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INTRODUCTION

This booklet is for those who are taking Math119 (Calculus with Analytic Geometry).
What does the booklet offer?

Sufficient way to read the calculus subjects.

Organized way to understand calculus theorems and some proves as well as some necessary rules.
Sample examples to understand how to solve the related problems

Some suggested problems to practice

Appendix which contains functions and their graphs Geometric formulas

Short answer key of the suggested problems at the end of the booklet as well as full solution in the
answer key booklet.

oukwNe

Read --» Understand -» Practice > AA

What are the external booklets offered?

Notebook Booklet (This booklet)

Answer key Booklet

Sample midterms and Final exam Booklet
Brief Booklet

el A

Note: Math 119 booklets can be found online via https://mathbooklet. weebly.com

To have chance of having mock/sample exams as well as other online extra recourses and support, you may
join https://mathbooklet. weebly.com

If you have any inquiries, please do not hesitate to contact me via bookletmath@gmail. com

| hope such a work helps you to reach AA letter grade.

Best Regards,

G
i

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com



Contents

Section 1: HOW t0 Solve limit Problems.................ooiiiiiiii e e e e e et e e e s ra e e e ssatreeeeaasaeeeeennaeeeean 4
Section 2: Continuity and DIfferentiation ...............coooiiiiiiii e 18
SECLION 32 DEIIVALIVES. ...ttt e e et e sttt e s bt e e s b et e e s s e ee e s s bt e e e e nreeesaanreeesenreeeeanreneseanrenas 23
Section 4: Tangent Lines and Their SIOPE@...........c..euiii i ee e et e e e e te e e e e abe e e e e nabeeeeennbeeeeennseeas 31
Section 5: Prove Rules with their CONdItiONS ............cocoiiiiiiiii e e e 35
SECHION 6: REIALEA RALES .........eiiiiieieee ettt e st e st e st e e e sbbeesabe e e s abeesabeesaseeesabeesneeesabeesaseeesareean 40
Section 7: INAeterminate FOIMIS ..ottt ettt e e sbe e e s b e e s bt e e s abeesseeesabeeeseeesabeesasenesareenn 42
SECtiON 8: CUIVE SKEECRING STEPS .....ooceeiiiiieiee ettt e e et te e e e s te e e e e bt ee e et taeeeasstaeeeeabaeeeenseeeeennseeeeannseeeeennsenas 47
Section 9: EXtreme-Value Problemi....... ...ttt s be e st ettt e s bt she e st sabesbe e b e nns 59
Section 10: Lin@ar APProXiMAtiONs. .........ccoiiiiiiiiiiiiieit ittt e ettt e e et e e s s st r et e e e e s sssaabebaeeeeesssssssstaaeeeesssssssseraaeeesssnnas 63
Section 11: SUMS and SiZMaAa NOTAtION............ooiiiiiiiiice e e e e e st e e e e s abee e e s abeeeeenabeeesasseeeesnnreeas 65
Section 12: The Definite INEEGIAl ...........ovviiiiiee et e e et e e e e et e e e e aba e e e eeabaeeeeeabeeeeeensaeeeeanseeeeennnenas 67
Section 13: Properties of the Definite INteGral ...............oo oo e e e e e e ee e e e areeas 69
Section 14: The Fundamental Theorem of Calculus [F.T.C].......ccoovviiiiiiiiiiiiieie ettt ettt e e eeabree e eenreeas 70
SECtioN 15.1: INTEEIal PrOPEITI@S ......cc.evviiieiiieeceee ettt e e et e e et e e e e ab e e e e s sabeeeeeabeeeeessbeeeeennseeeeasseeesennsees 71
SCtIoN 15.2: SUDSTITUTION........ooiiiiiiii ettt ettt e bt e sae e et e e te e beesbe e sheesabesabeeabeenbeenes 72
Section 15.3: INtEZrationN DY Parts ...........ooooiiiiieee ettt e e e e et e e e e e ab e e e e e abe e e e e abeeeeenbeeeeennbeeeeannseeeeeanrenas 75
Section 15.4: Partial FraCtiOns ..........c.ccoooiiiiiiiiieee ettt ettt et e r e e s st e n e 78
Section 15.5: Trig SUBSEIULIONS .........cc.oviiiiiii e e e e e e st e e e st ee e e s abeeeeesabeeeeasbeeeeennreeas 81
Section 16: IMProper INTEEIAlS ...............oiiiiiiie e e e e e e st e e e st e e e e s abeee e e abeeeeasbeeeeensseeesassseeeesnnsees 83
Section 17: Areas of PIAN@ REGIONS ...........c...uiiiiiiiiie ettt et e et e e e et e e e e e ab e e e e e abee e e e sbeeeeesteeaeeaaseeeeennseeeeennseeas 89
Section 18: Volumes by Slicing-Solids of REVOIULION ..............oooiiiiiiie e e e e e ree e e e 92
Y=ot T R o =T -4 o SRR 96
Section 20: Polar Coordinates and POIar CUIVES...............coouiiiiiiiiiiieieeesee sttt sttt s e s sn e sne e 96
Y 4TV T T USRS 98

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com



Booklet Sections (MATH BOOKLET)

Book Cheaters (A Complete Course Calculus)

Section 1: How to solve limit problems

1.2 Limits of Functions
1.3 Limits at Infinity and Infinite Limits

Section 2: Continuity and Differentiation

1.4 Continuity
Ch 2: Differentiation

Section 3: Derivatives

3.1 Inverse Functions

3.2 Exponential and Logarithmic Functions
3.3 The Natural Logarithm and Exponential
3.5 The Inverse Trigonometric Functions
3.6 Hyperbolic Functions

