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INTRODUCTION

This booklet is for those who are taking Math119 (Calculus with Analytic Geometry).
What does the booklet offer to their students?

Sufficient way to read the calculus subjects.

Organized way to understand calculus theorems and some proves as well as some necessary rules.
Sample examples to understand how to solve the related problems

Some suggested problems to practice

Appendix which contains functions and their graphs Geometric formulas

Short answer key of the suggested problems at the end of the booklet as well as full solution in the
answer key booklet.

ouhwnNe

Read --» Understand -» Practice > AA

What are the external booklets offered?

Notebook Booklet

Answer key Booklet (This booklet)
Sample midterms and Final exam Booklet
Brief Booklet

P wnNPE

Note: All Math 119 booklets can be found online via http://mathbooklet.weebly.com

To have chance of having mock/sample exams as well as other online extra recourses and support, you may
join http://mathbooklet.weebly.com

If you have any inquiries, please do not hesitate to contact me via hassanin.risha @ gmail.com

| hope such a work helps you to reach AA letter grade.

Best Regards,

Ca
o infrer
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Answer Key:

Section 1: Problems session

Evaluate the following limits. If the limit does not exist, is it o, —oo or neither? (Do not use L' Hopital's Rule)

x2-2x+1 lim (r-Dee—

1. lim =limx—-1=0
21 tanx—x — lim tan(l) 1 — tan (1) ~1

x—>1  x3 x-1

T T VA
x ez+3(5)+1  ez+3(%)+1  ez+3(%)+1 n

3. lim &2 = im . ,EZ) = (2) = (2) = —00 since ez + 3 (E) +1 exist

ol sinx—1 o sm(—)—l 1-1 0 2

2 2 2
4 lim (x2+x-12)Vx+3 _ lim Ge—3)(x+4Vx+3 2 lim (x+9Vx+3 _ 1 3+4)V3+3 _ 1 7V6 _ 7V6 (\/—) __7V30
C xo3  VB(x2-9)  x53 VB@=3)(x+3)  V5xo3 (x43) V5 (343) V5 6 6V5\V5) 30

5 im A2COSX _ jjyp LoCOSX , Ltcosx _ . 1-cos?x . sin? x . 1 _ 1 1

im——=lim——— = lim = =
x—0 Sin?x x—0 Sin?x 1+cosx x—0 (sin? x) (1+cosx) x—0 (sin? x) (1+cosx) x—0 (1+cosx) 1+cos0 2

6. lin%xsinx=OsinO= 0x0=0
X—

eX

x x x e
7. 2 —llme—x=211m e =2lim <= =2 lim L 21 -2 sincee 2™ =g
x—oo Sinh x X—00 Te x—o0 eX—e™* X—00 e_x_e_x x—o0 1—e 2% 1-0
. arcsinx +3In(x+1) _ ,. arcsin0+3In(0+1) _ 0+3(0) _
8. chlir(l) x+sinx—cosx - }cl—>o 0+sin0—cos 0 T oo0+0-1
. 24 . (er2) =2 . (x+2) 4 2
1 X = ] - = l e =2 1
9 hm x%—4 — D N E Xl—I)er"' 3x (X—Z) xl—I}%*' 3x@é_'2‘) xl—r>r21+ 3x 6 _)( ) (1) + (2)
. x—2 3x|x—2| lim x2-4 — lim (x+2)(9&—-;L) — lim (x+2) __4_ 2 N (2)
x—2— —3x (x—2) x—>2~ —3x(4@—2—) x—>2— -3x 6 3
. 2x-2 . 26— . 2
1 = =1 —=2 1
0, mZ_pyp | eree e Tl =22 0 1) # (2)
B2 UEEE lim —22_ = Jim =& —jim 2 =-2 - (2)
x->1~ —(x3-x2) x51- —x%x—1H  xo1— —x?
a2l lim2+ xx+22 = lim2+ ?;22) =-1-(1)
11. i =D.N.E {*7¢ " YT 1 2
Jim = lim 0D - im 26D g () (D) #(2)
x—>—2" —X—-2 x——2" —(x+2)
12 limM=limM=limM=lim&@éH=lim—(x+2)=—3
’ x-1 x—1 x-1 x—1 x-1 x—1 x-1 =1 x—1
13, lim 2288l _ gy Z@EIROS) g T2y X g
x>0 x x—0 x x50 X x>0 X
IsinCo)l lim === +1- (1)
14. lim=—==D.N.E {*% % (1) # (2)
=0 X lim =-1-(2)
x-0" X
x?— . (x=3)(x+3) _ _
. 3 - -
x—-3 Vx—3 lim —(x —9) — lim —(x- 3)(x+3) (x _ 3) (x + 3) -0 (2)

x—3— Vx— x—>3+ Vx—3
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arctan(tan(x)) arctan(tan(g)) _ arctan(-o) _ __g =15 (1)
St tan(arctan(x)) tan(arctan(g)) - z - g -

2
16. lim 2c@ntan®) _ p n g 2 (1) £ (2)
x_" tan(arctan(x)) arctan(tan(z)) z
2 m arctan(tan(x)) _ z)) _ arctan(o) —Z_1 5 (2)
x_g_ tan(arctan(x)) tan(arctan(g)) g %
. 2sin(x5) . 5 -2 2 sin(x5) 2
17. lim —; we have — 1 < sin(x”) < 1 and so - <— —~<—— forallx
x>0 X*+1 x*+1 x*+1 x*+1
M lim —>— = lim ——— =0 Thus B thim, we have lim 25
oreover, lim = lim = us By squeeze thm,we have lim ———— =
xooxt+ 1 xooxt 41 ysq x-00 x* 41
18. lim 2SSy we have —1 < cos (xsinx) <1 forallx
X—00 x?
-1 cos (xsinx 1 1 -1
hence —S¥S—forallx¢0 wlim—=1lim—=0
x2 x2 x2 x—ox2 x> x2
. cos (xsinx)
S0 By squeeze thm, then lim ———— =
X—00 X
. sin (x%+1) ; 2
19. lim —a we have —1<sin(x*+1) <1 forallx
X—00
-1 _sin(x*+1) 1 1 -1
hence —2£¥S—2 forallx+0 “lim—=1lm-—=0
X x x xowx2 x> x
o osin(x?2+1)
S0 By squeeze thm, then lim ————— =10
X—00 X
i 119
20. lim S6™) we have —1 < sin (x''°) <1 forallx
x—oo In(x)
-1 _sin(x1?®) 1 1 -1 1
h llx>0 v i = li =—=0
N e S @) S gy o7 AX o In(x)  xoein(x)
~ sin (x119)
S0 By squeeze thm, then lim ————=10
x—o  In(x)
21. lim w we have 0 < |sin (2x)| <1 forallx
X—00 X
3x 3x + |sin(2x 1+ 3x 3x 3 1
hence — < |2 ( )ls >— forallx>0 vlim—==lim-=—=0
X X X xX—00 X x—0 X 0
o 1+3x 1 3 1 3 ~ 3x + |sin (2x)]
lim =lim—=+lim-=—+—=0 S0 By squeeze thm, then lim =0
X—00 x2 X—00 x2 X—o0o X (00} (00} X—00 xZ
246 ﬁ sinx 1+l*sinx 1+l*0 14050 .
22. lim ———= = lim 54— = lim —2 %, = —®_ = =1 sincelim === =0
x—00 X2HSINZX  x—00 X SIX x00 1_,_(%) 1+(0)? 1 x—oo0 X
X X X
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cos(VxZ+1)

23. lim we have — 1 < cos(\/x2 + 1) <1

x—oo eX+119

-1 cos (\/xz + 1) 1
< <

hence ¥119= e+ 119 e+ 119 /o7 al¥

5 N hom i cos(VxZ + 1)

thm, t —_ =

S0 By squeeze thm, then lim o 7119

forall x
“hm 19~ M e~ ¢

in2
24. lim In(1+sin? x)

we have 0 <sin?x <1 forallx
x—o0 arctan x+e~*

- In1<In(1+sin’x) <In2

In2 __ In2
T o
2

x—o0 arctan x+e*

- OSln(1+sin2x)Sln2

=0 so By squeeze thm, then lim

—» 1<1+sin®?x <2 Aftertaking In to both sides

In(1 + sin® x) - In2

hence 0 < <
arctanx + e* = arctanx + e*

lr1(1+sir12 x)

x—o0 arctan x+e*

4x2—cos(2x)

25 lim —2 we have —1 < cos(2x) <1 forallx - 4x*—1<4x? —cos(2x) < 4x* +1
X—00
4x2 —1 4x%—cos(2x) 4x*+1
_)
x2+1 - x24+1 T x2+1
2 2 2
v lim 2 = lim 22X =g so By squeeze thm, then 2—2520 _ 4

x—o0 X2+1 x—00 X2+1

x24+1

26. lim x2 eSin(g)

x—0

A
hence x%e™!< x2e5n(z) < x%e! forallx # 0

Wehave—1Ssin(g) <1 forallx+# 0

- e 1< eSin(g) <el

« lim x%e~1 = lim x%e! = 0
x—0

x—0

Y
so By squeeze thm, then lim x? esm(f) =0

x—0

27. 1im, "G )ln(l + x)
x—-0t

Wehave—1<sm(><1 forallx #0

- el < eSinG) <el

1
hence e 1In(1+ x) < esm(f) Inl+x)<el'ln(l14+x) forallx>0

“limeIn(1+x)=lime'ln(1+x)=0
x-0 x—-0

so By squeeze thm,

1
then lim esm(f) In(1+x)=0
x—=0t

*22 + 16+ ERA
1/2 \] x5 x6)  o0+¥16+0-0+0 _ Vi6

4
X+ 16x0+x5-3x+7 .. .1
28. = lim = =—=—2 where lim-=0
x>0  Sx+8—Vx3+x—2 X—00 g#[ 5 . 8 1l 0+0—v1+0—0 -1 X300 X
\x1/2 x3/2 "x2 x3
3 2 1
1+ /1+— +=
. xSy x6+2x5+1 o x x6> 1+VI+0+40 _ 1+1 1
29. lim ————— = lim — e = =—=2 where lim - =0
x—00 X34+2x2+x+1 X—00 #(1+;+x—2+x—3) 1+0+0+0 1 x—o0 X
x4 x
Vxt+x+1 \/ Ttoate \I 5 x4 \/1+0+0
30. lim w——— = (dividing by x* = Vx* = = Vx 6) lim X2 = lim = =1
x—00 Vx X—00 x6 X—00 1

1
,wWhere lim- =0

x—o0 X

x6 x6
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x2 e 1. e
. VxZ+e . ) . 2t Jo+o .1
31. lim = lim 53— = lim — = =0 where lim == 0
x—00 X2+7 x—o00 X2, 7 X—00 1+x_2 1+0 x—00 X

x% 1
32. lim [In(x* + 1) — InGe? = D] = lim In (52 = (2)In (lim £ = In <1im ) -
X—00 X—00 X—00

2_ 2__ 1
x2-1 x-<—1 x—>oox_2_x_2
1+0 ] ) 1
In 10 =In1=0 (8)In is continous as x — o, where lim— = 0
—_ xX—00 X

33, lim (\/ X+ vVx — \/E) N e i B € ) B - S

X—00 X—00 (\/x+\/§+\/§) X—00 (\/x+\/§+\/§) T xow \/E( 1+%+1)
X
y 1 1 1 L o
im as —=0 when x >
Vx

foath : 141 2
/1+—+1
Vx

34. lim (x —VxZ+4x) = - notethat x —Vx2+4x <x forall x<—4 and lim x = —

X——00 X—>—00

. . (x+VxZ—x—4)(x—VxZ-x-4) . x2-x2+x+4 : x+4
35. lim (x + Vx2 —x—4) = lim = lim —F————= lim ——F——
x—>—oo( ) X>—00 (x—Vx2—x-4) xo—o00 (x=Vx2—=x-4)  x>—oco (x=VxZ—x-4)
£yt 1 1 1
lim XX = == where lim - =0
x——oo [x . [x2 x 4 1+v1-0-0 2 ! x—00 X
x ' NxZ x2 x2

———— Vxi—x-4 xZ-x-4
Note: as x » —oo we have +/x2 —x — 4 = - _ _

| x| X

2
. . x4+Vx24+x+2 . xX2—x%-x-2 . —x (1+2)
36. limx—vVx2+x+2=Ilimx—Vx?2+x+2|—————) = lim —— = lim —%*—=
X—00 X—00 x+Vx2+x+2 x—00 X+VXZ+x+2 X—00 x<1+ 1+l+i>
\/ x x2

2
- \1+3 —(1+0 -1
lim ( x) = ( ) — ,where lim—=0

x> 1+vIt0t0 2 X=X
(1o fr+2e)

v 2- 2 32 g0 _
37 lim x — Va? —4x + 1 = lim (x—VxZ—4x+1)(x+Vx2-4x+1) = i ol 4x—1

X—00 X—00 x+Vx2—4x+1 xo00 X+Vx2—4x+1  x—oo x+VxZ—dx+1
4x 1
| * % 4-0 4 1
= lim = ===2 ,where lim—=0
x‘)°°x_|_ /xz 4x+1 1+vV1—-0+0 2 x—0 X
% x%  x?2  x?
. . X% +4x—x%+4x . 8x 8 1
38. lim x2+4x—\/x2—4x:llm—,—,—lem—:—:4 where lim - =0
x—)oo\/ xme X2ax +Vx—dx X—® x<\ 1+i+ ’1—i> ? ’ x—00 X
pe pe
2x%2—x+1-x%+x-5 . x%—4

39. lim V2x2 —x+1—+Vx2—x+ 5= lim

= lim
X——00 X——00 V2x2—x+1+Vx2—x+5 X——00 V2x2—x+1+Vx2-x+5
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xz(l—iz) (—0)2(1-0) 1
lim X = lim = 400 ,wherelim-=10
om0y J2-te s [1-245) ¥ (-0)(V2=0%0+/1-0+0) XX
x x2 x " x2
x| =x asx - o
X% +x—-x x? ) I
40. lim vx? —vx = lim ————= = lim = =00 1
X—00 + X0 VIZHX+VE  xr00 |x|< ,1+1+L> (V1+0+0) , where lim- =0
p \/} x—o0 X

a1. lim Vx173 — 5x% —/x19/3 + 5x% = lim e ) e L)

X—>—00 X—>—00 Vx10/3_5x24+/x10/3 4552
x10/3 _5y2 _ ,10/3 _ 5,2 —10x2
lim lim =
X2m04/x10/3 — 5x2 4 /x10/3 4 5x2 x*_°°\/x1°/3 — 5x2 4 /x10/3 4 5x2
_ —10x2 _ —10x? _ s
lim = lim =5 lim x¥/3 =— o

] x10/3  5y2 x10/3° 52 x~-0 —x5/3(/1 -0+ 1+ 0) x——co
—X %1073~ 51073 x10/3 T 31073

Note: as x > —o we have /x19/3 = |x5/3| = —x5/3

In (M) = lim In (;)

1
— o0 VxZ+1—x X——00 x2+1-x

42. lim ln(\/x2 +1 _|_x) — lim In ((Vx +1 +x)(\/W x)

