
 

The Central limit theorem

when n becomes larger we have more information we expect
the values of sample mean y to be closer to population mean M
By using Chebsshev's theorem
For any positive constant s prob that I will take on a value
between M c 8 Mtc is at least i ng
when n t d this probability approaches 0This result is called law of large numbers

Central Limit Theorem CIT

It concerns limiting distributions at standrilized mean et n random
variables when n as

If 41,42 Yn constitute a random sample from an infinite
population with mean My variance 62 moment generating fund
My it then limiting distribution

2 Imp as n as is standart normal
distribution

CLT is interpreted incorrectly as implying that distribution
of 4 approaches a normal distr when n d this is incorrect

This is incorrect since variance of T var 5 o when
n as

on the other hand CLT justifies approximatingdistributionof Y with a normal distr having mean m t
variance 62in when n is large
In practise this approximation is used when n 230 regardless
of actual shape of population
For smaller values of n the approximation is questionable



If T is a mean of a random sample of size n from a
normal population with mean in t variance 62 its samplingdistribution is a normal distribution with mean My variance G'In

Order Statistics

Consider a normal sample of size n from a population with
continous density
suppose that we arrange values of 41,42 Yn accordingto size

1
Y

I E
If we look up on the smallest of the x's as a value of
random variable 4 the next largest as a value of
random variable Ya the next as 43 the the largest
as a value of random variable Yn

We refer these Y's as order statistics

4 is 1st order statistics
4 is 2nd order statistics
4 is 3rd order statistics

Un is nth order statistics

we are limiting this discussion to infinete populations with
continous density so that there is a zero prob that any
of two x's will be alike

consider case n 2

y Xi ya Ya when X L Xz
y X2 ya X when Xz Lx

Consider a case of n 3
yi xi 42 Ya ya v3 When X C X2 B
y x y2 3 93 x2 when X KX3 CX
y X3 92 X2 yz x when V32X2 LXT



For prob density of u th order stat for r 1,2 n

for random samples of size n from an infinite population
that has values fix at x prob density of the rth order
stat Yu is given by

gr yr n
iv ill in n It d f yr fix dx

r

for oh yuh as

sampling distribution of 4 smallest value in a random
sample of site s

f x dxg ly n fly Sy
sampling distribution of Un the largest value in a
random sample of size n is

galyn flyn San f x dx
as

in a random sample of
syze

n 2m 1 sample median I
is Ym whose sampling distr is

h I 2m 1
mim affix dx f x f fix a

m

for ah Iho

Fou a random sample of size n 2m the median is defined

12 Ym 4Mt

Sampling Distribution of median
which holds when population density is continus then we
at population median M such that

Itf x dy t
for large n sampling distribution of median for random
samples of size Intl is approximately normal with mean
pi and variance

g Ip n



For random samples of size Intl from a normal population
we have M M so

pt FIM Gta
and variance of median is approximately 1,1
If we compare this with variance of mean for random
samples of size anti from a infinite population If
we find that for large samples from normal populations
the mean is more relaible than median for measuringcentral tendency
Mean is subject to smaller chance fluctuations than median

Theory of Estimation
statistical Estimation
inference Hypothesis Testing
Estimation paint estimation

interval estimation

purpose of paint estimation is to use a sample of data
plus any approvi then sample information we have about
probability distribution in question

To provide a value that is our best estimate of unknown
parameter value

Estimator us estimate
function 4 value

We are also concerned about reliability of estimateIt is sometimes useful when reporting results to give
a range of possible values that incorporates a point
estimate 8 measure of precision interval estimate does

this
internal estimates are usually based on samplingdistribution of an estimator



Properties of Estimators

1 Unbiased ness

is an unbiased estimator of O if Eld O

if El O is a biased estimator of O

E Q O 8 O amount of biased

Unbiasedness means that estimator on average will yield
true parameter value
If underlying experiments are presented infinitely many times
by drawing samples of size n average value of estimate
from all these samples will be O

EI Consider sample mean O Yi In

Is it an unbiased estimator

E 10 É I Yin Is Qin n lain 7 0

Ex if Xi x2 Xn constitute a random sample from a
population given by

f x g
1 8 for a 8

ethewise

Show that I is a biased estimator of 8

mean of population

E X M SI k e
K 8

dx 1 8

E IX 1 8 S I is a biased estimation

Amount of Bias

ECI 8 1 8 8 1
E 15 1 8 I I is an unbiased estimator



Bias 8 Precision

Both bias and variance must be taken into account when
evaluating estimation

one way of doing this is to consider an estimator's
mean square ever

MSE 10 E I O O
Average squarned distance between 08 true parameter
value O
10 052 measures loss from using as an estimator 0

Taking mathematical expectation of this loss yields average
loss or rise of using O to estimate a
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MS E IO E CO E IO I E IO O
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Var Id C bias d 32

Use of MSE allows us to compare estimators
A biased estimator may be proffered if it yields to a smaller
MSE



2 Efficiency
Another way to take into account both bias and variance is to
compare estimators that are unbiased

we chest that wheather a given unbiased estimator has the
smallest possible variance

minimum variance unbiased estimators
best unbiased estimators

An estimator 8 is an efficient estimator of O if
ECO O lunbiasedness and Vario e var 10 where E
is any other unbiased estimator of O

Cramer Rao inequality
provides a sufficient but not necessary condition for an
estimator to be efficient

Var 10
n Ec Jeff

This result statest that has variance equal to necessity
the it is efficient since no lower variance is possible
for unbiased estimator

n E agnffixy
Cramer Rao Lower
Bound I CR B

This condition is sufficient but not necessary it is possible
that no unbiased estimator has variance as small as
CRIB

EI Show that I is a minimum variance unbiased estimator
of mean M of a normal population

f x
g g e
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2fnpf f ft Ef agnate

Iz E Yt Iz 1 62

n t y nt 6 n

since I is unbiased and vav I 621h it follows that
I is a minimum variance unbiased estimator of M

Asymptotic Efficiency
Assume sample size n is large n a

suppose we have two estimators Oy of a parameter
such that difference between

Tn O O v N lo 6,2
rn I O O N N lo 65

if
622 Gi then O is asymptotically efficient relative to