Section 4: Tangent Lines and Their Slope

2.1 Tangent Lines and Their Slope

Section 5: Prove Rules with their conditions

1.5 The Formal Definition of Limit
2.8 The Mean-Value Theorem
1.4 Continuity (Intermediate value theorem)

Section 6: Related Rates

4.1 Related Rates

Section 7: Indeterminate Forms

4.3 Indeterminate Forms

Section 8: Curve Sketching Steps

4.4 Extreme Values
4.5 Concavity and Inflections
4.6 Sketching the Graph of a Function

Section 9: Extreme-Value Problem

4.8 Extreme-Value Problems

Section 10: Linear Approximations

4.9 Linear Approximations

Section 11: Sums and Sigma Notation

5.1 Sums and Sigma Notation
5.2 Areas as Limits of Sums

Section 12: The Definite Integral

5.3 The Definite Integral

Section 13: Properties of the Definite Integral

5.4 Properties of the Definite Integral

Section 14: The Fundamental Theorem of Calculus

5.5 The Fundamental Theorem of Calculus

Section 15.1: Integral Properties

5.3 The Definite Integral

Section 15.2: Substitution

5.6 The Method of Substitution

Section 15.3: Integration by Parts

6.1 Integration by Parts

Section 15.4: Partial Fractions

6.2 Integrals of Rational Functions

Section 15.5: Trig Substitutions

6.3 Inverse Substitutions

Section 16: Improper Integrals

6.5 Improper Integrals

Section 17: Areas of Plane Regions

5.7 Areas of Plane Regions

Section 18: Volumes by Slicing-Solids of Revolution

7.1 Volumes by Slicing-Solids of Revolution

Section 19: Arc Length

7.3 Arc Length

Section 20: Polar Coordinates and Polar Curves

8.5 Polar Coordinates and Polar Curves

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com




Section 1: How to solve limit problems

Strategy to Calculate Limits

Hint 1:
To compute lim f(x) =L or lim g(x) =M (Very Important!)
o xoa I’H opital’s theorem (section 7) should
I You need to know the limit rules: not be used at this part since it involves
e Limit of a sum or difference: lim [f(x) + g(x)] —L+M taking derivatives. In the exam, if you are
x—a NOT asked to use this theorem, then
e Limit of a product: lim [f(x)g(x)] = LM Instructors will NOT give any credit for
o any answer that includes such a method.
e Limit of a quotient: lim & _ L where M # 0 Hint 2:

x-adgx) M
—1 <sin(x) <1

—1<cos(x)<1
ll.  How to solve the limit: 0<|sin(x)| <1
0<]cos(x)| <1
0 <sin’(x) <1

e Limitofapower: lim[ f(x)]* =L" ,n € Z (integer)
X—-a

Step 1: Try to plug the value of a directly into the function.

. If we get a number (L and M € R), then we are done! 0 <cos®?(x) <1
2_ 3 4 Hint 3:
X< —2x — — :
Example: lim — = — = -2 li Smx _ li cosx _ 0
x- x + 1 2 xl—r>noo X xl—r>noo X
. However, the limit/value is undefined, having the form lim o2 _
0 0 . then x>0 X

( [5] , [g] ,or [0 = 00]) (read hint 1) — Follow step 2 Hint 4:
lim —=20 lim — =400
x> wX x>0t Xx

Step 2: If the limit/its value is undefined, then we need to simplify , 1 o1

. e ) . lim —=—-o lim —=D.N.E

the expression. Simplification can involve any number of techniques | x>0~ x x>0 X

including but certainly not limited to the 7 given techniques: Hint 5:
e~ 2.7 In1=0 Ine=1
In0=—-—0 Ilnoo=o0
e =0 e *=0 Check Note VI

1. Factoring (chapter 1.2)

2 — Ge—1
ex: lim 22522 = im 3o _ lim x+3 =4 factoring the limit to get rid of (x — 1)
x—>1 x-1 x—-1 x—1 x—-1
2. Use Two-sided Limits (Use of the absolute functions in limits) (chapter 1.2)

Theorem: A function f(x) has limit L at x = a if and only if it has both the right and left limits there and these
one-sided limits are both equal to L:

)}i_r)naf(x) =L & xlin;_ flx) = xlir2+f(x) =1L

. x2—4 (= 2)ee+2) . (x—2) —4 ) )

—_— = = —_—= -
ex: i x?—4 x o Tp+ x(x+2) «x RS xoe+23 N -2 M

: lim ———— =

x--2x |x + 2] _ x?—4 o (x=2)e+2 o (x=2) -4

lim ———= lim = lim =—=-2 - (2)
x->-2"—x(x+2) x--27 —x{+2) x--27 —X 2
2 _
From (1) and (2), we can conculde that lin_12 ﬁ Does Not Exist (D.N.E) Since both right and left side are NOT equal.

Check general note Ill (3" one) to learn more about the common rules of the absolute functions in limit
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3. Using Squeeze Theorem (chapter 1.2)

Theorem: suppose that g(x) < f(x) < h(x) holds for all x in some open interval containing a, except possibly
at x = a itself. Suppose also that lim g(x) = lim h(x) =L Then, lim f(x) =L
x—a xX—-a xX—a

Aslo, similar statements hold for left and right limits. (read hint 2)