X——00 X——00 x2+1-

)=
(n)=ln<lim ;>=ln/lim % )zln(*)zan:—oo
x

mreYxt 41— X==o ’xz 1 x —V1+0-1
x-+1 \ — 5+ 52
X X X
. . . 1
(8)sinceln is continous as x = —oo ,where lim - = 0
x>0 X
Vx2 +1 Vx2+1
Note: as x > —o we have /x% + 1 =T =——=
X X
. 1—cosx . 1—cosx)(1+cosx . 1-cos?x . sin? x . i 2
43. lim 425959 _ iy ¢ X ) — Jim 208X _ llm—=11m<ﬂ) ——( )()
x—0 x2 x—0 x2(14+cosx) x—0 x2(1+cosx) x—0 x2(14+cosx) x—0 \ x (1+cosx)
1—cos(x . 1-cos(x?) 1+cos(x? ) 1—cos?(x? . sin?(x?
44, lim #—hm ,( )* ( )=11m . (+*) = lim — (+*)
x>0 x2sin?2(x) x50 xZsin%(x) 1+cos(x2) x—0 x2 sin2(x)(1+cos(x2)) x—0 x2 sin?2(x)(1+cos(x2))

. sin?(x?) 2 " 1 . 1 1
= Il ———* — * lImn * 11m = =

x-0 (x2)2 1  x-o0sin?(x) x-01+ cos(x?) 2

L k2
X
. Vi+tanx—V1+sinx (Vi+tanx +V1+sinx . 1+tanx—1-sinx . sin x Cosx—l)
45, lim S : = — = |im -
X0 x Vi+tanx +V1+sinx x—0x3(Vi+tanx +Vi+sinx) x—0x3(Vi+tanx +V1+sinx)

. sinx /1 —cosx 1+ cosx 1 . sinx\? 1 1 1
=i S (o) (Trosx) * ==t () +( ) =3
x-0 X cos x 1+ cosx (\/1+tanx +VI+sinx) x~0 x cosx (1 + cosx) (\/l+tanx ++V1+sinx) 4

2—x+sin(x) 2 x+Sin(x) 0-1+0
—x+sin(x —  _ 0— _
46. x—>00 Xx+cos(x) gll—)n; X+M 140 1
X X
. 2x?%+sin? 2x2 ; 2 . . 2
47. lim = Szmx—l i2+smx—(ﬂ)hm2+h (Smx) =2+(11msmx) =2+0%2=2
X—00 X xX—0o X X—00 X x—o0o X
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(8) we can separete the limit since each of the following limits exists

sin5x _sin3x

48 lim sin5x—sin3x _ lim 5?—3? _5MW-3(1) _ 5_3=2
"x-0  sinx x-0 = (€]
%3 sin(%) ) 5 . (1
49. }Cl_rgm —}Cl_)o [Sin(x) * X% sin (;)] =1x0=0 where }Cl_r)% x sm( ) =0 (0)

(8)—1<sin-<1 so —x2< x? sin (1) <x? limx? =lim—x?=0 By squeeze thm lim x? sin (1) =0
X X x-0 X

x—0 x—0
. (tan\/—)(\/2x+ ) (tan\/—)(x/2x+ ) . sinVx \/2x+1 . sinvx 1 \/2x+1
50. lim —————~= ———— = lim —= = lim * =
x—0+ x—>0+ T xh0tcosvE | x A0t VE  cosvE | Vx
sinv/x 1
lim * lim * lim [2Z4+—=1%1%00 =00
x—0t \/E x—0% COS\/_ x—0t X
s1 1 arccos(x)-Z — i f(x)—f(%) e (l) _ -1 -1 =2 n ( _ , ) -1
1rr1—x__ = lim ——* = >) = ==F=F W ere f(x) = arccos(x), f'(x =
e ? e ? -G
arcsin(x3-1) f0)- f(l) _ ; 3 _ ' — 3x2
52. JIC_)1 — ch = =f'(1) = where f(x) = arcsin(x° — 1), f'(x) = e
53. lin?)% = lim Of(x) i) =f'(0) = — where f(x) = cosx — e*,f'(x) = —sinx — e*
xX— X—
(2+x0)?% _ _
54. lim >———% = im L9 @ _ £1(0) =81+ 4 +In3 = 3241n3
x—-0 X x-0 x—0
where f(x) = 3@+0% f/(x) = [3(2+x)2][2(2 + x)](In 3)
55, lima—t =2ulim—2— s lim Xt =1« 1*limw=l*f’(0) —*2°ln2 _1n2
x—0 Sin4x 4 x->0Sindx x>0 X 4 x—0 x—0 4
where f(x) = 2%, f'(x) =2*In2
2] _ —
56, lim SoSl@#2 ] cost ) OO _ £'(0) = —2(0 + 2) sin[(0 + 2)?] = —4sin4
x—0 X x-0 x—0
where f(x) = cos[(x + 2)?] , f'(x) = —2(x + 2) sin[(x + 2)?]
. eV - _ eV¥ ¢ . 1 . e¥_e _ flx)— f(l) e
57. }CI_I;I} x3— }c—>1 (x=1)(x%24+x+1) ;l»cl_r;q x24+x+1 * }CI_I)I} (x-=1) 3 * }cll;% x—1 f (1) - _e (2\/—) 6

where f(x) = eV, f'ix) =e (2\1/_)

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com



Section 2: Problems session

sin(2x2)+x3 0
Questionl: f(x) = { x ) X F
0 , x=20

a) Show that the function f is continuous at x = 0

im
x—07t X x—0~

sin(2x?) + x3 sin(2x?) + x3 sin(2x?
Sin(2x7) + %7 Sn@) T li?_<(2x)%+xz> —0%1+0=0 and f(0)=0
x—

since lirgn+ flx) = lirgn_ fx)=f(0)=0 The function f is continuous at x = 0
X— X—

b) Find f'(0) if it exists.

sin(2x?) + x3

f&x)—f(0) y f(x)—0 f(x) — % .. sin(2x®) +x3
—_o0 " lm——F~ lim————

= lim—— = lim = lim >
x-»0 x—0 x-0 X x—0 X x—=0 x

f'(0) = lim

_ sin(2x?)
}cl—l:% (2 2x?

+ x> =24+0=2 since each limit exists  f'(0) = 2

Question2: let f: R — R be a function defined by

mx — b?, x <119

f(x)={ X2 if x=119

Using the definition of derivative, find all values of m and b that make f differentiable at 119.

Since f is going to be differentiable at 119, we must have

. f(A19+t) - f(119) . f(A19+1t) - f(119)
lim = lim

t—0+ t t-0~ t
119 +t) — f(119 119 +t) — 1192 119 + t)? — 1192 2(119)t + t2
lim £ )~ /(119 = lim A ) = lim ( ) = lim L =2(119) - (1)
t—0t t t—0t t t-0t t t—-0t t
119 +t) — (119 m(119 +t) — b%? — 1192 119m — b? — 1192
] Igl_f( 1 rais = tlirgl_ ( )t = tlirgl_ ; +m| = 2(119)

But this limit exists if and only if 119m — b%? — 1192 = 0 and in this case |m = 2(119

Hence 119 * 2(119) — b2 —-1192=0 - b =+119

Question3: let f: R — R be a function defined by

x+x? if x<1
x3+1 if x=>1

fe ={

A. Find the derivative f'(x) for x # 1.

o 1+2x if x<1
f(x)_{ 3x% if x>1

B. Find f'(1) if it exists.
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fx)—f() ox3+1-2 (- DE%*+x+1)
—— = lim ——— = lim

x-1t x—1 x>t x—1 xolt x—1 =3~
—f(1 22 -1 2

I F s i S s i S R s e 0

From (1) and (2) we have f'(1) = '_) M 3

C. Is the derivative function y = f'(x) continuous at x = 1? Explain

lim f'(x) = hm 3x2 =3

. , o _ x—1t
From part (a), we have lag—rzll fla) =) =3~ (1) and ()~ lim f'(x) = hm 1+2x=3

x-1"

From (1) and (2) we have f'(x)is continuousatx =1

Question4: let f: R — R be a function defined by

1-cosx . [
_—== —=<
Consider f(x) = { x if 7 SXS 0
ax+b if 0<x<1

Determine the values of a, b such that f'(x) exists for all x with —g <x<1

v f'(x) exists -~ we have step (1) and (2)

1 —cosx

- (1) ~f(x)iscont. atx=0  f(0)=b = linol_T=O Henceb =0
Xx—
_ . e S =) fx) o fl) L f(x)
= (2) +f@isdiff- atx =0 f1(0) =g~ ——= Ip—~ ~ .= =
I ax I 1—cosx 1+ cosx i 1—cos?x ) (sin x)z 1 1
—_— = = * = _— = * = — =
w0t x  ET AT a2 1+ cosx 0~ x?>(1+cosx) x-0 x (14+cosx) 2 @
x3sin(§) .
Question5: find £'(0) if f(x) =1 smx_ o ¥**0
0 ifx=0
Show your work.
[OIO [0 xsin (5)
f’(0)=li ————— == lim = lim———*2 = | lim ] [llmxsm< >]=1*0=0
xX— — x—>0 X x-0 SInx x-0Ssin x x—0
1 1
lim — x < lim x sin (—) < lim x sincelim x =lim —x =0 By squeeze thm, lim x sin (—) =0
x—0 x—0 X x—0 x—0 x—0 x—0 X

Question6: Consider f(x) is a continuous function for all x. Find a, where

f(x)={ 2x+(x—1)sinxi if x<1
ax + 2 if x=>1

1
hm ax+2=a+2 - (1) lirr11_2x+(x—1)sinx 1=2(*)—>(2)
xX— -

x—-1t
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(»)lim 2x — (x —1) < lim 2x + (x — 1) sin < lim 2x+ (x —1)
x-1" x-1" 17 x-1-

1
since lim 2x+ (x—1) = lim 2x — (x —1) =2 By squeeze thm, lim 2x + (x — 1) sin =2
x-1" x—1" x-1" x—1
 f(x)is a continuous atx = 1 ~wehave (1) = (2)steps a+2=2 ~a=0
Question7: Find the number a # 0 such that the function
sin(ax)
cosx for x
Fx) = + f <0
x% + 3e%* for x>0
Is continuous everywhere
sin(ax asin(ax
f(0) = limx?+3e?* =3 - (1) lim ( )+cosx = lim #+cosx=a+1 - (2)
x—0% x—0~ x—0~ ax
» f(x) is a continuous at x = 0 ~wehave (1) = (2)steps a+1=3 La=2
Question8:
x? +arcsinx for x>0
Let f(x) = 2 !
x+e* for x<0

Find f'(0) if it exists, or explain why it does NOT exist

(f(O) = lirgl x+eX = 1) * (lirgler2 + arcsinx = O) f is NOT cont. and hence f is Not diff. atx =0
x—-0" X—

Question9:

xsin(i) for x <0
x? for x>0

Let f(x) =

a) Show that the function f(x) is continuous at x = 0

1
since f(0) = lim x? = lim xsin(—=|] =0  hence f iscont. atx =0
x-0t x—0 X

b) Use the definition of derivative to determine whether f*(0) exists.

w — limth) since f(0) =0

f (0) - }ll—l;r(l) h—-0

R L :
hll)r(r)l+7 = hll)r(r)1+h =0 -(1) hlg(r)l‘T = ;}Lr(r)l— sin (E) D.N.E () - (2) So(1)and (2) f'(0) D.N.E
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Question10:

e*(x>+a) ifx<o0
let f(x) =142 ifx=0
bx* + 2 if x>0

If possible, determine a, b so that f~(0) exists. If not possible explain why?
= when f"(0) exists -~ f(x) is continuous and dif ferentiable at x = 0

when f(x) is continuous at x = 0 - lir(r)1+f(x) = lirgl_ f(x) =£(0)
X X—

xlggl bx?+2=2 and xllr(r)l_ex(x2+a)=a and f(0) =0 La=2
= when f(x) is dif ferentiableat x =0 .~ f(0) = li M xl_)o_w
— X (52 —
,}E&M = lim, s Zz) 2 £, fx)=e"(x?+2) f(x) =e*(x?+2)+2xe*
OO
PG T R SR N
x—-0" X x—0~ X x—-0"
y f(x) = f(0)
im ——————=
x-0% X
* xli%l—w ,thatis, 2+# 0 Thus, f(x) is NOT differentiableatx =0

Therefore, thereis NO such a & b points

Section 3: Problems session

Part I: Evaluate the following derivatives. There is no need to simplify your answer.

eX+exe 1

a) %[arcsin(ex + x¢)] =

. 2
b) 4 [(sin )] = 2o MEINO] = (sinx) ¥ |~ (sinx) In(sinx) + 5|

c) % [tan2(sec(x2))] = (2 tan(sec(x2))) * (sec?(sec(x?))) * (sec(x?) tan(x?)) * 2x

d i d

d) = [(1 + x)sin¥] = dx[ esSinxIn(1+2)] = (1 4 x)sinx [cosx In(1+x) + Smx]
d o3 o2 a2 2 3___2x

e) —[x’arcsin(x* — 1)] = 3x* arcsin(x* — 1) +x Too0?
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f) %f(x) at point (x, f(x)) = (1,1) where f is a dif ferentiable function satisfying the equation

e +Inf(x)=e forallx - taking dd—xto both side ];((;C)) =0
since (x,f(x)) = (1,1) e(l + f’(1)) +f'(1)=0 Hence f'(1) = 1_+ .
Part Il: For the given function f(x), find the derivative function f'(x). DO NOT SIMPLIFY:
a) f(x) =c052\/§+ﬁ f'(x) =2(cosx/§)(—sin\/§)*%+l_nlz/z
o 0 = T
1 —2x . 1 .
o NSV e IE ((1 T xz)z) (1+cosx) — arcsin (1 T xz) * (—sinx)
fix) = (1 + cos x)?
0 fe0)=(1 +z+%)x = :—x[ex‘“(”%*x%)] =(1 +3+%)xlln(1 +24 )+ )( s>(; +%)l

— (e2x+5x In(1+x?)|————(2¢?*+5%In5)
TR 100 e ez |

e2X45% e2¥4+5%

e) f'(x) = % [eCOS("B)ln(Sin")] = (sin x)°°s(*) [ sin(x3) (3x2) In(sin x) + cos(x?) ( — ) (cos x)]

Part Ill: Find the derivative % for the following functions.

sin(x?2) dy ] 1 [Zx cos(x?)— sin(x?) sec? x]

a = |[— —_ = =
)y tanx dx y sin(x?)
tanx

b) y=(x+ x2)nx = elnx In(x+x?)

tan? x

d

ay _ 2Inx [In(x+x?) (1+2x)
=Y = (x +x2) [—x + lnx——=

1+x

Part IV: This question has unrelated parts about derivatives.

x e*
Inx—— . eX*(xInx—1)

X —
e = 2 sin(4x) + nx)?

