
Econ 205 
Discrete Random Variables and Probability Distributions – 2



Course Outline

• Discrete Random Variables and 
Their Probability Distributions 

• Discrete Random Variable
• The Probability Distribution for 

Discrete Random Variable 
• The Expected Value of Random 

Variable
• Moments and Moment-Generating 

Functions
• The Bernoulli Probability 

Distribution
• The Binomial Probability 

Distribution 
• The Geometric Probability 

Distribution 
• The Negative Binomial Probability 

Distribution  
• The Hypergeometric Probability 

Distribution 
• The Poisson Probability Distribution
• Probability-Generating Functions 

• Continuous Random 
Variables and Their 
Probability Densities

• Continuous Random 
Variable

• The Probability Distribution 
for Continuous Random 
Variable 

• The Expected Value for 
Continuous Random 
Variable 

• Moments and Moment-
Generating Functions

• The Uniform Probability 
Distribution 

• The Normal Probability 
Distribution 

• Exponential Probability 
Distribution

• Chi-Square Probability 
Distribution

• Tchebysheff's Theorem 

• Probability

• Probability and 
Inference

• The Discrete Case 

• Calculating the 
Probability of an Event 

• Conditional Probability 
and the Independence 
of Events 

• Laws of Probability 

• The Law of Total 
Probability and Bayes’ 
Rule 

• Introduction to 
Random Variables and 
their distributions



Course Outline (cont’d)

• Multivariate Probability Distributions 

• Bivariate and Multivariate Probability Distributions 

• Independent Random Variables

• Marginal and Conditional Probability Distributions 

• The Expected Value of a Function of Random Variables 

• Special Theorems 

• The Covariance of Two Random Variables 

• The Expected Value and Variance of Linear Functions of 
Random Variables

• The Multinomial Probability Distribution 

• The Bivariate Normal Distribution 

• Conditional Expectations

• Functions of Random Variables
• Finding the Probability Distribution of a 

Function of Random Variables 

• The Method of Distribution Functions 

• The Method of Transformations 

• The Method of Moment-Generating 
Functions

• Multivariable Transformations Using 
Jacobians



Table of Contents of Devore & Berk



Content of this presentation

• Discrete Random Variables and Probability Distributions
• The Binomial Probability Distribution 

• The Geometric Probability Distribution 

• The Negative Binomial Probability Distribution  

• The Hypergeometric Probability Distribution 

• The Poisson Probability Distribution

• Examples



The Binomial and Negative Binomial Probability Distributions
Binomial experiment:

1) The experiment consists of a sequence of n smaller 
experiments called trials, where n is fixed in advance of the 
experiment.
2) Each trial can result in one of the same two possible 
outcomes, which we denote by success (S) or failure (F).
3) The trials are independent.
4) The probability of success (p) is constant from trial to trial.
 The binomial random variable X associated with this 
experiment is defined as 
X = the number of S’s among the n trials.

The Negative Binomial random variable and distribution are 
based on an experiment satisfying the following:
1) The experiment consists of a sequence of trials
2) Each trial can result in one of the same two possible 
outcomes, which we denote by success (S) or failure (F).
3) The trials are independent.
4) The probability of success (p) is constant from trial to trial. So 
P(S on trial i)= p.
5)The experiment continues (trials are performed) until a total 
of r successes has been observed, where r is a specified positive 
integer.
 The negative binomial random variable X associated 
with this experiment is defined as 
X = the number of F’s that precede the rth S.



The Geometric Probability Distribution:

Consider the pmf of the negative binomial probability distribution.

Note that we need to calculate the mean, variance 
and the mgf of the geometric distribution differently 
depending on whether we define it as X or Y.



The Binomial Probability Distribution: The mean, variance and mgf

The Mean and Variance of X:

   Proposition:

The Moment Generating Function of X and using the 
mgf to obtain the Mean and the Variance: 

There is 
a missing 
term 
here: 

𝑛
𝑥



The Negative Binomial Probability Distribution: The mean, variance and mgf

Proposition:

1 − 𝑢 −𝑟 = ෍

𝑥=0

∞
−𝑟

𝑥
(−𝑢)𝑥1−𝑟−𝑥



The Negative Binomial Probability Distribution: Alternative definition
The Negative Binomial random variable and distribution are 
based on an experiment satisfying the following:
1) The experiment consists of a sequence of trials
2) Each trial can result in one of the same two possible 
outcomes, which we denote by success (S) or failure (F).
3) The trials are independent.
4) The probability of success (p) is constant from trial to trial. So 
P(S on trial i)= p.
5)The experiment continues (trials are performed) until a total 
of r successes has been observed, where r is a specified positive 
integer.
 The negative binomial random variable X associated 
with this experiment is defined as 
X = the number of F’s that precede the rth S.

For the same experiment, an alternative definition of 
the negative binomial random variable we see in the 
literature is as the following:

Y= the number of the trial on which the rth S occurs

Since Y= X+r, the pmf of Y is given as:

The mean, the variance and mgf of Y will be different 
than those of X:

If Y= X+r, E(Y) = E(X) + r =
𝑟(1−𝑝)

𝑝
+ r =

𝑟

𝑝
 

and mY(t) = 𝑒𝑟𝑡mX(t).



The Hypergeometric Probability Distribution
Assumptions leading to the hypergeometric distribution: Recall the Binomial experiment:

1) The experiment consists of a sequence of n smaller 
experiments called trials, where n is fixed in advance of 
the experiment.
2) Each trial can result in one of the same two possible 
outcomes, which we denote by success (S) or failure (F).
3) The trials are independent.
4) The probability of success (p) is constant from trial to 
trial.
 The binomial random variable X associated 
with this experiment is defined as 
X = the number of S’s among the n trials.



The Hypergeometric and Binomial Probability Distributions

The Mean and Variance of X:
   Proposition:



The Poisson Probability Distribution
Definition:

Proposition:

Proposition:

Proposition:



EXAMPLES



Example 1 : Binomial Probability Distribution

Solution:

Example:



Example 2 : Binomial Probability Distribution

Solution:

Example:



Example 3: Binomial Probability Distribution
Prove the following using the definition of expected value:

Proof:



Examples 4-5-6: Geometric and Negative Binomial Probability Distributions

Example 4: Geometric
 Consider the experiment of tossing a fair die until a 2 is 

observed. What is the probability that this experiment 
ends at the 5th toss?

Solution: If A is the event of observing a 2 on a toss, the 
outcome should be B= A’A’A’A’A. We have 

p(B) = 
5

6

4 1

6

Example 5: Negative Binomial

Solution:

Example 6: Negative Binomial



Example 7: Hypergeometric Probability Distribution

Solution: (Note that 
𝑛

𝑁
=

5

20
  which is greater than 0.05 so 

binomial distribution can’t be used. In the 
notation used below M=r.) 



Examples 8-9 : Poisson and Binomial Probability Distributions
Example 8 : Poisson and Binomial Example 9 : Poisson

    Prove the following using the definition        
    of expected value:

Proof:



Examples 10-11 : Poisson Probability Distribution

Solution:

Solution:

Example 11:

Example 10:
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