. 3 ; 3
ex: lim ZS%(X) since —1 <sin(x?®) <1 ~  lim==< lim 20) o Jim -2 -
x—o0o Xx°+1 x—o00 X>+1 x—oo X°+ x—o0 X°>+1
_ _ -2 . 2sin(x?)
since ll_g)lox?) i 911_>r£10x3 1 0 o ;Lrgm =0 By Squeeze Theorem
4. Use of the limit rules Finding a common denominator (chapter 1.3)
2x 4\/81x6 x5 3x 7
4 3 et 361536
_ 2x+VBIxC+ x5 —3x+7 . 3 x°ooxm o xm X
ex: lim = lim
x20  Sx4+8+Vx3+x—2 X2 Gy 8 x3  x 2
Sttt a T e 3
3 3 x> x> x
X2 X2
1 1 1 1
2(L)+ o1+l —3(L +7_)
. ( <x%> X (x5) (xé) _(0+{BT+0-3(0) +7(0)) _ V81
im
X—00 _ 1
() (2] e i) O+ TTo-m0)
1 3 X X
X2 X2
1
(Where lim — = O)
X —>0X
3
. Check the highest power in the denominator then factor it out from both denominator and nominator (xE)
. The general formula of lim Zislim—==0 where 0< p <o
x> 00 X x — oo XP
5. Multiplying by the conjugate (chapter 1.3)

X+ Vx24+x+2 X2 — (x> 4+x+2
ex: lim (x—\/x2+x+2)< >— lim ( )
x—00 x+Vxi+x+2 x=0 x ++/x2+x+2

x 2 —12)
= lim —=%x _ = [lim

1/ 2 2 [
x—oo X+ +x+2 x—»oo x x_2+_2+iz X—00 44 1+ +2
x4 x% x

6. Applying some memorized limit (chapter 2.5) (read hint 3)
. tanb5x _ . sin5x ) 1 _ . sin5x . 1 . 3x E
ex: LIH(I) sin3x (LIE?) cos Sx) (}CI_I% sin 3x) - (Llir(l) 5x ) (Llir(l) cos Sx) (}CIE(I) sin 3x) (3)
5 5 . . sinx __
= (DM@ (g) =3 = Since J}1310 —=1
7. Using the definition of the Derivative (chapter 2.7)
a
i[OS @ _
x—a X —

ex: limM = lim % = f'(0) where f(x) = cos(x)

x—0 X x—0

Since lim 1= 0

o f(x) = —sinx

X —>o0X

2 fI(0)=0
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General Notes about limits:

1Vx2 = |x| —>{ _xx
Il

Squeeze theorem is applicable for lim
X

X — 0 2 — 0
w/x4=|x2|—>{ x , X
X —> —00 —X X > —0
. (1 . (1
sinx . sin{ = . sinx . sin{ =
= lim 1(X) =0, Notfor lim — = lim 1(X) =1
-0 X x—-0 ; x>0 X X — 00 ;

For absolute questions, you need to know when you are going to use positive or negative sign. (example)

lim £(x) Hints 23, 57
x—2 x> 2 x <2
x—2 x> 2
|x — 2| {—(x—Z) <2 =x=2 x—2 —(x—2)
x—4 x >4
Ix — 4] {_(x_4) e —x=4 (-4 —(x—4)
x+2 x> =2
|x + 2| {—(x+2) < —2 =x=-2 x+2 x+2
IV. Look how to take the factor out from the equation: (this is just one way of factorizing)
3 1 3
5x+8—yx3+x—-2= x5(5x7+8x7—\/1+x‘2 —2x‘3>
Before factoring 5x 8 Jx3 4 e — e et x = =2
. 1 3
After factoring Ex"2 8x "2 N [+ x-2—.. Vo o= 2x73
Power of x after 3 1 3 3
1—=—=—= 0—==—= 3—-3=0 1-3=-2 0—-3=-3
factoring 2 2 2 2
V. Polynomial Function Degree
f(x) 735 + x3 + 1 Large Degree
im ——= = 00 f(x) > g(x) ex: lim Z = ) )
x>0 g(x) x—o Sx*—1 Polynomial Function
f(x)
lim —==1L x5+ x3 41 7 Equal Degree
x> 0 g (x) fx) =g(x) ex: lim - == , _
x>o 5x5—1 5 Polynomial Functions
O0<L<o
) Tx* + 13 + 1 Small Degree
lim ——=0 fx) <gx) ex: lim = = ) )
x= o g(x) xo0o 5x>—1 Polynomial Function
o __ [0 a>1 poo 1\* _
VI. a _{O 0<1 = ex:5% = oo, (5) =0
a~* = {O a>1 = ex:57° =0 <1>_00 = 00
o a<l1 " \5
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Section 1: Problems session

Evaluate the following limits. If the limit does not exist, is it o, —oo or neither? (Do not use L' Hopital's Rule)

Part 1 (Technique 1)

2
. x2-2x+1
1. lim———
x—1 x-1

tan x—x
2. lim2
x-1 X
3 e*+3x+1
) ol sinx-1
2
. X“+x—=12 )\Vx+3
4, ljm BCEC12VEES

x—3  V5(x2-9)

1—cosx
5. .
x—=0 SIn“Xx
6. lim x sin x
x—0
e* : :
7. «— Review Section 3.

x—o0 Sinh x
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arcsinx +31In(x+1)

8.

«— Review Section 3

x—0 X+sinx—cosx

Part 2 (Technique 2)

2
x“—4
9.
x—2 3x|x—2|
. 2x—2
10. lim ——
x—1 |x3-x2|
11 . |x+2|
' x—>—2 |x|-2
2
. x%—5|—]|x+3|
12, ljm Sl
x-1 x—1
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. |2x-3]—|x-3|

13. lim
x—0
14,  lim 220
' x—0 X
. |x2-9]
B Mes
16. arctan(tan(x)) — Review Section 3

x_)g tan(arctan(x))
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Part 3 (Technique 3)

17.

18.

19.

20.
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lim Zsiil(xs)
x—>oo X*+1

. cos (xsinx)
lim ————=

X—00 x2

sin (x2+1)

X—00 x2

lim sin (x11°)

x—oo In(x)

10



3x + |sin (2x)|
X2

21. lim

X—00

2 -
x2+sinx
22.

x—00 X2+sin2 x

23 lim cos(VxZ+1)

x—oo eX+119

In(1+sin? x 7 :

24. ¥ « Review Section 3
x—o0 arctan x+e*
. 4x%—cos(2x)
25. lim ————

X—00 x2+1
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26. limx? esm(%)
x-0

1

27 lim e"G) In(1 + x)
x—0%

Part 4 (Technique 4)
x+4\/16x6+x5—3x+7

1
x—00  5x+8—Vx3+x-2

28.

x3+4/x6+2x5+1

x—oo x3+2x%Z+x+1

29.