2 [5in l=2si e
a) Evaluate - [sm (2x) + lnx] = 2sin(2x) cos(2x) * 2 +

b) Evaluate ;—x [ln ( sinx )] = dd—x [ln(sin x) — §1n (2x + xz)] — gosx 1 2+2x

Yoxtx? sinx 3 2x+x?

x™+cosx £1(x) = x™ 1—sinx)(1+x3)—(x™+cos x)(3x2)
1+x3 - (1+x3)2

c) Findf’(x)zj—z if y=f(=

d) Find f'(x) = Z—z if y=f(x)=sec(secx) f'(x)= sec(secx)* tan (secx)* secx * tanx

In3

e) if y=fx)=3*+log,3=3*+

then f'(x) =3*In3+1In3 x(l =1In3 [3x

x In2 ]

f) Suppose that h(x) = f(x2 + g(x)),where f3)=6, f'A)=—-4,f(-2)=0, f'(-2)=1, g(3) =1,

g'(3) =-1, g(=2) =—1 and g'(—2) = 2.Compute h'(-2).
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h(x) = f(x* + g(x) © () = f'(x* + g(x0)) * (2x + g' (X))
W (=2)=f(4+9(=2))*(-4+9'(=2)) = {3 *(-2) = (-9 (-2) =8 h'(=2) =8

x9X(x_2)3

x*eX

g Fndf'M =51  if y=f)=

' 3 4
Iny=9xInx+3In (x —2)—41Inx 1=9(lnx+1)+————1
y x—2 x
x%%(x —2)3 3 4 dy -1
"= ————19(1 N+———-1 1) = == ] -
y x4ex [(nx+ )+x_2 X f() dxle ylx—l e

Part V: Question 1
Let f(x) = arctan(x) + e*

a) Show that f is invertible, f =1 is a function.

fx) =

1T 22 +e* > 0; hence f(x) is strictly increasing for all x. Thus, f(x) is one to one function

Thus, f (x) is invertible.

b) Find the derivative of the inverse of f at 1, that is, find (f 1)’ (1).
1 1 1 1 1

@ f@ _1 “1+1 2
F@ PO I

D fMD=a > f(a) =1 - arctan(a) +e* =1 thusa=0

= =(x) =

__1
f1H)

Question 2:

Let f(x) = 2x + cos(x).

a) Show that f is invertible.

f'(x) =2 —sinx > 0;hence f(x) is strictly increasing for all x. Thus, f(x) is one to one function
Thus, f (x) is invertible.

b) Find (f~1)' () and the derivative of the inverse of f at m, that is, find (f ~1)’ (7).

1 1 _ 1 _ 1 _ 1
fr(f~1(m) f'(@) f'(m/2) 2-—sin(m/2) 2-1
() fY(m)=a - f(a) =1 > 2a +cos(a) = m thus a = m/2

(fH'(m = =(x) = =1

Question 3:

Show that f(x) =1 + arctanx + e* has an inverse function. Find the derivative of the inverse of f(x) at
x = 2, thatis, find (f~1)'(2).
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f'x) = T2 + e* > 0; hence f(x) is strictly increasing for all x. Thus, f(x) is one to one function
Thus, f(x) is invertible.
(FY @) = s = () = o = =0 - -
- —_— 3 = = = = e
fr12) f'@  f'(0) 1LOZJreo 1+1 2
+

) f12)=a ->f(a)=1 > 1+arctana+e®*=2 thusa=0

Section 4: Problems session

Question 1

3
Find an equation of the tangent line to the curve 119 (i) + 1891 G) = 2010 at the point (—1,—1).

ey 2 1o
By taking the derivative of both sides: 119 ( = )+1891%3(2) (52) =0 sincex =y = -1

2 x2
119(-14+y")+1891*3(—y'+1)=0=> (1-y")(1891x3-119) =0 = (1-y')=0= y' =1 (slope)

Tangentlineisy =m(x—a) + b wherea =b = —1 y=1(x+1)—1 y = x (tangent eqn)

Question 2

Let f and g be differentiable functions such that f(9) = -2, g(3) =8, f'(9) =7,9'(3) = 2.

(a) Show that y’ = —11 at the point (3,1) if yg(x) + f(x?) = y* + 5.

S (g + (D) == +5) =y g() +yg' @) +2x f(x?) =4y%y  x=3,y=1
y'gB3)+9g'BR)+6f(9) =4y = 8y +2+42 =4y’ > 4y ' =-44 = y'=-11
(b) Find an equation of the line tangent to the curve yg(x) + f(x?) = y* + 5 at the point (3,1).

y' = —11 (slope) point (3,1) line tangenteqnis y =11(x —3) + 1

Question 3

Consider the curve given by the equation xy? + sin((x - 1)y) =4

a) Find all points (1, y) on this curve.

x=1 y?+sin(0) = 4 y2=4  y=42 points are (1,+2) and (1,-2)

b) Find the equations of the tangent lines to the curves at the points you found in part (a).

d d
P [xy2 + sin((x — 1)y)] =0 [4]  y?+2xyy +cos((x — Dy)ly+ (x—1)y'1=0

-3 1 1
(1,+2): y’|(1'2)=7 then y=7(x—1)+2 and (1,-2): Y'|(1.—2):§ thenyzi(x—l)—Z

c) Are any of the tangent lines you found in part (b) parallel? Explain!

1
Since <Y'|(1,2) = 7) +* (y’l(l,_z) = E) so, these line are not parallel

Question 4
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Suppose the f is a function for which f (g) =2and f’ (g) =1. Let g(x) = f(x)os*

Find an equation of the line tangent to the graph of g(x) at x = g

f'(x)
f(x)

g'(x) = (ecosxlnf(x))l = f(x)cos* l—sinxlnf(x) + cos x

r3)
£(3)

atx = g g (—) =f (g) =1 Thus, y=—1In2 (x - g) + 1 tangent line eqn.

T T COS( %) T T T
9(3)=13) =sin () Inf (3) + cos (3)

/[
=—In2 (slope of tangent line at x = E)

Question 5

Verify that the point Py(7, 0) is on the curve C defined implicitly by the equation sin(x + y) = xy. Then find the
two lines which are normal and tangent to C at P,.

x=m,y=0 so, sin(m+0)=mn(0) Then, sint=0 so Py(m, 0) is on the curve C
-1 -1

cos(x+y)(1+y)=y+xy' atP, —>m=y’|PO=7T—_I_1 Tangent line to C at P, y=n+1

(x —m)

m (slope of normal) =m +1 NormallinetoCatP, y=(mr+ 1)(x—m)

Question 6

Find the equations of the tangent lines to the curve y = x3 + x which pass through the point (2,2).
2#2%42 Thus, (22)¢curvey =x3+x letx =a thenthe pointis(a, f(a)) wherex # 2
The slope of the tangent line with the point (a,f(a)) mustbey’' =3x2+1 &yl = 3a2+1 - (1)

Because the line passes through the point (2,2), the slope of the tangent line is also:

— 34— 3 _
[z _ ata-z _, oy (1) = (2) %_az 3¢+1 > a®*+a—-2=3a%+a—6a%-2

a-2 a-2 2

- 2a3—-6a’=0 —>2a*(a-3)=0 a;, =0 - f(0)=0 and a, =3 - f(3) =30

“Y'x=0, y=0 =1 Tangent lineeqnisy = x
Y |x=3, y=30 = 28 Tangent line eqn is y = 28(x — 3) + 30
Question 7

Find the equations of any lines that pass through the point (—1,0) and are tangent to the curve y = i—;i .

_1 _ 1 x — 1 ] 3
0+ 111 Thus, (=1,0) ¢ curvey = 71 let x = a then the point is (a,f(a)) where x + —1
The slope of the tangent line with the point (a, f(a)) must be y’ = GoDW-E=DA) e

(x+1)2

Because the line passes through the point (—1,0), the slope of the tangent line is also:
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a—1

fl@-0 o7 a-1 . _ Ca-1 2 4 _
a+1  a+1  (a+1)? »@) ~M=@) -~ (a+1)2 _ (a+1)? »a-1=2 —a=3
. , 1
“ Y g=3 = 3 Tangent line eqnisy = 3 (x +1)
Question8

Let f(x) = |x3|. Find f'(0) by using the definition of derivative and find an equation of the tangent line to the
graph of f(x) at the point where x = 0.
x) — f(0 x3 -0 x3-0 x?|x
f’(0)=lirr%)f—(i /;( )=1im—| | =lim—I | = lim Ll
x- -

x-»0 x—20 x-»0 x—0 x-0 X

Section 5: Problems session

Q1: Show that lirlrig(Zx + 1) = 239 by using the formal definition of the limit.
x—

= lim x|x| =0
x—0

For every € > 0,choose § =§ suchthatif 0<|x—119|< 8= % then|2x+1—239|=12x—238| =2|x— 119 < 2% =¢

Q2: Use the definition of the limit to show that lin}(Zx +119) = 121.
el

€ € €
For every € > 0, choosec?:i such that if0<|x—1|<6=E, then |2x + 119—121|=|2x—2|=2|x—1|<2§=e

Q3: Use the definition of the limit to prove that lin%(Sx —1) =5.
X—

€
then|3x —1—-5|=|3x—6|=3|x—-2|<3==¢

€
For every e > 0, choose § = 3 suchthat if0<|x—2|<6 = 3

€
3’

Q4: Use the definition of the limit to prove that lin% x3 =0.
xX—

For every e >0, choose § = e suchthat if 0<|x—0|<6&=Y¢, then |x3 -0|= |x3| < (3\/2)3 =€

1
Q5: Suppose that 4 < f'(x) < 6 forallx € Rand f(0) = 119. Show that 121 < f(f) < 122.

Since f is differentiable for all x € R we have, by MVT, M = f'(c) forsomec € 0,1
2
2

N 1)_
S <o) <6 1< 6 amss() <z
2 2

Q6:1f f(1) =—2and3 < f'(x) <5 forall x, Show that1 < f(2) < 3.

Since f is differentiable for all x € R we have, by MVT, % = f'(c) forsomece€ (1,2)

IE=Bsf@ss]  3sfPPss 1sf@)s3

Q7: Prove thatIn (1 + x?) < 2x for every real number x € (0,1).
Let f(x) =1In (1 + x?) — 2x which is cont.on [0,1] and dif f.on (0,1) and f(0) =In1 =0
Forany x € (0,1),since [0,x] € [0,1], f is cont.on [0, x] and dif f.on (0,x).Therefore,

f (x) f 0

By MVT, we have ————= = f'(c) for somec € (0,x) note: f'(x) =
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In(1+x*)-2x-0 2 2_ln(1+x2)

x—0 T 1+c2 7 X —2

2 2
o ) 2 =2( d <1)sz ce(o,1)Thus,@

x 1+c2 1+c2 —

<2 In(+x¥»)<2x x€e(0,1)

Q8:Provethat Inx<x-—1 forall x>1.

Let f(x) = In x whichis cont.on[1,x] and dif f.on (1,x) and f(1) =0
By MVT, we have ————= fix ) f(l) = f'(c) forsomec € (1,x) note: f'(x) =§ and f'(c) =%

Inx—-0 1 1 Inx—-0
—:E since (E)<1 then—1<1 Thus, nx<x—-1 forall x>1

x—1

Q9:If f:R - R satisfies f'(x) = e™* for all x and f(0) = 0 then prove that |f(x)| < |x| for all x.

f'x) = e‘xzfor all x which means f(x)is cont.on [0, x] and diff.on (0,x) for x >0 and f(0) =0
and for x < 0 f(x)is also cont.on [x,0) and dif f.on (x,0)

By MVT, we have ———— fx ) f( ) = f'(c) forsomec € (0,x) & (x,0) note: f'(x) = e~ and f'(c) = e~

x)—0 x c?>0
&ze_&:& since C:/:O then0 < e ¢ <1 thus 0<&<1 so0< f(x)<x
x—0 X 01 X

lf ()| < |x| forallx Whenx=050|f(0)|=|0|=0 thus |f(x)| < |x| for all x

Q10: Show that the equation x3 + x?> + 2x + 5 = 0 has a root, but no more than one.
Let f(x) =x3+x?+2x+5 then f(x) is cont. and dif f. for all x

{ f(0)=5>0
f(=2)=-3

such that f(c;) =0 which means x = ¢; is aroot of f(x)

0 thus by IVT f(x) is cont.on [—2,0] and there is a point ¢; € (—2,0)

f'(x) =3x%+2x+2 >0 forall x so f(x) is a strictly increasing function and hence one to to one

Therefore, the equation f(x) has at most one solution. f(x) has only one root which is c;

1
Q11: Prove that the equationlIn(x) = o for x > 0 has a unique solution. Explain.
1
Let f(x) = In(x) — < then f(x) is cont. and diff. forallx > 0

1
f(e) =1- ; >0 1 1
thus by IVT f(x) is cont.on [e, E] and there is a point ¢, € (e,g>

f<l>=—1—e<0

e
such that f(c;) =0 which means x = ¢; is a a solution of f(x)

1 1
f'x) = < + o >0 forall x > 0 so f(x) is a strictly increasing function and hence one to to one

Therefore, the equation f(x) has at most one solution. f(x) has a unique solution which is c;
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Q12: Show that the equation arctanx = 2 —x — x> has exactly ONE soluation.

Let f(x) = arctanx — 2 + x + x3 then f(x) is cont. and dif f. for all x

f=7>0
F(0)=-2<0

thus by IVT f(x) is cont.on [0,1] and there is a point ¢, € (0,1)

such that f(c;) = 0 which means x = ¢, is a a solution of f(x)

f'(x) = 211 +1+43x2 =0 forall x so f(x) is a strictly increasing function and hence one to to one

Therefore, the equation f(x) has at most one solution. f(x) has a unique solution which is c;

Q13:let f be a continuous function on [0,2] and assume that f' and f" exists on (0,2).
a)If f(0) =0and f(1) =1 then show that there exists a number a € (0,1) such that f'(a) = 1.
Since f(x) is cont.on [0,1] and diff.on (0,1) and f(0) =0& f(1) =1 Thus,by MVT

we have % =f'(a) = g =1 forsomea€ (0,1)
b) In addition conditions in part (a) if f(2) = 2 show that there exists a number c € (0,2) such that f''(c) =0

Since f(x) is cont.on [1,2] and diff.on (1,2) and f(2) =2 Thus,by MVT
we have % =f'(b) = E =1 forsomeb € (1,2)

Note that a € (0,1) and b € (1,2) soa# b and also f'(a) = f'(b) =1

Since f'(x) is cont.on [a,b] and dif f. on (a,b) Thus, by Rolle’s Thm we have f"'(c) =0 c € (a,b) € (0,2)

Q14: Consider the function f(x) = e* + 2x + x*.

(a) Find the line of tangent to the graph of y = f(x) at the point P(0,1).

f'(x) = e*+ 2+ 4x3 so the slope of the tangent line at (0,1) is f'(0) = 3 so tangent lineis y = 3(x —0) + 1
(b) Show that there exists a point Q(x,y) on the graph of y = f(x) at which the tangent line is
parallel to the liney = 2x + 1. (Do NOT find the point Q.)

