value of p that maximizes

Max ply by using calculus techniques
A local Max at
contincus function scars

its slope O
2nd derivative negative

Delp ly sp 3ps 82h ply
dy y p2

2 Gp



2 p 3p2 o p 39,3
ruled out since it does not max

likelyneed fane

If p o we could not have drawn sample

p 213 satisfies both 1st or 2nd order conditions for
a local Max

p 213 max likelihood estimate if p

to sum up

likelyhood function l lol y is dgebrically identical to
joint pdf fly 10 of random sample Yi gym where
O is a vector at unknown parameters with a true value
known to fall in parameter space I

Difference bw 110 ly 8 fly 10 is that
e lol y is a function of a given values of random sampley
f ly la is a function of y given particular values of O

Ml estimate of O is that value in parameter space
I O that maximizines the max eco ly

Values O is in general a function at y that
Ily so that random variable 0 1 y

where 4 141 Yn is me estimator of O

As a pro wether it is usual prat is to maximise
natural log of likelyhood function rather than likelyhead
function
it is convenient since log likelyhood function

I en eco ly is composed of sums
rather than products 8 exponentialfunctions
simplify nicely

en ele ly o e Aly attain their maximum at same
value since natural log is a monotonic function



EI let Y Ya Yn be a random sample of Bernoulli
random variables with

fly it p pti i p
Yi i t in ca pal

Log likelihood function
en e ply en It fly ilp

en p Eyi i p
Ell yi

E yeen p E Li yi en L1 p

Egil E Cl yi Ip
342 Eyitz

It Yi a

Ey if E ti yi Ip a

p yi in sample mean

Ipt is always negative for oh pal

at least write If 20 hiabir say yapamatsan

Ey let Yi Yn be a random sample from a NCB 64
population Thus unknown parameters are 13 8 62
G B El eski sinau scrusu

Find MLE of p r 62

en e coly en It stone 461
en 277 62 e t É 1411

z en 217 I en 62 I En
1 12



dat ta I É Yi n B
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These unique solutions actually maximize loglikely hood function can be verified by che king
second order conditions for local max

That is matrix of 2nd order conditions derivatives
should be negative definete when evaluated at
solutions of p 2 52



This is negative definite
A symetric matrix A is negative