30 lim Vxt+x+1
' x>0 Vx6+1
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31, lim Xte

x—>00 X2+7

32. lim [ln(xz +1) - ln(xz - 1)] «— Review Section 3
X—>00

Part 5 (Techniques 4 and 5)

33. lim (\/x +Vx — \/E)

X—00

34. lim (x — V% + 4x)

X——00

35. lim (x+\/x2 —x—4)

X——00
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36. limx —vVxZ2+x+2

X—00

37. limx —Vx%2 —4x+1

X—00

38. lim Vx2 + 4x — Vx2 — 4x

X—00

39. lim V2x2 —x+1—-+Vx2—x+5

X——00

40. lim Vx2 + x —Vx

X—00
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41.

42.

43,

44,

45.
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lim Vx10/3 — 5x2 — /x10/3 4 5x2

X——00

lim lrl(\/x2 +1+ x)

X—>—00

1-—cosx

lim

x-0 x?

1—cos(x?)

x—0 X2 sin?(x)

Vi+tanx—V1+sinx

lim

x—0 x3

15



Part 6 (Technique 6)

26. lim 2—x+sin(x)
x—o0 Xx+cos(x)

. 2x%+4sin?x
47. lim ———=

X—00 x2

. sin5x—sin3x
48. lim ———=

x—0 sinx

. 1
x3 sm(—)
—_ \XJ

m
x—0 sin(x)

49.

. (tanvx )(V2x+1)
50. xl£)1;()1+ —
Part 7 (Technique 7) ‘— Review Section 3 before solving part 7

arccos(x)—z

51. s
x>t xX=3
2 2
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52 lim arcsin(x3-1)

x—1 x—1
. cosx—e*
53. lim——
x—0 X
2
. 3@+ _gq
54, lim———
x—0 X
2% -1
55. -
x—0 Sin4x
. cos|(x+2)?| —cos 4
56. lim [ ]
x—0 X
Vx
eV¥—e
57. m—;
x-1 x°—1
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Section 2: Continuity and Differentiation
Continuity:

Rule: If f(x)is continous atx = a < Them chi_r)r(llf(x) =f(a) OR x1_1)n2+ f(x) = xl_i)n;n_ f(x) = f(a)

Examples:
-x, x<0 . : .
1- Example: f(x) = { 22 x>0 show that the function f is continous at x = 0
Answer: lir€+ x2=f(0)=0 and lirg)l_ —x =0 -~ the function f is continous at x = 0
X— X—
—x, x #0 . . ;
2- Example: f(x) = { 2 =0 show that the function f is continous at x = 0
Answer: - 11m x2=0 and f(0)=0 . the function f is continous atx =0
x—)
Differentiation: (Rules)
(Formal) Definition of the Derivative Definition of the Derivative
ooy _ o S +h) —f(x) oy e SO = f(a)
FO=m™ f@=ln——a
If f(x)is differentiable at x = a = The™ If f(x)is differentiableatx =a < The™
N fe+h)—fx) - fe+-f = f@)-fl@ . f&)-f(a)
f'(x) = lim = lim f'(a) = lim —————= lim ———
ot h h- 0~ h x-at x—a x-at x—a
x+h)—f(x a
OR f'(x)=}£in})f( 13 f(x) OR  f(a)=1li f() f()

Important: If f(x) is dif ferentiable at x = a Then, f(x)is continous at x = a (NOT the inverse)

—x, x <0

X2 x>0 Find f'(0) if it exists

3- Example: f(x) = {

Answer using (Formal) Definition of the Derivative | Answer using Definition of the Derivative
fG+h) — f(x) f(x) = f(a)
! = ' — J &) —jla
o e o) @ o g%(§_a() ()
0+h)—f(0 fx)—=f£( fx
"(0) = li = lim "(0) = li
f(0) g 2h o A0 chl_l’)r(l) xZ—O ch—>0 X
lim 2% = lim Z=hn=0, lim £ = lim “=x=0,
h-o0t h h-o0t h x->0t X x-0t x
lim 2% = jim =1 lim 22 = jim ZX=—1
h—0~- h h-0" h x>0~ X x>0 X
lim £% % lim Z& « lim £ # lim 1)
h-ot h h-0- h T xoo0t x x—>0‘ x
=~ the function f is NOT dif ferentiable at x = 0 | - the function f is NOT dif ferentiable at x = 0

X%, x#0

4- Example: f(x) = { Find f'(0) if it exists

0, x=0
Answer using (Formal) Definition of the Derivative | Answer using Definition of the Derivative
, _ fx+h) - f(x) O -f@
fe == @ = 1im TO=TLD
: _ f(0+h)—f(0) f( 0
£ = lim ) iy P ) = 1 ﬂ) ~f0) ENLC)
f(h) h? ) F70 St
. x x— = =
fimy =i = fim 7 =h =0 ‘m‘m" |
= the function f is dif ferentiable at x = 0 = the function f is dif ferentiable at x = 0
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—x, x <0

5- Example: f(x) = { 2 x>0

-1, x <0
2x, x>0

Find f'(x) forx +0

Answer: f'(x) = {

To solve this question, you need to be aware of Derivatives Rules (section 3)

Note: if f(g(x)) is defined on interval containing a, and if f (x) is continuous at L andlim f(g(x)) then
X—a

lim £(g()) = £ (lim g(x)) = F(L)

Ex: lir% In(cos(x))=In (lirr}) cos(x)) =In(1)=0 * since cos(x) is continous at x = 0
x— x—

Section 2: Problems session

sin(2x2)+x3 £ 0
Questionl: f(x) = { » X
0 ,x=0

a) Show that the function f is continuous at x = 0

b) Find f'(0) if it exists.
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Question2: let f: R — R be a function defined by

mx — b?, x <119
f(x)_{ X2 if x>119

Using the definition of derivative, find all values of m and b that make f differentiable at 119.