At such a point, slopes must be equal. Therefore, f'(x) = 2 and f'(x) = e* + 2 + 4x3 cont. everywhere

F(0)=3>2

. 1 thus, By IVT f (x) cont.[-1,0] then there exists —1 < x < 0 such that f (x) = 2
f(-D)=-+2-4<2
e

(¢) In Part (b),show that Q is unique, i.e.there is ONLY ONE such point.
f"(x) =e*+12x% = 0 forall x so f'(x) is a strictly increasing function and hence one to to one

Consequently, there can be only one point at which we can have f'(x) = 2

Q15: show that elnx <x forallx > 0.
Let f(x) =elnx —x x € (0, ) f’(x)=§—1
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f'(x) <0 forallx € (0,e) = fisdecreasing and f'(x) > 0 forall x € (e,) = f isincreasing
x € (0,e) fx)>f(e) = x —elnx>0 = elnx<x
x € (e, ) fx)>f(e) = x —elnx>0 = elnx<x

xX=e f(e) =f(e) Thus elnx <x forallx>0

Section 6: Problems session

Q1: The height of a rectangular box decreases at 1 cm per hour, its width decreases at 0.5 cm per hour and
its length decreases at 2 cm per hour. When the shape of the box become a cube, its volume decreases at the
rate of 14 cm3 per hour. Find the volume of the box when it becomes a cube.

Volume of a box is given by V(t) = x(t) * y(t) * z(t)

dV dx d d

T y(t) xz(t) +x(t) *——xz(t) + x(t) * y(t) *— — (1) whenx(t) = y(t) =z(t) =a
ddV— 14 cm®/h ddx—l o _osemm Zo 2emgn

an i cm®/h an i cm/ i Scm/ i cm/

Step(1): —14=—-1xa*xa—05*xa*a—2*axa=-35a% soa?=4 > a=2cm

When it is a cube, we have the volume V =2 % 2 * 2 = 8 cm?

Q2: A point is moving to the right along the first-quadrant portion of the curve x2y3 = 72. When the point has
coordinates (3,2), its horizontal velocity is 2 unites/second.

What is the rate of change in the distance of the particle to the origin?

Let x = x(t) and y = y(t) be coordinate functions parametrized by time t. So that x?y3 = 72 and

% (32) = 2 unit/sec let D(t) = /x? + y? be the distance of the particle to the origin. (D > 0)
3,2
To find d—D| weneedto = (x2y%) = (72) - 2xy + 3xy —==0 then —= = —2 unit/sec
datl(z2) dt ( ,2) 9
D? 2 4 y2 (DZ) ( + y?) thus 2D 4D 2 dx + 2 dy th 4D 38 it/
=X so — =—(x us 2D — = 2x — —— then — unit/sec
Y Y ar ~ “Yar T Var dtlsy  ovi3

Q3: A point (x,y) is moving on the curve y = e*” sothatits x — coordinate is decreasing at rate of 2 units/sec.

Find the rate of change of the slope of the tangent line to the curve y = e** at the moment when x = 0.
_dy _ dm 2 2 x2ydx _ 2 2
Let m be the slope. Then, m = —= = 2xe* so —- = 2(e*" + 2x2%e* )E =2e* (14 2x%)(-2)

d . . . .
whenx =0 d—r;l = —4 unit/sec? (the slope is decreasing at a rate of 4 unit/sec?)

Q4: If the short side of a rectangle is increasing at a rate of 3 cm per second and the long side is decreasing at a
rate of 2 cm per second. Determine how fast the area of the rectangle is changing when the short side is 4 cm
and the long side is 6 cm.

The area of rectangle is A(t) = s(t) = [(t) for timet Note: % =+3cm/sec and % = —2cm/ sec

dA

= = %l(t) + %s(t) whens =4andl =6 thus % =3%6+4x*—2=10cm?/sec (the area is increasing)
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Q5: A particle moves along the curve y = 4x — x3 and it's x — coordinate is decreasing at a constant rate of

1 .
3 unites per second.

a) At what rate does the y — coordinate of the particle change when x = 2?

When time is equal to t, particle is at the point (x(t), y(t)) where y(t) = 4x(t) — x3(t) = % = _?1 unit/sec

Whenx =2theny =4%2—-23=0 and y'(t) = 4x'(t) — 3x%(t) x'(t) Thus,y’'(t) = +§ unit /sec
b) At what rate does the slope of the tangent line change when x = 2?

Slope =y’ = W_g4-_3x2 Y- g x()x'(t) 4y

-1 .
— o " |x(t)=2 = —6 %2 —=+4 unit/sec

Q6: Consider the right triangle ABC at the angle C. It's side-lengths a, b, ¢ are changing in such a way that it’s area
is always 16 cm?. If the side-length a is increasing at a rate of 1/2 cm/sec when a is 8 cm, at the rate
(radian/sec) is the measure of 8 the angle B changing at that moment?

a(t) = b(t ao(t
Area = A(t) = M =16 cm? at time t so we need to find © =7
2 dt | g
. _ 2 _ 32 _b(®) _ 32 . .
Since A(t) = 16 cm* thus b(t) = pres and tanf(t) = 20— 20 When we dif f. wrt time t, we have
—64 1 32 v80
sec?(t)0'(t) = a'(t) we have a(t) =8, a'(t) ==, b(t) =— =4 and secH(t) = —
a3(t) 2 8 8
80 —64 1 , do(t) -1
a1 6'(t) = R 500" (t)|4=5 = TE . =30 radian /sec

Q7: A particle is moving around the ellipse 4x? + 16y2 = 64. At any time, t, its x — and y — coordinates are
given by x(t) = 4cos t and y(t) = 2sin t. At what rate is the particle’s distance to the point (2,0) changing at
any time t? (— part I) At what rate is the distance changing when t = g? (— part II)

s(t): distance from particle to point (2,0) at any time t

s?=((x—-2)+ (- 0)?%bydiff.wrtt we have 25§=2(x—2)d—x+2yd—y
dt dt dt
dx )

ds (x—2)dx ydy x(t) = 4cost thenE=—4smt

—_—= — 4+ —— since
dt S dt sdt

d
y(t) = 2sint then d_}t] = 2cost

ds (4cost—2) _ 2sint 1 _ _
E:f(—451nt)+ S (2cost)=;(851nt—6sm2t) - part |

Att =§ s|,n = (x—2)% + (¥)?|,_x = (4cost — 2)? + (2sint)?|,_x =8 thuss = 2V2
2 2 2

ds

1 1 -
T o = ;(85int — 6sin2t) = —(8sinz— 6sinn) = 22 unit/sec

2\2
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Section 7: Problems session

Evaluate each of the the following limits if it exists :

. e¥-1-x e*-1 (0 . . e¥ et 1
1) hm—( ) =WH) Jjm Z—= (—) =CH lim—==—==
x—0 X2 0 x—0 2x 0 x—0 2 2 2
1
(Inx)? Z(IHX)— . (nx) (e
2) lim 225 (2) =0 Jjm 222 = 41im 222 (2) =C0 4]im = = 8lim — = 0
X—00 \/— © X—00 PN X—00 X 0 X—00 Vx x—00 VX
1
. 1 1 . x—1-Inx 1-= . x-1 1 1
3) hm(———)=11m—(—) =({H) llm—x—llm—()—(LH)l — ==
x—1 \Inx x—-1 x—1 (x—=1)Inx \0 x-1lnx+(x 1)— x—1xInx+x—1\0 x_>11nx+1+1 2
. . x? 2%
4) llm(ex—x2)=hmex(l——)—OO*l—oo since lim = ( )—(LH) lim ( )—(LH) lim = =0
X—00 X—00 e* x—o00 €% \oo x—o00 €% x—00 %
lim +mx1n51nx 2 . 2lnsinx (o) gy o zscif,sxx . x
5) hm , (sin x)Inx— x-0 =e* where lim ———(—) = lim 2% = ]im 2—cosx = 2
x-0t Inx o0 x-0t = x—0t sinx
X
* where e* is continues
(2
—sm(—) —2
* (%) 2
. 2\\ X lim x1 2 In cos 0 . . cos(%) \? . —2sin(=
6) lim (cos (—)) = e a0 neos(y) e® =1 where lim J(6) =H) lim % = lim # =0
X—00 X X—00 o X—00 P X—00 COS()
* where e” is continues
* li%l _cosxIntanx It sec? x
. (T . ntanx (oo . . -
7) lim _(tan x)€°s* =¢* ) =e% =1 where hm_—(—) =UH) |jjm —tanx
PN x—>(E) secx \o x—>(E) secx tanx
2 2 2
secx . 1 cos?x . cosx . .
= * = lim =0 * where e” is continues

_ o = m _ — e
T tan< x T\~ COSX sin“ x b4 sin“ x
X— 2 X— 2 X— 2

*
lim, ZIn(1+4x+x2 2 .
8) lirglJr(l + 4x + xz) = e x0tE cin(1+arex?) = e® where lim M(g) =CH) im 20420
X

x—0t X x—0t 1+4x+x2

* where e” is continues

* CosXx
lim cotxIn(1+sinx) . In(1+sinx) /0 . . i

9) llm (1 + sin X)COtx = g x-07 =el=¢ where lim —(_) =(L'H) iy itsinx

x>0+ tanx 0 x>0t sec?x

cos3x

= lim =1 * where e* is continue
x—>0+ 1+sinx
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10) lim - * ) et = % fimu = limsinx S% = 0 1 = 0 Thus, lim 222 (9) —(H) [y S00D) _ 1
x—0 (sin2 x)z x x50 x—0 x " u>0 u)?2 0 u—0 2u 2
X_oX 1— f 1-(2 * x
11) lm%— lim zx— lim (Z)le where lim (E) =0 and E< 1
x—o0 5 +2 X—00 5+_ X—00 5+(5) 5 x—oo \5 5
2
2tan"lx —m /0 \ Z —2 x? -2
12) hm x (2tan™'x — ) = lim —(—) IS TP T - S AR | =-2
X—00 l 0 X—00 —_1 x—o0o 1 +x2 X—00 i+ 1
X x2 x?
e* e \*
119% — e* 1- 119% 1- (m) 1 e \*¥ e
13) llm —_—— = lim— = lim 7 = where lim (—) =0and —<1
119" 119

1 X

14) lim (tan (%))(m) _ Jim () m(en() _

asc ()

JinGan () = gy 2D 0) o 2 E) _ x

where lim (

x-1 — X

* where e” is continues

—si _ _ 1/2
15) lim 1x sm(x)3/2 (9) @) lim, 1 — cos(x) % lim (1 C(.)s(x))
x~0% (1 — cos(x)) 0 x—0 5 (1 — cos(x))/2(sin x) x— (sinx)
1 1
2 (1-=cos(x)¥? (A+cos(x))z 2 _ (1 — cos?(x))2 2 |sin x|
S3 T Gnn =30 LT3 1
* (1 + cos(x))2 * (sinx)(1 + cos(x))2 * (sinx)(1 + cos(x))2
2 1 2/1 V2
i)
* (1 + cos(x))2 V2
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Section 8: Problems session

Q2:let f(x) = xz——z .You are given that f'(x) = ﬂ and " (x) = u
(x —1)? (x—1)3 (x —1)*

e Find the domain of f(x)

The domain of f(x) is R — {1} hint: (x—1)2#0 ~x—1#0 ~x#1

e Find both the x and y intercepts of f(x)

X intercept: (jccz_—_l)z =0 > x2—2=0 - x*=2 - x=+\2 X intercept point is(i\/f, 0)

2 _

y intercepts: f(0) = =12 =-2- f(0)= -2 y intercept point is (0, —2)

e Determine all asymptotes of f(x).

Vertical asymp. le1{1+ f(x)=—0 & lenll_ f(x) =— ~x=1is Vertical asymp.

Horizontal asymp. 3}1_{1;3 fx)=1 & xl_i)r_noo fx)=1 ~y =1 is Horizontal asymp.

There is no Oblique asymp.

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

f’(x)z(i:i; when f'(x) = 0 .‘.%zo - 4—-2x=0 > atx =2 } L
f(x) has a critical point. There is no singular point.

f(x) is increasing on (1,2] ffex)| - + -
f(x) is decreasing on (—,1) & [2, ) f(x) N 7 N
f(x) has local maxpoint at x = 2 & f(x) has no local min point The critical point is (Z,f(Z))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

4x — 10 4x—10

f(X)=mWh€nf (X)=O m=0—) 4x—10=0 c
X 1 —
t > fx)h inflecti int 2
at x == f(x) has an inflection poin "
2 ffe| - -]+
f(x) is concaving up on (—1,1) U (;’Oo) f(x) N N U

f(x) is concaving down on (12) U (—o,1) The inflection point is G f @)

e Using the parts above, sketch the graph y = f(x) in the coordinate axes provided below.

X 1 2 ;
fl | - + - -
(%) n n n V]
f@ |y T
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Q3:let f(x) = (x — 3)%2 e*.You are given that f'(x) = e*(x —3)(x — 1) and f"'(x) = e*(x?> —2x — 1)

e Find the domain of f(x)

The domain of f(x) is R

e Find both the x and y intercepts of f(x)

x intercept: (x —3)2e*=0 > (x—-3)2=0 - x—3=0 > x=3 x intercept point is(3,0)

y intercepts: f(0) = (0—3)?e°=9 > f(0)= 9 y intercept point is (0,9)

e Determine all asymptotes of f(x).

There is no Vertical asymp. since the domain of f(x) is R

Horizontal asymp. 3}1_{1010 fx) =0 & xl_i)r_noof(x) =0 ~y =0 is ONLY Horizontal asymp. on the left
There is no Oblique asymp.

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

f'(x)=e*(x—3)(x—1) whenf'(x) =0 ~ e*(x—3)x—1)=0 » x—3)(x—1)=0-> at x=1&3
f(x) has a critical point. There is no singular point.

X 1 3

FEO | + | - | +
fFO |~ || 2

f(x) is increasing on (—o0,1] U [3, )

f(x) is decreasing on [1,3]

f(x) has no local max point at x = 3 & f(x) has local minpoint at x = 1
The critical point are (1,f(1)) and (3,f(3))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

2++8
f'(x) = e*(x?—2x— Dwhenf"(x) =0 =~ e*x?-2x—-1)=0 > (x?-2x—1)=0 «x= 5
at x = 1++2 f(x) has an inflection point
x 1-+2 1++2

f(x) is concaving up on (—o0,1 —/2) U (1+ V2, )

"(x + - +
f(x) is concaving down on (1 —+/2, 1 ++/2) [

f(x) U n U

The inflection point is (=1, f(—1))

e Using the parts above, sketch the graphy = f(x) in the coordinate axes provided below.

X 1-v2 1 1+v2 3 st

floo |+ + | - - +

f'(x) U N n V] U

ro | Lo TN
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x3—1 6x? 12x(1 — 2x?)

4:let f(x) = .You are given that f'(x) = ———= and "' (x) =
e Find the domain of f(x)
The domain of f(x)is R—{-1} hint:x34+1#0 ~x3# -1 ~x#—1
e Find both the x and y intercepts of f(x)
x3 —
x intercept: e i 0-x3-1=0 - x3=1 > x=1 x intercept point is(1,0)
3 —
y intercepts: f(0) = P i1 =—-1-> f(0)= -1 y intercept point is (0,—1)
+
e Determine all asymptotes of f(x).
Vertical asymp. lim1+f(x) =—-0 & liml_f(x) = ~x=-—1Iis Vertical asymp.
x-— x= =
Horizontal asymp. lim f(x)=1 & lim f(x) =1 ~y =1 is Horizontal asymp.
X—>00 X—>—00

There is no Oblique asymp.

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

2 2
f'(x) = ox > whenf'(x) =0 - ox =10 - 6x°=0 - atx=0 X -1 0
o3+1) o3+1)
f(x) has a critical point. There is no singular point. £(x) + + +
f(x) is always increasing on (—o,—1) U (—1, ) £x) 2 2 2
f(x) has no both local max point and local min The critical point is (—1,f(—1))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

12x (1 —2x° 12x (1 —2x°

() = ( - )whenf”(x) =0 12x(1-2v) . )= 0 - 12x(1-2x*)=0

3 3

(x+1) (x+1)
1
1 . . .
atx=0& % f(x) has an inflection point x -1 0 %
f(x) is concaving up on (—oo,—1) U (0, ?> ffey | + _ + _
2 fO |l u | n u | n

1
x) is concaving down on (—1,0) U (—, oo)
fx) g (=1,0) 7

The inflection point are (0, £(0)) and | <~ (i)
e inflection point are (0, f an W,f 2

e Using the parts above,sketch the graph

f'(x) + + + +
(%) U n U n
fo | J L O
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x3—-3x%+1 _ , 3(x2-1) . 3(4 — 2x?)
3 .You are given that f'(x) = — and "' (x) = — 5

e Find the domain of f(x)

Q5: let f(x) =

The domain of f(x) is R — {0} hint:x3#0 ~x#0
e Find the y intercepts of f(x)
y intercepts: there is no y intercept point since the domain of f(x) is R — {0}

e Determine all asymptotes of f(x).

Vertical asymp. lirg+f(x) =0 & lirg f(x) =— ~x=0is Vertical asymp.
X— x—> 0"

Horizontal asymp. lim f(x)=1 & lim f(x)=1 ~y =1 Iis Horizontal asymp.
X—00 X—>—00

There is no Oblique asymp.

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

f’(x)z# when f'(x) =0 - @:0 - 3(x2—1)=0 - atx=+1

f(x) has a critical point. There is no singular point.

-1 0 1
f(x) is increasing on (—o, —1] U [1,00) *

f(x) is decreasing on [—1,0) U (0,1] f'(x) + - - +

f(x) has local maxpoint at x = —1 & f(x) has local minpoint at x = 1 fx)

The critical point are (il,f(i 1))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

3(4—2x) 3(4—2x)
f1G) === when f"(x) =0+ ——p—2=0~ 3 (4-22*)=0
at x = +v2 f(x) has an inflection point X VZ 0 2
f(x) is concaving up on (—oo, —/2) U (o, ‘/E) 1o |+ - + -
f(x) is concaving down on (—V/2,0) U (v/2, ) £ U n U N

The inflection point is (+V2, f(+V?2))

e Using the parts above, sketch the graphy = f(x) in the coordinate axes provided below.

b -2 -1 0 1 V2 :
|+ |+ - - | + | +
ffeojuvinjin v ju|n S S e O A S
reo | I N I
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x3 x%(x? = 3) 2x(x? + 3)

6:let f(x) = .You are given that f'(x) = ——=- and f" (x) = ——<=
e Find the domain of f(x)
The domain of f(x) is R — {1} hint:x> —1#0 ~x?#1 ~x # +1
e Find both the x and y intercepts of f(x)

X3
X intercept: 21" 0> x3=0 - x=0 x intercept point is (0,0)
03
y intercepts: f(0) = of 1 =1- f(0)=0 y intercept point is (0,0)
e Determine all asymptotes of f(x).
Vertical asymp. lim f(x) =0 & lim f(x) =c0 & x=d=1are Vertical asymp.
x->+1t x-+1~
There is no horizontal asymp.
There is Oblique asymp. aty = x since lim f(x) —x = lim zx =0
x—+o0 xo+owo x4—1

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

20,2 _ 2042 _
£ =252 when fr0) =0 o 2D

>=0 - x*(x?-3)=0-> atx=0& ++3
(x2-1) (x2-1)

f(x) has a critical point. There is no singular point. x -3 -1 0 1 3
f(x) is increasing on |—o0, —v3] U [V3, o] e + - - | = — +
f(x) is decreasing on [—\/§, -1[{ v ]-11] U |1, \/§] fx) | 7 N \ \ \ 7

f(x) has local max point at x = \/3 & f(x) has local minpoint at x = /3
The critical point are (0,0) and (i\/g,f(i\/g))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

. 2x(x* + 3) . 2x(x* + 3) )
f(x)—mwhenf (X)—O m—o—) ZX(X +3)—0
at x =0 f(x) has an inflection point X 1 0 1
f(x) is concaving up on (—1,0) U (1, )
frf&x) | — 1+ | — 1 +

f(x) is concaving down on (—o,—1) U (0,1)
fx) | niu|niu

The inflection point is (0, 0)

e Using the parts above,sketch the graph
X -3 -1 0 1 3

FoO| + | - | -1 = =1+

f'tx) | n N uin V] U

o [ NN
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oX . — ,()_ex(x—Z) 4 ”()_ex(xz—4-x+5)
-1 ou are given that f'(x) = =102 and f"(x) = (x—1)3

e Find the domain of f(x)

Q7:let f(x) =

The domain of f(x) is R — {1} hint:x—1+#0 ~x#1

e Find both the x and y intercepts of f(x)

X

x—1

X intercept: =0 - e*=0 - nosolution Then,thereisno x intercept point

0
e
y intercepts: f(0) = =1 -1 - f(0)= -1 y intercept point is (0,—1)

e Determine all asymptotes of f(x).

Vertical asymp. liril+f(x) =0 & lil‘{l_ f(x) =—c0 s x=1is Vertical asymp.
x— x—
Horizontal asymp. ;im fx) =0 & xlir_n fx)=0 ~y =0 is Only Horizontal asymp. at the left

There is no Oblique asymp.

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

F) =280 whenf'() =0 » 2ED =0 5 e(x—2)=0 - atx=2

f(x) has a critical point. There is no singular point. X 1 2
f(x) is increasing on [2, o) f(x) - - +
f(x) is decreasing on (—o,1) U (1,2] f() N v 4

f(x) has no both local max point and f(x) has local min point The critical point is (2,f(2))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

) = ex(’iii‘i’;* > whenfr(x) =0 - ex(i:i{j 205 e —4x+5)=0
f(x) has no inflection point since A (x> —4x+5)=—-4<0 X 1

f(x) is concaving up on (—,1) F(x) — +

f(x) is concaving down on (1, ) £ (%) N U

The inflection point is (=1, f(—1))

e Using the parts above, sketch the graph y = f(x) in the coordinate axes provided below.

181

X 1 2
feo | - - +
(%) n U U
fo | Y M

&
1
t
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Q8: let f(x) be the function defined for all real numbers. suppose that f (x) satisfies the following

conditions: x 2 1 0 1 5 3

f(x) is not continous at x = +1, fx) | -1 -2 0 4 1 2
f'(x) is not defined at x = —2, ff&) |+ ] — | — - |- 0 + t
£ =0,£"(0) = f(3) =0, fOj+1+1+ 0 -+ + 0 =
dim f@)=—c0 , limf) =3, lim f=w , lim f)=-2 , lmf@=4, limf()=—c
Answer the following questions using the given information:

(a) Find all vertical and horizontal asymptotes of f(x).

since ;Ln.}o f(x) =3 .~y =3 isahorizontal asymptote (H.A.) ONLY from the right side

since xl_izri_f(x) = —2 and ler{l+ f(x) =4 - x=+1are the vertical asymptotes (V.A.)

(b) Give all intervals where f(x) is increasing.

From the table: (—o,—2) (2,)

(c) Is f(x) is decreasing on (—2,2)? Explain.

No! Oandlarein(—=2,2)and f(0) =0<4 = f(1) where f(x) is not continous at x = +1
(d) Give all intervals where f(x) is concave down.

From the table: (0,1) (3,0)

(e) Find all local maximum and local minimum points of f(x).

From the table: f(—2) = —1 islocal maximum. f(2) =1 is local minimum.

Also, since f(x) is decreasing on (—2,—1) and XEH}+f(x) =o0 ,f(—1) = =2 islocal minimum
Similarly, since f(x) is decreasing on (1,2) and xlir?_ f(x) = - ,f(1) =4 islocal maximum

(f) Find all inflection points of f(x).

f(0)=0,f(3) =2 areinflection poins from the table
f(x) is not continous at x = 1

~ there is no inflection point at x = 1

(g) Sketch a graph of f(x).
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Q9: For the function f(x) whose graph is given, find the following:

Ay

(a) }Cl_rg f(x) =13
(b) lim, £() = 4
(©) Jim ()= -5

(d) limlf(x) = Does Not Exist (D.N.E)
x—o—

(e) Points where f'(x) =0

x=-6,-2,8,10

(f) Intervals where f'(x) > 0

(=0, —6),(=2,-1),(=1,2),(8,10)

(g) Intervals where f is continous. (—o0,—4),(—4,—-1),(—1,0)
(h) Intervals where f is dif ferentiable. (—o0,—4),(—4,—-1),(—1,2), (2, )

(D) Jim f'(0) = o0

Q10: The graph of the function f(x) is given below, Answer the following questions:

(a) Find the limit lirr}ﬁf(x) if it exists.
x——

lim f() =1

(b) Find the limit lim1 f(x) if it exists.
X

lim f(x) =4

(¢) Find all intervals which f (x) is continous.

(—o0,—4), (—4,1), (1,)

(d) Find all intervals which f(x) is dif ferentiable.

(—00,—4), (—4,1), (1,2), (2,)
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Section 9: Problems session

Part 1:
Q1: Find the dimensions of the rectangle of largest area that has its base on the x — axis and its other two
vertices are above the x — axis on the parabolay = 4 — x2. 9
Area=2x (4 —x?) ~ A(x) =8x —2x3 x € [0,2] .

—~ Cx, 4%}
End points: A(0) = A(2) =0 ////, .

2 ' ’ K
Critical Point(s) in (0,2): A'(x) = 8 — 6x%> whenA'(x) =0 « x == { \
(s)in (0,2): 4'(X) @) = §ehor®

A (%) =8 (%) -2 (%)3 = % Thus, the max area of rectangle is A (%) > [A(0) = A(2)]

. . 4 8
Hence, dimensions of largest area of rectangle are NG and 3

Q2: A cylinder with an open top has total surface area 27m cm?. Find the radius of such a cylinder which has
maximum volume. Explain why your answer gives the maximum volume.
27 —mr? 27— r?

27t =2nrh+nr? =>h= = Volume:V =mr?h
2T 2r

27 — r?
V(r) = mr? <T> = %r(27— r?) = g(27r— r3) where 0 < r <27
End points: V(0) = V(v27) = 0

Critical Point(s) in (0,v27): V' (1) = 2(27 — 3r2) whenV'(r) =0 « r =3 isonly critical point

[V(3) = 27r] > [V(0) =V(¥V27) =0] sor =3 cm gives max. volume.

Q3: Find the area of the largest triangle with the following properties: one vertex is (0,0), the other vertices
are on the ellipse 4x? + y2 = 4 and one side is parallel to the y — axis. -
yIF

4x% +y?2 =4 -~ y=+42y1—x2 Consider the triangle AOB o (
/"T TR
The height is x unit. The base (4B) is 4V1 — x? // M\
/ \
A() = 2xJ1—x2 x€(0,1) 4= O‘\i‘ ‘T—
—2x  2(1—2x? 1\ §
A(x) =21 —x2+ 2\/1 _X ) whenA'(x) =0 ~ x= > N T ; {;/

—x2  J1-x2 V2 s \‘Vﬁ.l,_/(
1 1 . . u:_’? /4’-77"'
A <ﬁ> =1 Note that [A (ﬁ) =1|> [}}1_)1‘{)1+A(x) = ,}LT—A(x) = 0]
Thus, A (%) = 1 is the largest area for such a triangle.
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Q4: there are 50 orange trees in a garden. Each tree produces 800 oranges. For each additional tree planted in
the garden, the output per tree drops by 10 oranges. How many trees should be added to the existing garden
in order to maximize the total output of trees?

x = number of orange trees. Output per tree = 800 — 10x

T(x) = (50 + x)(800 — 10x) = 40000 + 300x — 10x? 0<x<80

End points: T(0) = 40000 , T(80) =0

Critical Point(s) in (0,80): T'(x) = 300 — 20x whenT'(x)=0 =~ x =15 T(15) = 42250
[T(15) = 42250] > [T(0) = 40000 , T(80) =0]

Hence, 15 more trees should be planted to maximize the total.

Q5: Among all triangles formed by the positive x — axis, the positive y — axis and a line passing through the
point (1,3), find the dimensions of the triangle with the shortest hypotenuse.

We are asked to find x,y & h = \/x? + y? with h — minimum

Lineeqn:y =mx+b where3=m+b theny=mx+ (3 -m)—- (1)

m-—23 3
Whenx=0 ->[y=3-m] & wheny=20 —>[x=T=1—E apply - (1)

Let f(m) = h? = x%? + y? thus f(m) = (1—%)2 +(3—-m)? me (—x,0)

' %) (%) —2(3=m) whenf'(m) =0  6(m—3)-23m*-m*) =0

Fiom) =2
1
s 6(m=3)+2m3(m—-3)=0 ~ 2(m—-3)3+2m3) =0 -~m=3¢ (—,0) and m = —33 € (—x,0)
1 1
Thus, m = —33 is only critical point. Note that [ lim f(m) = lirr(}_f(m) = +OO] > [m = —3§]
m—-—oo m-
1 3

1
Hence,m = —33 gives the minimum value of hypotenuse ~x=1-—5=1+33 & y=3+33
-33

winN

2 2

e e el = (1)

Part 2: (commonly asked in final exam)

Q1: Find the absolute mininmum and absolute maximum points and the values of f(x) = (x3 — 9x? + 15x)?/3
on [—1,6].

Since f(x) is continous on the close interval [—1,6], by extreme value theorem there exist both absolute
minimum and absloute maximum points of f(x) on [—1,6].

3x2—18x+15

1 _ 2,3 2 -1/3 2 _ 2
== -9 15 3x“ — 18 15) = —s/—————
£/ =28 =922 + 15071 (327 - 18x + 15) = 2o

Singular points: f'(x) is not defined i.e x3 —9x% + 15x = x(x> = 9x +15) =0 ~x=0o0rx = 9i;/2_1
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9421
-2

9—-+v21
f(o>=f( 2r>=0a<2>

But x 9-v21

¢ (—1,6) sox=0and x =

are only the singular points in (—1,6)

Critical points: f'(x) =0 ~ 3x* —18x+15=0 ~ (x—6)(x —1) = 0 so,x = land x = 5 are critical pts.
f(1) =7%3 and f(5) =253 - (2)
End points: f(—1) = 25%/3 and f(6) = 18%/°3 - (3)
From (1), (2) and (3),we have: f(—1) = f(5) = 25%/3 is abs. max.value &x = —1 and x = 5 are abs max. pts
9—-+21 9—-+21

2

> =0 isabs. min.value & x =0and x = are abs min. pts

f(0)=f<

1+x2

Q2: Find the absolute mininmum and absolute maximum (if they exist) of f(x) = e_( x ) on (0, 00).