Question3: let f: R — R be a function defined by

x+x? if x<1

f(x)={ x3+1 if x>1

A. Find the derivative f'(x) for x # 1.

B. Find f'(1) if it exists.

C. Isthe derivative function y = f'(x) continuous at x = 1? Explain
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Question4: let f: R — R be a function defined by

1-cosx

. _E<
Consider f(x) ={ x if > =x<0
ax+ b if 0<x<1

Determine the values of a, b such that f'(x) exists for all x with —g <x<1

Question5: find f'(0) if f(x) = - Ssl:l,(f) if x#0
0 if x=0

Show your work.

Question6: Consider f(x) is a continuous function for all x. Find a, where

Fx) = 2x+(x—1)sinxi1 if x<1

ax + 2 if x=>1
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Question7: Find the number a # 0 such that the function

sin(ax) 0
Fx) = ———+cosx for x<

x% + 3e?* for x>0

Is continuous everywhere

Question8:

x? +arcsinx for x =0

2 < Review Section 3
x+e* for x<0

Let f(x) = {

Find f'(0) if it exists, or explain why it does NOT exist

Question9:

xsin(i) for x <0

x? for x>0

Let f(x) =

a) Show that the function f(x) is continuous at x = 0
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b) Use the definition of derivative to determine whether f"(0) exists.

Question10:

e*(x*+a) ifx<0
let f(x) =12 ifx=20
bx? + 2 if x>0

If possible, determine a, b so that f*(0) exists. If not possible explain why?

Section 3: Derivatives

Basic Properties/Formulas

I %(Cf(x)) =cf'(x), cisanycontant. II. (f(x) +g(x)) =f'(x) + g'(x)

dy

d
n. —fe ==y =-

Common Derivatives

Polynomials

d d d d d

_ — . — . — (1) — n—-1 . ny — n—1
1) P (c)=0 2) P x)=1 3) P (cx)=c 4) P (x™) = nx 5) P (cx™) = ncx
Trig Functions
D (sinx) = cosx  2)—=(cosx) =—sin¥  3-c(tany) =sec’x  4)-(secx) = secxt
)dx sinx) = cosx )dx cosx) = —sinx )dx anx) = sec” x )dx secx) = secxtanx

Inverse Trig Functions

l(. 'x) = l( 'x) = l(t 1)——]

1) sin™"x Nepe 2) cos™ x N 3) an~ ' x >
l(T inx) = l( ) = l( t )——]I

4) arcsin x - 5) arccos x N 6) arctan x >
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Exponential/Logarithm Functions [where a is constant]

d d d 1

— (XY = X — (pX) = pX ; ~ _ - _
1) P (a®) = a*In(a) 2) I (e*) = e* [hinte = 2.7 ] 3) P (In(x)) 20X >0

d 1 d d g (x)

—_— =— —(q9®) = g9 (4’ - —
4= (logg(x) = —— x>0 5) —(a?™)=0a'™ (g'G)na)  6) —(ng(x)) e
Some Remarks about Exponential/Logarithm Functions

X 1
1) In(xy) =Inx +1Iny 2) In (;) =Inx—Iny 3) In (;) =—Inx 4) In(x") =rlnx
5) log,(x) = _1r1x 6) f(x) = e/ 7) F(x)9%) = PN FOI® _ Lg(@)Inf(x)
na

Some facts about Exponential/Logarithm Functions: In(e) =1 ; In(1) = 0 ; In(0) = —oo ; In() = o0

X_,—X Xpo—X x

e
coshx = tanhx = —
2 2 eX+e%

—e X

Hyperbolic Trig Functions: sinh x = £

The rules of Hyperbolic Trig Functions are the same as the Trig Functions in terms of inverse and derivatives
d d .
ex:1) Ix (sinhx) = coshx 2) Ix (coshx) = sinh x (except)

Inverse Trig Functions:

Function Domain Function Domain
sin x R arcsinx = sin™!x -1<x<1
COS X R arccos x = cos ' x —-1<x<1
T -1
tan x R—{§+nk},kEZ arctanx = tan™ ' x R
- " - " n 7T
sin(arcsinx) = x -1<x<1 arcsin(sinx) = x —3 <x< >
cos(arccosx) = x -1<x<1 arccos(cosx) = x 0<x<m
s
tan(arctanx) = x R arctan(tanx) = x -3 <x<-—=

Some Remarks about inverse Functions:

=y > fO) =x ) # s 1 cosTha#E

1 _ 1
frF~1)  fr(a)

To find f~1'(x) = Weassume f~'(x)=a ~f(a)=x

One to One Function / Inverse of a Function (Uniqueness)

1. If the function is increasing or decreasing,then it is invertible . this is called one to one function
2. If f'(x) 20 «~ f(x) is increasing OR f'(x) <0 ~ f(x)is decreasing
OR f(x1) = f(xy) and x; = x, ~ f(x)is invertible and it is called one to one function
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Example: f(x) = x3+ 7x + 2 Find f~1'(10)
“f'(x)=3x2+7>0 - f(x)isincreasing forall x - f(x)isinvertible - f(x) is one to one function

1

1
) = o) where f71(x)=a «~f(a)=x ~x=10 = f(a) =10

FHw) =

1 111
FI(F-1(10) /() 3(1D2+7 10

a>+7a+2=10 s~a=1 thus f71'(10) =

Derivatives Rules:

(1) ProductRule: (fg)' =f'g+fg’

ex: a(x2 sinx) = (x? sinx)’ = 2xsinx + x? cos x
: AN A
(Il) Quotient Rule: (g) =L
d [ x? (sinx)(2x) — (x?)(cos x)
ex: —|(— = :
dx \sinx sin? x

(1) Chain Rule: d%(f(g(x))) = f’(g(x)) g'(x)

ex: E(sinxz) = (cos x?) * (2x) = 2x cos x?