_(1+x2) — lim (1+x2) _<1+x2) ~ lim
lime \ ¥ /=g xo0\ x /=7 = lime \ ¥ / =¢ x-o0t
X—00 x—0t

Freo = e 5 (5 1)

Singular points: f'(x) is not defined. Since f'(x) exists for all x > 0: no singular points

(1+x2

x )=e_°°=0

Critical points: f'(x) =0 - (é — 1) =0 -~ % =1 ~x =21 sox = 1is the only critical point on (0, )
[f(1) =e7?] > [lim f(x) = lir51+f(x) = O] so at x = 1the f(x) has abs max. point
X—00 xX—

OR since f(x) is increasing on (0,1] and decreasing on [1,) so at x = 1 the f(x) has abs max.point

However, there is no abs min. point on (0, ©)

[x? — 1] x <2

Q3: Consider the function f(x) = { 2+ cos(x — 2) > 2

(a) Without finding the absolute extreme values, show that f has absolute maximum and minimum values on
the interval [0,6].

X0 €[0,2) lim f(x) = lim [x* — 1] = [xo*> = 1| = f(x,) - (1)
X—Xg X—>Xo
x1 € (2,6] lim f(x) = lim 2 + cos(x —2) =2 + cos(x; — 2) = f(x1) = (2)
XX X—>Xq1
x=2: lim f(x) = lim [x2=1] =3 and lim_f(x) = lim2+cos(x —2)=3 = lim f(x) =3 =f(2) - (3)
x—2~ x—-27 x—27F x—27F x-2
From (1),(2) & (3), f(x) is cont.on [0,6]. So, by extreme value thm, there exist both max.& min.on [0,6]

(b) Find the absolute maximum and minimum values of f on the interval [0,6].

End points: f(0) =1 f(6) =2+ cos4 — (1)

—2x 0<x<1 x=0 ¢ 0<x<1
Critical points: f'(x) = 2x 1<x<2 > f'(x)=0] x=0 ¢ 1<x<?2
—sin(x — 2) x> 2 x—2=mm~x=2+m € x>2
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so the only Critical pointis f(2+m) =2+cost =1 - (2)

Singular points: xlir?_ f’(x) * xlir?_ f’(x) and xllgl_ f’(x) * xllgl_ f’(x) soatx=1andx =2 are singular points
so f(1) = 0and f(2) =3 are singular points = (3)

From (1), (2) & (3),we have:

f(1) =0 is the abs min.value of f(x) on[0,6] at x = 1 is abs min. point

f(2) = 3 is the abs max.value of f(x) on [0,6] at x = 2 is abs max. point

Section 10: Problems session

2
T X
1) The equation cos (7)’) = 3" 4 defines a funcation'y = f(x).Find the lineriztion of f at (3,3)

and use it to approximate f(3.1)
Ans: using the lineriztion rule: L(x) = f(a) + f "(a) (x —a) hint: a =3 and x =3.1
fla=f3B)=3

wleos(B) 1= 5 -4 i (). () = 252y 6s =2

dx " y x2

=~ the lineriztion of f at a = 3 : L) =fB)+f B (x—-3)=3+2+xx—-3)=2x—-3

using the approximation rule,we have f(3.1) = L(3.1) = 2(3.1) -3 =3.2

2) The equation sin(xy) + m = x + y defines a funcationy = f(x). Find the lineriztion of f at
(m,0) Also, find an approximation for f(3)
Solution: using the lineriztion rule: L(x) = f(a) + f '(a) (x —a) hint: a=m and x =3

from (m,0) since y =0 Sif(a) = f(m) =0

d ~ N . 50 N N
L [sinGy) + 1] =[x +y] « cosy). (v +xy) = 1+ using (m,0) 2 f (M) = Yaexor = —

mT+1
the linerizti t S L) = f ) —m) =0+ x—m ="
o = - = — = % —_ =
e lineriztionof fat a=nmn x)=f(m+f (n)(x—m ——] X—T ——]
-
using the approximation rule,we have f(3) = L(3) = 1

3) Using linear approximation, estimate V33
Solution: using the lineriztion rule: L(x) = f(a) +f(a)(x—a) hint: a=32 and x =33

1

Let f(x)=3¥x f(B2)=3VY32=2 f° (x)——x 5 then f(32) = —

5(16) 80

i 1
=~ the lineriztion of f at a = 32 N Lx)=f32)+f'(32)(x—32)=2 +%(x —32)

1 161

1
using the approximation rule,we have f(33) = L(33) =2 + 30 (33—-32)=2+ 30" 80
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X

3
Use the linearization of f at a = 1 to approximate f (—)

2

4) letf(x)=.[ e

3
Solution: using the lineriztion rule: L(x) = f(a) + f "(a) (x —a) hint: a=1andx = >

T dt 1 1

f(l)zf1 1+t6:0 and by F.T.C we have f (x):1+x6 so f (1):E

=~ the lineriztion of f at a =1 l—e> LX) =f(OH+f D) x-1) =0+%(x—1) =%(x—1)

3 3 1/3 1
using the approximation rule, we have f (E) ~ L (E) =3 (E - 1) =2

x2

5) let f(x) = f et’dt be given.Using the linear (tangent line) approximation of F,
1

and estimate f11'21 et’ dt
Sincex? = 1.21 thenx =1.1s0 a(=x=11)=1
12

fQ) = f et’dt =0 and by F.T.C we have f “(x) = 2x ex* so f (1) = 2e

1
~ the lineriztion of f at a =1 =z L) =f(OH+f (D) x—-1)=0+2e(x—1)=2e(x—1)
e
using the approximation rule,we have f(1.1) = L(1.1) = 2e(1.1—-1) = 0.2e = <

Section 11: Problems session

n

1 1 2 n 1 1
Q3)lim = [1—=+ [1 -S4+ [1—=|=1lim=) [1-—=i
x>0 N n n n n—oo N £ n

i=1

n n 1 1
1 1 2 2
ans: lim — 1——i=lim Afo(x{‘) =.>j\/1—xdx= (*)J\/ﬂdu=—u2/3 -2
n—co N £ - n n-co _— 3 0 3
1= = 0 0

{ letu=1-—x du = —dx
x=1->u=1land x=1 -»u=0

Ax = %= , x{‘=%i=a+iAx=a+i%, P,={x;=0,......, x5 =1}
xo=0=a, x,=1=5b
let f(x) =+1—x whichis cont. on [0,1]

1 1\° 2\5 PONC) I R i\
04) lim — (1+—) +<1+—) +eot (14-) | = lim = (1+—>
xX—0o Nn n n n n—>ooni=1 n

n 5 n

2
 lim ~ (1+i)—1' AZ(*)%] S dx = = x0]% =
ans.nl_r)lgon.1 - = lim xllfxi x x—6x 1=
= = 1
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Ax = =a+iAx=a+i%, Po={xg=1,....., x5, =2}

u xg=1=a, x;,=2=b
let f(x) = x> which is cont. on [1,2]

S
I
R
I
U=y
+

2/3 2\ 2/3 n—lé 1 n i\2/3
+(5) et () | =1m =S (2
n n n—ow N ¢ n

1

1 i 3

ans: lim — (—) 11m Afo(x ) ;fx2/3 dx = 5/3|0 =
0

i=1 i=1

=)
wul
N/
T:
g3
S|
/N

Ax = %z b-a = ._ %i=a+iAx=a+i%, Po={x;=0, ... x,=1}

u xg=0=a, x;=1=b
let f(x) = x%/3 which is cont. on [0,1]

&) i -k - (kn
e®) Jim ) = sin ()
k=1

s km
ans: lim — sm( - ) = llm Afo(xk) = f sinx dx = —cos x|§

3

n—oo n
k=1
m _b—a . kn 3 . LT .
Ax = n= " xkzw—a+kAx—a+k , Pob={x;=0,= xlzﬁ........,xnzn'}
u xp=0=a, x;=T =b
let f(x) = sinx which is cont. on [0, ]
n n n
1 i2 1 i2 1 i2
Q7) llm Z 1———11m 1——+ lim— 1-—==0+ lim— 1-—
n—oo n nZ n—-oon n n—-oon nZ
i=1 i=1
T
ans: hm ’1— — hmAfo(x):]xll—xzdx——=—
n—>oon 4
px = 1-0-a *———+A—+1 B, ={x;=0,= z c=1
X ==, =gi=atibx=a+ti_, {xg xl—n.......,xn— }
u =0=a, x,=1=0b

let f(x) =+/1—x which is cont. on [0,1]

Q6)l 4(4]—2) 4]—2 41 =lim (4]—2) 4]—2
n—>oon
letx?+1=u

n 4
4j-2) |42 -
ans: lim Z(] )\/(] > 1:IimAfo(xf)=.>fx\/x2+1dx du = 2x dx
n—0o
i=1 0

n-oon asx—->0 ~u-1
1 217 1 é
= — 2 = - 172—1
) 3[( ) ]

asx -4 ~u-17
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_ 4 _ b-a «_4-2 _ A .4 (w2 2 «_4dn—-2 2
Ax—ﬁ— e —a+]Ax—a+]ﬁ, Pn—{xo——ﬁ,xl—ﬁ,............,xn— . _ﬁ}
" x3=1im—§=0=a, x,’;=1im4—z=4=b
n-ooo N n—-oo n

let f(x) = xVx?2 4+ 1 which is cont. on [0,4]

Q(B): For the funcation f(x) = (sin x) **1

write a Riemann Sum obtained by dividing the interval [1,3] into n equal length subintervals.
3 n
ans: we havef (sinx)**1 dx = lim Z f(x{) Ax = (using Riemann Sum)
1 n—->oo :
i=

Ax = b—a:3—1 :z, B,={x5=3,.c..., x5, =0}, then x{ = 1+ziwhere xX;i =a+ilAx
we have = n n

n n
where f(x) = (sin x)**1 which is cont. on [1,3]

n

5 ) 5 (1451)+1
f (sinx) ¥t dx = hm zf <1 + —z) - = (using Riemann Sum) = lim — - sm( 1+ —l)
n—-oo
i=1

Section 12: Problems session

Q1: calculate the upper and lower riemann sum for the funcation f(x).
= x2, corresponding to ]

the partition B, of [0,2] into 4 subintervals of equal lenght.

A _b—a_2—0_1
YT T T T T2

L(f,p) = Ax [f (1) + f(l2) + fl3) + f(La)]

s 14704 ) -or 4]

U(f,p) = Dx [f (u1) + f(uz) + f(uz) + f(ua)]

[12 2

Qs Qe ro]-aff e Fen]- 2

Q2: calculate the upper and lower riemann sum for the funcation f(x) = cosx , corresponding to

the partition P, of [0,27] into 4 subintervals of equal lenght.
Ax = b—a 2n-0 =
TTh T T e T2

L(f,p) = Ax [f(l) + f(l2) + fl3) + f(La)]

T

3
=> [f(g)+f(n)+f(n)+f(7n)] =2l0-1-1+0]=-7
U(f,p) = Ax [f(uy) + f(uz) + fus) + f(ws)]

=g[f(0)+f() f( )+f(27r)] S[140+0+1] =
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Q3: calculate the upper and lower riemann sum for the funcation f(x)
= |x? — 1], corresponding to

the partition B, of [0,2] into 4 subintervals of equal lenght.
b — a 2 - 0 1

n 4 2 —

L(f,p) = Ax [f (1) + f(L2) + f(l3) + f(1a)]

Qs s Q-3 ov0ed -

Ax =

U(f:p) = Ax [f(ul) +f(u2) +f(u3) +f(u4)] -05

:%[f(0)+f(%)+f<)+f(2)] [1+z+i+3] 3

The definite integral

Q4: By using Q1, Prove that f(x) = x? is integrable on the interval [0,2]
Let] = foz x?2 dx. such that for every partition P of [0,2] we have L(f,P) <I < U(f,P) - by Q1 - Z <I< 1:5

Then the function f(x) is integrable on [0,2], and we call I the definite integral of function f on [0,2].

Q5: By using Q2, Prove that fozn cosxdx <m

Since the function f(x) = cosx is integrable on [0,21] then L(f,P) < fozn cosx dx < U(f,P) - fozn cosxdx <m

2
Q6: By usingQ3, Provel<I< 3 where | =f [x? — 1|dx,
0

Since the function f(x) = |x? — 1| is integrable on [0,2] then L(f,P) < I S U(f,P) ~ 1 <1< 3

Section 13: Problems session
1) f_22(2 + 5x) dx =2 f_22 dx +5 f_zzx dx =2x|2,+0=2(2—-(-2)) =8 since x is odd function

Y
2) f 1+ sin3 x/9x2 + 4cos? x dx
-1

Vi s
=f dx+f sin3x/9x2 + 4cos? x dx = x|%, + 0
3 -7

=27

fl@) = Vo—=2
since sin3 x+/9x2 + 4cos? x is odd function 5 ; ;

3 J sinx —0 ] sinx dd 4
= since SO unction
) 1+ x2 1+ x2 /
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3 r? 3)2 9
4) f V9 —x? dxznT(half circle) =n(2) =5m
-3

lety=v9—x2 - y2=9-x2 o> y2+x2=9=32}
using circle eqn: y?> + x> =r? - we haver =3

Section 14: Problems session

ZG()—Zfsx‘tzdt nd = Gx)atx = —=
) G(x) =x _4e fin I (atx=—¢
4
d 5x 4 4\ 5(-5) 42 ©n2\ 16 _16
el — -2 2(p-25x2) . o)\ =02 -t? —— ‘25(‘3) =—e 5
de(x) 2xf_4e dt + 5x (e ) G( 5) 2( 5)]_4 e dt+5( 5) (e ) 5e 5
x3 2 d 6 4 ! 1
3)H(x) = f e " dt +—H(x)=3x% "% —2xe™ ~HQQ)=3e1-2et=el=-
X2 dx e
1 (* J; tan(t?) dt [0 tan(x?) 1. sin(x?) 1 1 1
. _ 2 — i ()— — N . — _ 1 —— ——
/2 CoSs X
In (sin t) dt 1o —In(sinx e cosx O
5) limf H_(LH) ¥[]—(LH) X _ iy —— == =0
x-T/2 sinx — x—>n/2 CoS X x—m/z —sinx  x-m/2sin?x 12

- 238x + 2019 [ ] (o i 2382019670 23840238
) it fox(cos(t3) + cos3t) dt L0 B vt cos(x3) + cos3x  1+13 2

Section 15.2: Problems session

(1)f3taan+secx mnxdx—f3secxtanx de+f3sec x+tanx dx = (*)f \/_du+f Vo dv

cos X

2 2 2 i 287 2
= _13/2 Z1,3/2 - - 1/4
U |1 +3v l, = e +2(371/4)