(IV) Implicit Differentiation: If ;—x(y) =1y’ then %(2)}3) = (6y2)y’

d
ex: a(y2 sinx) = 2y y'sinx + y? cosx

(V) General Techniques: (1) %(w/f(x)) ) (2)%(ef(x)) = e/ @ (f'(x))

2/ f(x)
d - 2x sinx+x2 cosx d 2 o 2 o .
exl: —(Vx?2sinx ) = ———— ex2: — (X SInX) = X" SINX Dy sin x + x2 cos x
dx ( ) 2Vx2sinx dx ( ) ( + )

(V1) Higher-Order Derivatives:

dy d

1st derivative y' f'(x) Ix af(x)
dzy d2

2nd derivative y" f"(x) In? Wf(x)
. . d3y d3

3rd derivative y'" (%) a3 Wf(x)
d* d*

4th derivative y® F®(x) d_x{ Wf(x)
dn dn

nth derivative y ™ F™(x) % Wf(x)

e 3 42
ex: f(x) =Z+?+?+3x+2019

x%  2x 2x 2 2
f’(x)=x3+?+?+3 r~ f”(x)=3x2+?+§ ~ f”’(x)=6x+§ ~ fB(x)=6

Thus:f™(x)=0 forn>5
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Sample problem: y = (x)5"* Find y' (Exponential/Logarithm Question)

ln(x)Si“ x

Answer:y = (x)5"* = ¢ = elsinx W1 (payivalent)
) d
Then, y' = elsinx In(®)] (—[sinx ln(x)])
dx
1
where — [ sinx In(x)] = cosx In(x) + sinx (—)
dx X

. 1 i 1
ay = elsinx (] [cosx In(x) +sinx ;] = (x)Snx [cosx In(x) +sinx (;)]

(OR) Answer:let y = (x)5"* = Iny = sinx In(x) Then, take ;—x to both sides
y . 1 . 1

—=cosx In(x) +sinx (—) =y [cosx In(x) 4+ sinx (—)]

y X X

“y' = @7 |cosx InGx) +sinx G)]

Section 3: Problems session

Part I: Evaluate the following derivatives. There is no need to simplify your answer.

a) dd—x [arcsin(e* + x€)]
b) ;—x[(sinx)c"sx]

c) dd—x [tan®(sec(x?))]

d) %[(1+x)sinx]

2 I3aresin(x2 —
- [xarcsin(x“ — 1)]
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f) %f(x) at point (x, f(x)) = (1,1) where f is a dif ferentiable function satisfying the equation

e +Inf(x)=e for all x

Part II: For the given function f(x), find the derivative function f'(x). DO NOT SIMPLIFY:

a) f(x) = coszﬁ+ﬁ

b) f(x) _ arcsin(m)

1+cosx

c) f(x) = (1 +%+x—52)x

In(1+x2)

d) f(X)=m

e) f(x) = (sinx)cos(**)
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. ... d . .
Part Ill: Find the derivative ﬁ for the following functions.

__|sin(x?)
a) Y= tanx

b) y = (x+x?)nx

Part IV: This question has unrelated parts about derivatives.

a) Evaluate = [sin2(2x) + ﬁ]
dx Inx

b) Evaluate%[ln (3Sinx )]

2x+x2

xT+cosx

o) Findf'() =22 if y=flx)="F0F

dx 1+4x3
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d) Find f'(x) = Z—z if y=f(x)=sec(secx)

e) Findf’(x)=3—z if y=f(x)=3*+log,3

f) Suppose that h(x) = f(x2 + g(x)),where f(3) =6, f'(3) = —4,f(-2) =0, f'(-2) =1, g(3) =
1,9'(3) = -1, g(—=2) = -1 and g'(—2) = 2.Compute h'(—2).

x9x (x_2)3

x*eX

@) Fndf'()=2  if y=f@=

Part V: Question 1
Let f(x) = arctan(x) + e*

a) Show that f is invertible, f~1 is a function.
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b) Find the derivative of the inverse of f at 1, that is, find (f~1)'(1).

Question 2:
Let f(x) = 2x + cos(x).

a) Show that f is invertible.

b) Find (f~1)' () and the derivative of the inverse of f at m, that is, find (f ~1)’ (7).

Question 3:

Show that f(x) =1+ arctanx + e* has an inverse function. Find the derivative of the inverse of f(x) atx =
2, that is, find (f~1)"(2).
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Section 4: Tangent Lines and Their Slope
Slope of tangent line is (m =y =f(x)= Z—z)
Let: Curve equation is y = f(x) ,Tangent equation of line (L,) and, Normal equation of line (L,)

Tangent equation of line (L) that touches a curve (y) at one and only one point. Let this point is (a, b)
€ curve & Tangent Line

Tangent line eqn is = (Slope of tangent) =m; OR y=m(x—a)+b

EANLE
(x—a)
Normal equation has the same form as the Tangent equation.The only dif ference is their slopes.

y
(x—a)

Normal line eqn is = (Slope of normal ) = m, OR y=my(x—a)+b

-1
slope of normal

Note: Slope of tangent =

Example: Find an equation of both the tangent and normal lines to the curve y = x? at the point (—1,1)

1=1% Thus, (—1,1) € curve y = x? OR (—1,1) isonthe curve y = x?
y' ' =2x ~y'|y=—1 = —2 =m (Slope of tangent)