T
secxtanx vVsecxdx letu =secx then du=secxtanxdx asx—-0. u-1 asx—>§.'- u-2

O — i

(*) 9 ™
3
2 2 T
sec*xvVtanxdx letv =tanx then dv =sec*xdx asx—->0. v-0 asx—>§.'- v—>\/§
0
s s s
f cos® x sin xdx—f(cos x)? sin? xcosxdx—f(l—sm x)? sin? x cos x dx
T T L
2 2 2
0 2y2,,2 4 0 5 4 64 u® ws u’|° 1,2 1 __ —-35+42-15 _ -8
= (* 1—u)*u*du=J u*—2u"+u u=[——2—+—] =—ct-—c=——=—
()fl( ) fl 3 5 0 714 3 5 7 105 105

I
(%) letu = sinx thendu = cosx dx asx—>5.'- u->1, asx->m~ u—-0

3)J Lcr;;; =f LCI;ZSJ; sinxdx = | (Acos’x) _zos %) sinx dx = () —[ (1-u )du = [u3/? —u/2 du

2 2
Zusl2 —ut? ¢ = ECOSS/ZX— 2cos?x + ¢ (%) letu = cosx thendu = —sinx dx
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@ J; 1+\/_ = f7 \/_\/1 +Vxdx = 2 f”‘/— Vi du = (%) 22037 1+\/— [(1 +v2)*? 23/2]

1
() letu=1 +/x thendu = —— dx
) o
In?u In?(In x)

(S)Im(lnx)d _()fln“du_(**)ftdt—— te=——+c=—)

xInx

1 1
(x)letu=1Inx then duzzdx (x%) let t =Inu thendtzadu

(6) [ tan®xsecxdx = [ tan*xsecxtanx dx = [ (sec?x — 1)?secxtanx dx = () [ (u? — 1)%du

sec5 x

5

5
=f(u4—2u2+1)du=u?—§u3+u+c= —gsec3x+secx+c

(%) letu = secx then du = SeCcX tanx dx

().f 2x dx 2x+1)—-2 x+1 f dx
x2 + 2x +3 x+D2+2%7 (x+1)2+2 (x+1)2+2
()fd—“—f(x+1)+ dx = In((x + 1)? +2) —vZarctan (S5) + ¢ () letu = (x+ 1% +2 then du=2(x +1) dx
2 5/2 3/2
(8)f%=(*)Zf(u4+u2+1)du=2(x5 z +\/—) () letu=+x thenduz%dx
9 %arcsinxd _ g d _u? g_nz
O)s Tz dx =g udu =] =5
i = ! Y - - = —>E
(%) let u = arcsinx thendu—mdx asx—>0~u-0, asx 7~ u 3

1+x 1+u? ud+u 2
(10) [ mdx =) T 2udu=2] T du=2{ (u2 —u+2 —m)du () let u?> = x then2udu = dx

=2(%—% 4 2u—2mfu+1))+c=2(5 -2+ 2vx — 2InjVx +1]) +¢

(1+x2)3/2

(11)f\/§ dx = (») [ (u? —1)du—— u+c —V1+x?+c

() letu=+v1+x% then du =

dx

it 2
(1 )fo sinx— cosx _( )f —In |u| |\/— —ln\/_ ln2

sinx+ COSJC

. . . T
(#x)letu=sIinx+ cosx thendu=(COSX— SInXx)dx =—(SInX— COSX)dx asx—>0~ u-1, asx > - u—>ﬁ

4
Section 15.3: Problems session
(1) [ e®*sin(e3*) dx = (x) — %.93" cos(e3*) + [ e3* cos(e3*) dx = —§e3x cos(e3%) + ésin(e“) +c
u=ed dv = e3*sin(e3*) dx
() 1 Suv-— J vdu
du=3e%*dx v=—3cos(e’)

4 Jx 4 Jx 1 _ 2 ¢ . 2.9 ¢
(2) [[Vxerdx=[Vx* e x*Z\/E*ﬁ dx=(x) [[t* et 2t dt = (+0)2 [ t?e" dt
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2
=2 [t%et|? — (x*x) 2 f tetdt| = 2(4e* —e) — 4| (te")|? — fetdt‘ = 8e? — 2e — 4[2e? — e — (eY)|?]
1

=8e? —2e —8e? + 4e + 4e? — 4e = 4e% — 2e

1
(M) lett=+x thendt==——dx asx—>1~t—>1, asx>4-t—>2

2Vx
u=t dv=e'dt u=t dv=etdt d
() du =2t dt v=oet Crex) du =dt v=et —>uv—fv u

x? 1
(3) f x arctan(x?) dx = (%) [— arctan(x?) — (**)f dx] = —arctan(x?) — Zln(l +xH +¢

1+ x* 2
u = arctan(x?) dv = xdx x3 1
(* 2x x2 —>uv—fvdu (#)letu=14+x* then du = 4x3 dx —>f—dx=—f—du
= —— _dx V== 1+x4 4
1+ x* 2

4) j x?e¥dx = (%) [xzex — 2(*x%) f xe* dx] = x%e* — 2 (xe" - j e* dx) = x?e* — 2xe" + 2" + ¢

=e*(x*—2x+2)+c

u=x2 dv = e¥dx u=x dv = e*dx
(*)( ) (**)< )ﬁuv—fvdu

du=2xdx v=e* du=dx wv=e*

(5) [ (x — 1)?In(x — 1) dx = (*) [%m(x 1) - §f (x — 1)? dx] _ <x—31) InCx — 1) — (x—gl) e
u=In(x—1)  dv=(x—1)%dx
() du=xd_xldx v:@ —>uv—]vdu

(6)]93\5 dx = (>l<)jey3y2 dy = (**)SJyZey dy =3

y?e” — 2(***)fyey dy

= 3[y%e¥ — 2(ye¥ — [ e¥ dy)]| = 3y%e” — 6ye¥ +2¢¥ + ¢ = 3x2/3e V% _ 63/xze VX 4 20 V% 4 ¢
1
(x) lety = X thendy = §x'2/3 dx i.e dx =3x*3dy =3y*dy

( )u=y2 dv = eYdy ( )u=y dv =eYdy J‘ p
s,k sk k — —
du=2ydy wv=eY du=dy v=¢eY wy v

V3 V3

dx = (*)zj arctant dt = (x*)2 |t arctan tl‘l/§ - (***)f 1+ t2 dt
1

) j arctan\/—

23
=2[\/_*§—%]—[1n4—1n2]=Tn—§—ln2

1
(*) lett =x thendt=Fdx asx—>1~t-1, asx—=3-t—-+3
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V3
u = arctant dv =dt t 1 : 1
(€ 1 —>uv—J-vdu (x*+) letw=1+t% thendw = 2tdt i.e f—dtz—f—dw
du = dy v=tdt L+1¢2 z2)w
1+¢t? ! 2
Q) [ == dx = [ (x%e*") = (%) e + [ xe*’ dx = Lexz-i—le"z +c
(xz+1)2 (xz+1)2 2(x2%2+1) 2(x2+1) 2
u = x2e* dv = —~—— dx
() G+ 1) 1 —>uv—fvdu
— 2 2 -
du=2xe*" (1+x%)dx v= CZES))
Section 15.4: Problems session
x+1
( )f xz(x2+1)

x+1 _Ax+B+ Cx+D
x2(x2+1)  x2 (x2+1)

[t =[S [Gmme = [z [mo- [ e [

= In|x| — ~ Eln(x2 +1) —arctanx + ¢

>5x+1=A+C)x*+(B+D)x*+A4x+B ~A=B=1,C=D = -1

(2)f 3x3-3x24+x-1 dx

x2(2x2%2+1)
3x3-3x*+x—-1 Ax+B Cx+D 5 , , ,
222D % +(2x2+1):>3x —3x*+x-1=2A+C)x*+(2B+D)x“+Ax+B

244+4C=3 2B+D=1 +~A=C=1 D=B=-
f3x3—3x2+x—1d _fx_ld f x—1 J _f 4 fld +f x 4 f 1 4
22+ T e Y aer ™ S IP Rl N OPPINES Ll NG b

1 1 1
= In|x| + < + Zln(x2 +1)— ﬁarctan (\/Ex) +c

x2411x+10 x%2+11x+10
B o =dx =

X3 44x2+5x mdx (Assume that (x # 0))

x2+11x+10_A+ Bx+C
x(x2+4x+5) x (x24+4x+5)

=>x2+11x+10=(A+ B)x?+ (44 + C)x + 54

“A=2 B=-1 (=3

fx2+11x+10d _fzd N —x+3 dx = 21njx| + —x +3 {u=x+2
B axt+5x T x (x2+4x +5) x=emx (x+2)Z2+1) du = dx

5—-u 5 u 1
— - — - ) —_— — S 2
21n|x|+f( 5 1)du 21n|x|+f( > 1)du f( > 1)du 21In|x| + 5arctanu 2ln(u +1)+c¢

1
= 2In|x| + 5arctan(x + 2) — Eln((x +2)2+1+c

( )f 8x+1

xz(x2+4)
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8x +1 _Ax+B+ Cx+D
x2(x2+4)  x2 (x2+4)

>8x+1=(A+C)x%+ (B+D)x?+ 4Ax + 4B

.A=2 B=> c=—2 D=—12
ST 4 -4

1
f o+l g —f2x+4d+ Zx_zd —zf d+f J 1f L 4
2+ ] T T v * CT Ll Mooy o

1 1 X
_ _ 2 __ Z
= 21In|x| + yp In(x* + 4) 8arctan (2) +c

) e 4

(x— 1)(x2+9)

10 __A  Bx+C
(x—1D2+9) x—-1 x2+49

f 10 d—fld fx+1d_jld jxd Jld
(x—1)(x?+9) Tl rxa* 2+9 T ) x 1 2+9 2+9

1 1 X x—1 1 X
=ln|x—1|—Eln(xz+9)—§arctan(§)+c=1n| - L‘ga”tan(g)“
X< +

510=(A+Bx*+(-B+C)x+94A—-C ~A=1 B=-1 C=-1

(6)fx+1dx—f1dx+fx+1dx—f1dx+f dx+f dx—fldx+f—dx+f

pryo 1)dx

(x - 1)?

1 1
:x+ln|x—1|+(*)fxz(de=x+ln|x—1| ln|x|+ +C—x+ +1n +c

D

1 Ax+B+ c
* =
()xz(x—l) x?2 x—1

f 1 d j’x+1d 4 1 d J‘ld J‘ld +J‘ 1
* —_— = — —_— = — _ [— [—
) x2(x—1) x xz x—1 x xz X —

51=UA+C0x*+B-A)x—B ~A=-1 B=-1 C=1

1
x=-—Inlx|+-+c
x

()fx3(x 1)
1 Ax> +Bx+C D
= 1=(A+D)x3+(-A+B)x*+(-B+C —C
T = +x_1=> (A+D)x3+ (-A+ B)x*>+ (=B + C)x + (-=0C)

«A=-1 B=-1C=-1 D=1
j 1 e = jx2+x+1d +f 1
x3(x—1) x= x3 x x —

1 1
=—Inlx|+=-+-——In|lx—1[+¢
x  2x

d—fld fld J1d+j1d
1x— xx xzx x3x x—1x

3u? _ /3 5 _
)] oo @ = | Gy du where (4= X7 21 =)

(1+w)(1+u?) dx = 3u?du
su? 4 +Bu+C 3u2=(A+Bu?+B+Cu—(A+C) ~A 3 B > C 3
= = = - = — = - = ——
A+w(l+u?) 1+u 1+uz Y ¢ u 2 2 2
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f 3u? d_3f1d+3fu_1d_3fld+3f ud BJ 1 4
A+ +) "2 1 +2d™ 2] 1+ 2™ 7 2) 1+ 2 1+ 2™ 2 ) 1+ 2™

3 3 3 3 3 3
=—Inlu+ 1|+ Zlnlu2 + 1| —=arctan(u) + ¢ = Eln|x1/3 + 1| +Zln|x2/3 + 1| —Earctan(x1/3) +c

2 2
x du u=1+x" - du = 119x"*%dx
(9)fx(1+x119):f119u(u_1)where (dxzn;iﬁﬁ%:n:;lg=119‘Z_1)>
1 A B

=u(u—1)=u_1+;:>1=(A+B)u—B “A=1 B=-1

1 j de 1 U du _fdu L o1 1n|u|]+c—i1n|u_1|+c
119) u@—-1) 119|Ju—-1 ) u| 119 119 | u

1 5119

= T1o M [T | T €

Section 15.5: Problems session

2
D[ mdx. (Assume that (x > 1/2))

f ()f sec 201 0t 9d9—1fseC39d9—1f 1 C0529d9
(42 )3/2 nig 200 An 8) tan20 8 cos36sin20

1] 1 " 1J‘sin29+00320d9 1 j 1 46 + jcos@
— — — _ — = — %k
8 ) cos@sin20 8 cos O sin% 0 8|J) cos@ (+*) sinZ @ ‘f L
*){ u =sinf
du = cos6df

1 1 1 1 1 2x
=§[fse09d9+ J‘ﬁdu]=§[ln|secl9+tanl9|——Sim9 +C=§[ln|2x+\/4x2—1|———4x2_1]+c

2x 1 1
(*)letsecezT - x=Esec9 S0 dx=zsect9tan9d9

1 (. 1 Au=t—
(Z)J\/tz—6t+13dt_j\/(t—3)2+4dt ()jmd“ (){du=dt

L4 fcosez 29 dg f 6 d6 f 6 do
= (%% —_— = =
N u = (*%) o 2sec cos p— sec
= In|secd + tan 8| + ¢
=1In #+§ +c=1In —“(t_:)2+4+? +c (**)lettan6=% - u=2tanf so du=2sec’6db
sin3 @ 1 1-cos?6
(S)I\/de () [ tan® @ cos@sec? 0 dO = [ ———cos ——df = [ ——sin6df
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_1_C0529 . u = cos @ 1 —u? , » 1 1
_f cos* 6 Sln9d9(du=_sin9d9)__f ut du = f(u —u*)du= ——+3—+c

1 1 1+x%)2
=— + —V1+x ( ) ——+c

cos® 3cos3 9

(x)lettand = x so dx =sec’6db

1 1 1 x

(4)] —(*)f—cos 0 2 sec? 6d6——fcos€d6——sm0+c-— +c .
(4 + x2)2 4 4 V4 +x? N

+

. %% x
(*)lettan@zz - x=2tanf so dx = 2sec?6db
A

Z

sin? 1
dx—()f costB=.[-sin29d9=—f[1—c0529]d0

(5)f\/_ )

1 1 sin 26 1 1
=—f[1—C0529]d9 =E[9— 5 ]+c=§[9—sin9c059]+c=§[arcsinx—x\/1—x2]+c

2

x
(*)letsin0=T - x =sinf so dx =cos6db

r‘ L
Section 16: Problems session -

Evaluate the improper integral (1 to 7):

0 . . . . = = x
1) [__ xe* dx this integral is improper at x = — (u i dvv;xdx) »uv— [vdu
0 0
lim | xe*dx = lim |xe*|% — f e*dx| = hm [xe* —e*|%] = lim (=1 — Re® + ek)
R—->—o0 R—->—o0 R—o>—o0 R——0o0
R R

=—-1-0(x)+0=-1- f_ooo xe* dx is convergent (*)RliIIl ReR = hm — [ °°] = (L'H) lim : —=0