~1
T ' s —2—— = 2 =—2x—1
angent line eqn is G- D) -y x
y—-1 1 131 .
_— == > = = - ==
G—(—1) 2z ~YTz*¥tz=z@*3)

Normal line eqn is >

General Notes:

Case: when the point (a, b) & curve

Example: Find an equation of the tangent line(s) to the curve y = x2 + x at the point (1,1)
Ans:1# 12+ 1 Thus, (1,1) ¢ curvey =x*+x letx = a thenthe pointis (a,f(a)) wherex # 1
The slope of the tangent line with the point (a,f(a)) mustbey' =2x+1 ~y'|,og = 2a+1 - (1)

Because the line passes through the point (1,1), the slope of the tangent line is also:

- 24 04— 2 _
[ _ aral L) v (1) =)~ =2a+1 > a?+a—-1=2a2—a-1> a?—2a=0

a-1 a-1 a—-1 =
—»a(a—2)=0+~a=0 or a=2 ~Y|yo=1land Y[y =5
Tangent lineeqnare y=(x—1)+1 and y=5(x—-1)+1

' When the slope of line is zero this means the line is horizontali.e.f (x) = 0 where y = f(x) = ¢ where c is constant
Let the slope of the line (L1) is my &  the slope of the line (L) is m,

If mj=m,  then (L;)//(L,) where// is parallel ex:y=2x+1 & y=2x+3
X
If my*m, =—1 then (L;) L (L,) where L is perpendicular ex:y=2x+1& y= _§+ 3

If my*m, =—1 then (L,) intersects with (L,)
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Section 4: Problems session

Question 1

3
Find an equation of the tangent line to the curve 119 G) + 1891 G) = 2010 at the point (—1,—1).

Question 2
Let f and g be differentiable functions such that f(9) = -2, g(3) =8, f'(9) =7,9'(3) = 2.
(a) Show that y’ = —11 at the point (3,1) if yg(x) + f(x?) = y* + 5.

(b) Find an equation of the line tangent to the curve yg(x) + f(x?) = y* + 5 at the point (3,1).

Question 3
Consider the curve given by the equation xy? + sin((x — 1)y) =4

a) Find all points (1, y) on this curve.
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b) Find the equations of the tangent lines to the curves at the points you found in part (a).

c) Are any of the tangent lines you found in part (b) parallel? Explain!

Question 4
. . . T , (T
Suppose the f is a function for which f (5) =2and f (E) =1. Let g(x) = f(x)c°s*

Find an equation of the line tangent to the graph of g(x) at x = g

Question 5

Verify that the point Py(1, 0) is on the curve C defined implicitly by the equation sin(x + y) = xy. Then find
the two lines which are normal and tangent to C at P,,.
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Question 6

Find the equations of the tangent lines to the curve y = x3 + x which pass through the point (2,2).

Question 7

Find the equations of any lines that pass through the point (—1,0) and are tangent to the curve y = z—: .

Question8

Let f(x) = |x3]. Find f'(0) by using the definition of derivative and find an equation of the tangent line to the
graph of f(x) at the point where x = 0.
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Section 5: Prove Rules with their conditions

I. Formal definition of the limit (chapter 1.5)

Rule: (a) Write the formal definition (the e[Epsilon] — §[Delta]definition) of lim f(x) =L
x—a

For everye > 0, there exists § > 0 suchthat if 0 <|x—al <4, then |[f(x) —L| <€

Ex: (b) Show that lin;(Zx + 1) =7 by using the formal definition of the limit.
X

€ € €
For every e > 0, chooseé‘zz such that if0<|x—3|<6=§, then|2x+1—7|=|2x—6|=2|x—3|<22=6

Il. Mean Value Theorem (MVT)

Rule: Suppose f (x) is a function that satisfies both of the following:
1. f (x) is continuous on the closed interval [ a,b |

2. f (x) isdif ferentiable on the open interval (a,b)

fb) - f(@)

Then there is anumber ¢ suchthata < ¢ < b and f(c)= —

Ex:If f(0) =2and3 < f'(x) <9 forallx, Show that5 < f(1) < 11.
Ans: Since f is differentiable for all x € R we have, by MVT, f(l) f(o) = f'(c) forsomec € (0,1)

Then 3<f'(c) <9=3<22<9 3<f(“02<9 5<f(1) <11

Ill. Rolle’s Theorem

Rule: Suppose f (x)is a function that satisfies both of the following:
1. f (x) is continuous on the closed interval [ a,b ]

2. f (x) isdif ferentiable on the open interval (a,b)

3. f (@) =f(b)

Then there is anumber ¢ suchthata < ¢ < b and f'(c)=0

Ex:Let f be a dif ferentiable function on R such that "' exists everywhere and f'' (x) > 0 for all
x in R.Show that f cannot have three roots.

Ans: assume to the f has three roots,say a < b < c are roots of f, thatis, f(a) = f(b) = f(c) =0
since f is differentiable, then by Rolles’s theorem, there exista < x; < b and b < x, < ¢ such that
f'(x1) = 0and f'(x,) = 0. Now we have two roots x,;and x,

since f' is dif fenetiable and f'(x;) = f'(x,) By Rolles’s theorem, there exists

x5 between x, and x, such that f''(x3) = 0, but f" (x) > 0 for all x.Thus, f can not have three roots.

IV. Intermediate Value Theorem (IVT)

Rule: Suppose that f (x) is continuous on [ a,b | and let M be any number between f (a) and f (b)

Then there exists a number c¢ such that 1. a<c<b 2. f(c) =

Ex: Show that the equation x?> 4+ 6x + 3 =0 has a root, but no more than one.