R—o>—oc0 — €

2) fooo xe ™" dx this integral is improper at x = o
R
lim [ xe™" dx = lim

R—o0 R—o0

0

1 LR 1 _2|f
——e| | = lim [-=e**| | = lim ——e ~R? ] = (convergent)
2 0 R—00 2 0 R—o 2

3) floo " (lix)z dx = fooo uizdu this integral is improper at u = 0 and u =

[e9) 1 (]

1 1 Lo 1° . 1R_1, 1 1. 0.
f—z f—z f—z”—RE& Tl | TR | T, —RE&[%W—T ]—°°
0 0 1

1
f de is divergent
1

© Inx
4) f2019 = —-dx thisintegral is improper at x = o
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R R
) In x ) Inx|® 1 Inx(® 1%
lim fx—dx = lim |[—— + —dx = lim |——— —-—

R—oo 2 R—co0 X 12019 x? R—oo X 12019 X l2019

2019 2019
_ [ InR [oo] LHY + In 2019 1 [ N In2019 1 N ] B In2019+ 1
o Rl_r)rgo 2019 2019 R—>oo 2019 R 20191 2019

Inx )
——dx is convergent
X

2019

5) Ji

20 m dx this integral is improper at x = o

R

1
li —_—
R _[ x Inx In(lnx) dx

120

dx asx =R - u=In(InR)and as x = 120 - u = In(In120)

let u = In(lnx) - du =

x Inx
In(InR)
1
lim f adu = lim [ln uliﬁgzgo) = lim [In(In(InR)) — In(In(in120))] = oo (divergent)
In(in120)
6) f03 —(9_3;621;‘3/2 this integral is improper at x = 3
xX=R x X=R
I J‘ x dx — )l (3sin8)(3cosB) db smB do y 1 f 0 tand do
* = —
RO3- (9 —x2)3/2 Ro3- (3cosh)3 R—>3‘ 3cos2H| Ro3-|3 sect tal
x=0 x=0
X 9 — x2
n R ) 1 3 k _ 1 1 sinf == and cos@ =
= lim [gseceligo] = lim T |= dim | —— —3|=e ¢ 3 ) 3
9= 9- R’ cos@d@zgdx
3
x dx
—(9 — )32 is divergent
0

7) foo X3 epis integral is improper at x = oo

i x dx
Rt 14+ x4
0

R—o0

K 1
= lim [—arctan(RZ) - O] == (E) I (convergent)
0 R |2 4

= lim 2arc an(x*)

8) f 2/3 dx this integral is improper at x = 0 and x = o
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2/3 2/3 x2/3

Jre [ [

dx = I, + I, = divergent

©01] f)==720letgx) =520
f(x) = g(x) =0 We can use comparison test

fy = dx = [ —dx =0
since f —dx is divergent by p-test

sof

2/3 dx is divergent by comparison test - I;

>0

x2/3 =

[1,0) f(x)= xi/s >0 letgx) =

f(x) = g(x) = 0 We can use comparison test
o eX co 1

fl xZde > fl xZde >0

since foo idx is divergent by p-test

sof

—5 dx is divergent by comparison test — I,

9) f119 sin? x

+5/2

sm X
%52 =

>0

1/2 =

(0,1] f(x) = >0 letg(x) =
g(x) = f(x) =0 We can use comparison test f0119

since f — 7 dx is convergent by p-test. Thus, |

dx this integral is improper atx =0

1 119 sin?x
dx = [ dx

x1/2

119 sm x

0 52 =0

dx is convergent by comparison test

o dx
10) J, e

J‘ dx _f dx +f dx
J Vx+a? _0 Vi+x® ) Vx4 a®

this integral is improper at x = 0 and x = oo

= I; + I, = convergent

(O3] f) = 7w 20 let g() = 57 2 0

f(x) > g(x) >0 We can use comparison test

fy mmdx 2 [y mdx20

\/—+x3
since f —=dx is convergent by p-test
o) \/_ dx is convergent by comparison test — I;

[Loo) f) =520 letgl)==20
flx) = g(x) > 0 We can use comparison test
x> [ —dx 20

o 1
fl \/—+x3

since f dx is convergent by p-test

o) ——— dx is convergent by comparison test — I,

\/_

11)f

[¢) 1 (o)

dx dx dx
fx7 - ]x7 * ] x7

+ x1/3 + x1/3 + x1/3

1/3

this integral is improper at x = 0 and x = o

=1, + I, = convergent

0 0 1
(01] f(x)—W_O letg(x)— 1/3 >0

f(x) > g(x) >0 We can use comparison test

1
f() x7+x1/3 = f 1/3 dx 2 0
since f 1/3 dx is convergent by p-test
SO f —————dx is convergent by comparison test = I;

7+ 1/3

[1,00) f(x) = 1/3 >0 letglx)==—2=0
fx) =2gx) = O We can use comparlson test

%) dx o 1
fl mdxz_fl x—deZO

. 1 .
since foo —dx is convergent by p-test

sof

7+ 1/3 ———77 dx is convergent by comparison test - I,

12) f

1/2+ 2

this integral is improper at x = 0 and x = oo
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[ 1 (o]

dx _ dx dx 4l
f 22 fxl/z g, + f —x1/2 P + I, = convergent
0 0 1
0,1] fx) = 1/2 >0 letg(x) = 1/2 >0 [1,0) f(x)= 1/2 >0 letglx)==2=0
f(x) > g(x) >0 We can use comparison test f(x) =gx)=0 We can use comparlson test
1 o) dx © 1
fo x1/2+x2 = f 1/2 —zdx =0 fl x1/2 452 dx = fl x_zdx =0
since f 1/2 dx is convergent by p-test since foo idx is convergent by p-test
o) f —>— dx is convergent by comparison test so f —>— dx is convergent by comparison test
- I1 - 12
13) f /2 d,x this integral is improper at x = 0
] ] 1 1
0<sinx<1 - 0<xsinx<x - - >—2=0
xsinx — x
1 .
flx) = porm= 0 letg(x) = == 0 We can use comparison test:

fﬂ'/z dx > fﬂ.’/z dx

0 xsinx — “0

= 0 since f m/2 dx s divergent by p-test. Thus, f /2 _dx . is divergent by comparison test.

4 dx 2 dx 4 dx .. . .
14) fo x2+x ==/, DTS =/, ooy T S, Ghorsy = thisintegral is improper at x =2
fx) = x2+ -=0 let g(x) = 2) > 0 We can use comparison test:
2 dx 2 BT R dx . _ R1 _ 1: _ _ _ —
fo ore 2 fo (x =0 S'ncef = lim [, —p = Jim[In|x — 2[[g] = lim [In|R — 2| — In|=2]] = oo

. . L 4 dx
is divergent by comparison test. Similarly, f

d .
— IS
x2+x-6 2 (x=2)(x+3)

So fo gy s divergent by direct-test. Thus, fz

d|vergent Thus, fo is divergent by comparison test.

x2+x—6

1-cosx

15) fl mdx this integral is improper at x = oo

0 < 1 1 - 1 - 1—cosx >0
<cosx<1 - > > =
x5/2 7 x5/2 + x4+ 119 ~ x5/2 + x + 119
flx) = I () let g(x) = > 0 We can use comparison test:
x5/24x+119 — g x5/2 = P :
o dx (o) 1-cosx
fl 5z = f1 mdx =0 smcef — is convergent by p-test.
o) 1—cosx . .
Thus, fl mdx is convergent by comparison test.

3 (1+e™%) (x +x+1)d

16) f

this integral is improper at x = 0

(1+e™%) (x3+x+1)
5

fGx) =

3 (1+e™™) (x3+x+1) 31
Js — dx > [ —dx >

>0 let g(x) == = 0 We can use comparison test:

0 since f03 x—lsdx is divergent by p-test.

—XY (43
Thus, f3 (1+e™¥) (x3+x+1)

0 o dx is divergent by comparison test.
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17) fj; x~arctanXgy  this integral is improper at x = o
Since arctan is an increasing function, arctan(x) = arctan(\/§) = g forx = V3

Thus 0 <

< for all x >3 as the improper integral f\g% dx converges by p — test where
X3

arctanx — =
X x3

p= g > 1. Consequently, fj;x‘ar“a“xdx converges by comparison test.

Question: Let f be dif ferentiable function on R such that lir+n f(x) =120and lim f(x) =1. Find
X—+o00 X—>—00

the value of the improper integral f f “(x) dx. Explain and show your work.

o] 0 [ee}
f f(x)dx = ff “(x) dx + f f(x) dx if both integrals exist
—o0 —00 0
0 0
f fG0 dx = Jim [ j frG) dx| = lim [f(IR] = lim [£(©) — f(R)] = f(0) =1 and
— oo R

o' R
[ 1 ax=pm| [ £@ dx| = pm I8 = im0 - f0)] = 120 £©)  and
0 0

Thus, f f (x)dx = f(0)—1 +120— f(0) = 119

Section 17: Problems session
Q1: Sketch and find the area of the finite region bounded by the curvesy = x3 and y = 4x.

x3—4x=0 ~ x(x2—-4)=x(x+2)(x—2)=0

cx=0 x=-2 . x=2
Intersect points are (0,0), (—2,—8) and (2,8)

0 2
A= f(x3—4x)dx+f(4x—x3)dx
=2 0

2

x4 0 x4
= (=22 2x% — —
Gr2)| + (22 5)

A=—-4+8+8—4=8unit?

0
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Q2: Write (DO NOT EVALUATE) an integral (or sum of the ingrals) which gives the area of the region
lying below the line+/7 y = x + 1 and inside the circle x> + y? = 1.

(x +1)2 sox2+(x+1)2=
7

7x24+ (x+1)2=7 508x>?+2x—6=0 ~2(4x—-3)(x+1)=0

~» x = —1 Intersect points are G,g) ,(—1,0)

1

x2+y?2=1 and y% =

3
X ==
4

3/4 1

A= j \/%(x+1)—(—\/1—x2)dx+2 fx/l—xzdx

-1 3/4

Q3: Sketch the region between the parabolasy = 3 — x%? and y = x* — 2x — 1 and find the area of this

region.

3—x?2=x?—-2x—-1 ~x?-x-2=0 ~x=—-landx=2
2

A= j[S—xz—(xz—Zx—l)]dx= f(2x2+2x+4)dx

-1
2x3
= —T+x2 + 4x

Section 18: Problems session
Q1: Let R the region bounded by the curvesy = 10 — (x — 1)? and y = (x — 3)?

2

- ats (2+1 4)—9
., 3 3 B

a) Write a difinite integral which is equal to the volume of the solid obtained by rotating the region
R about x-axis. DO NOT EVALUATE.

10-(x—1)2=(x-32>10—-x>—-1+2x=x*>+6x+9
2 2x2—8x=2x(x—4)=0 ~x=0andx =4

the disc (slicing, washer) method

Y=1o- l.x-l\\

V=m|[(10—-(x—1)?)? - (x —3)*] dx

o Y— .

b) Write a difinite integral which is equal to the volume of the solid obtained by rotating the region R
about the linex = 4.D0 NOT EVALUATE. - N 2

9 ‘—1’
the cylindrical shell method

V=2nf(4—x)[10—(x—1)2—(x—3)2]dx
0

= 1 ;.',m\

5:\&-“—\\‘
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Q2: Let R the region bounded from above the x-axis and from below by the curve y = 2x — x%. R is
rotated about x = —1 to generate a solid. Write (DO NOT EVALUATE) integrals giving the volume V
of the resulting solid of the revolution by using following methods;

a) the cylindrical shell method. ( t
; Q_X4X’L: )(“"*\
2 .___ it 43-:
V=2nf(1+x)[2x—x2]dx \ 1 "
0 e E ol oL '
b) the disc (slicing, washer) method. CL Silen
2+./4—-4
y =2x —x? —>x2—2x+y=0-'.x:_fy=1i‘/1—y
1 ’
_ 2 2 \
Vznf (1+J1-y+1) —(1—‘/1—y+1)]dy {
0 l|
: a
[ 2 2 !
V=nf_(2+,/1—y) —(2—,/1—y)]dy :
0 'l;
1 : g ;
V=87wa/1—ydy :
0 &/

Q3: Let R be the region bounded by the parabolay = x? + 1 and the liney = x + 3.

Let S the solid obtained by rotated about R about the x-axis.In each part sketch the region R,draw a
typical rectangle (area element dA) and a typical volume (volume element dV) and use them to write a
difinte integral (or sum of the ingrals,DO NOT EVALUATE) which gives the volume of S using

a) the slicing (disc) method.

X°+1=x+3 >x>—-x-2=(x-2)(x+1)=0 ~x=2&x=-1

2
V=m f[(x+3)2—(x2+1)2]dx
Z1

b) the cylindrical shell method.

y=x*4+1 -x=+,/y—1 andx=y—3
y—1=@y-3)?->y—-1=y"-6y+9
2y2—=7y+10=(y-5)(y—-2)=0 ~y=5andy =2

2 5
V=47Tjy,/y—ldy+2njy(,/y—l—y+3)dy

1 2
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Q4: Let R the finite region bounded by the curves y = x? and
y=x+2

a) Sketch the region R.

x°=x+2 +x?—-x-2=xx+1Dx-2)=0

cx=2andx =-—1

b) Set up a difinite integral which gives the volume of the solid obtained by rotating the region R

about x-axis. DO NOT THE EVALUATE )‘1
the disc (slicing, washer) method ‘\.1' yz Al
2 . mgm
V=7Tf[(x+2)2—x4]dx T\ :
-1 :
\

— X

o \ £ xtlr =

c) Set up a difinite integral which gives the volume of the solid obtained by rotating the region R
about the line x = —1. DO NOT THE EVALUATE

the cylindrical shell method

2
V=2m f(1+x)[x+2—x2]dx

-1

Section 19: Problems session

Q1: Write a difinite integral which is equal to the arclengh of the curvey = In (x—+3) between the point

(0, In (g)) and (1,In(4)) . DO NOT EVALUATE.

S = f: 1+ (f'(x))zdx where y = In (S) —In(x +3) - In(2 — %) {f!(x) _ _+Tx

2

1
. arcl h—j 1+( t 1 )d
--aTceng = x+3 Z—x X

0

Q2: Write the arclengh of the curve giveny = f(x) = flx\/t3 —1dt fromx=1tox=2

s = f: ’1 + (f’(x))zdx where {f’(x) =vx®—1 ~ arclengh = flz \/1 + (m)zdx

a=1, b=2

=l

2
2
~ arclengh = j Jx3dx = g(xS/Z)
1
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Section 20: Problems session
Q1: Find the Cartesian equation of the curve represented by the polar eqationr = sin@ + cos 8

r2=rsinf +rcosf then wehave x*>+y* =y+x

Q2: Find the Cartesian equation of the curve represented by the polar eqationr =

2—cos6

2r —rcosf = 2 then we have 2x?+y?—x=2

Q3: Let C the curve given by the polar equation r = sin 20. Sketch the graph of the part the curve C in
the first quadrant (this is, wherex = 0, y = 0).

0 0 T T
4 2 »
T
sin 20 sin 0 sin > sinm os
r 0 1 0

T
0 0 - T 3—” 2T
2 2
T 3
sing | sin0 | sinz | sinw sin?" sin 27
r |2 | o 2 4 2
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