Ans: Let f(x) = x* + 6x + 3 then f(x) is cont. and dif f. for all x
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£(0)=3>0 , B . . B
{f(—l) = 2<0 thus by IVT f(x) is cont.on [—1,0] and there is a point ¢; € (—1,0)
such that f(c;) =0 which means x = c¢; is aroot of f(x)

f'(x) =2x+6 =0 forall x € (—1,0) so f(x) is a strictly increasing function and hence one to to one

Therefore, the equation f(x) has at most one solution. f(x) has only one root which is c;

V. One to One Function / Inverse of a Function (Uniqueness)
1. If the function is increasing or decreasing,then it is invertible . this is called one to one function
2. If f'(x) 20 ~ f(x) is increasing OR f'(x) <0 ~ f(x)is decreasing

OR f(x1) = f(xy) and x; = x, ~ f(x)is invertible and it is called one to one function

Section 5: Problems session

Q1: Show that lirl‘r}g(Zx + 1) = 239 by using the formal definition of the limit.
X—

Q2: Use the definition of the limit to show that lin}(Zx +119) = 121.
X—

Q3: Use the definition of the limit to prove that lin%(Bx —1)=5.
X

Q4: Use the definition of the limit to prove that limx3 = 0.

x—0

1
Q5: Suppose that 4 < f'(x) <6 forallx € Rand f(0) = 119. Show that 121 < f<§> < 122.

Q6:1f f(1) =—-2and 3 < f'(x) <5 forall x, Show that1 < f(2) < 3.
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Q7: Prove thatn (1 + x?) < 2x for every real number x € (0,1).

Q8:Provethat Inx<x-—1 forall x>1.

Q9:If f: R » R satisfies f(x) = e™*" for all x and f(0) = 0 then prove that |f(x)| < |x| for all x.

Q10: Show that the equation x3 + x? + 2x + 5 = 0 has a root, but no more than one.
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1
Q11: Prove that the equation In(x) = . for x > 0 has a unique solution. Explain.

Q12: Show that the equation  arctanx = 2 —x — x> has exactly ONE soluation.

Q13:let f be a continuous function on [0,2] and assume that f' and f'" exists on (0,2).

a)If f(0) =0and f(1) =1 then show that there exists a number a € (0,1) such that f'(a) = 1.

b) In addition conditions in part (a) if f(2) = 2 show that there exists a number ¢ € (0,2) such that f''(c) =0
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Q14: Consider the function f(x) = e* + 2x + x*.

(a) Find the line of tangent to the graph of y = f(x) at the point P(0,1).

(b) Show that there exists a point Q(x,y) on the graph of y = f(x) at which the tangent line is
parallel to the liney = 2x + 1. (Do NOT find the point Q.)

(¢) In Part (b),show that Q is unique,i.e.there is ONLY ONE such point.

Q15: show that elnx <x forallx > 0.
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Section 6: Related Rates

Procedure for Solving Related Rates Problems:

1) Draw a picture (if one is not provided) and define the variables. Assign ALL numbers to variables. Remember,
rates ALWAYS correspond to a derivative.

2) Determine and CLEARLY STATE goal of the problem, which is ALWAYS finding a rate/derivative.

3) Build your related rates equation. Usually, this involves the implicit differentiation of an equation from
geometry. Note: If there's only ONE rate/derivative in your related rates equation, you did something wrong!

4) Isolate the goal rate in 2) and make sure you have the numbers for all the other variables and rates/derivatives.
If not, you have to find the missing numbers, usually by solving another equation.

5) Plug in numbers and solve, making sure to INCLUDE UNITS. Think about the solution and its plausibility!

Sample problem:

Question: How fast is the surface area of a cube changing when the volume of cube is 64 cm3 and is increasing
at 2 cm3/sec?

Solution: surface area S(x) = 6x?2 volume V(x) = x3 —ZI: = +2cm3/sec &V (x) = 64 cm3
V(x) = x3 = 64 =4 W _ 3™ 2—3(4)2 dx_1
= = e d = —_—
X)=x X cm, oo x? T , Tt =72 cm/sec

Thus, % = 12x% =12(4) (i) = 2 cm?/sec The surface area of a cube is increasing at rate 2 cm? /sec

Section 6: Problems session

Q1: The height of a rectangular box decreases at 1 cm per hour, its width decreases at 0.5 cm per hour and
its length decreases at 2 cm per hour. When the shape of the box become a cube, its volume decreases at the
rate of 14 cm3 per hour. Find the volume of the box when it becomes a cube.

Q2: A point is moving to the right along the first-quadrant portion of the curve x2y3 = 72. When the point has
coordinates (3,2), its horizontal velocity is 2 unites/second.

What is the rate of change in the distance of the particle to the origin?

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com 40



Q3: A point (x,y) ismoving on the curve y = e*’ sothatits x — coordinate is decreasing at rate of 2 units/sec.
Find the rate of change of the slope of the tangent line to the curve y = e** at the moment when x = 0.

Q4: If the short side of a rectangle is increasing at a rate of 3 cm per second and the long side is decreasing at a
rate of 2 cm per second. Determine how fast the area of the rectangle is changing when the short side is 4 cm
and the long side is 6 cm.

Q5: A particle moves along the curve y = 4x — x3 and it's x — coordinate is decreasing at a constant rate of
1/3 unites per second.

a) At what rate does the y — coordinate of the particle change when x = 2?

b) At what rate does the slope of the tangent line change when x = 2?
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Q6: Consider the right triangle ABC at the angle C. It's side-lengths a, b, ¢ are changing in such a way that it's
area is always 16 cm?. If the side-length a is increasing at a rate of 1/2 cm/sec when a is 8 c¢m, at the rate
(radian/sec) is the measure of 6 the angle B changing at that moment? 8}

Q7: A particle is moving around the ellipse 4x2? + 16y? = 64. At any time, t, its x — and y — coordinates are
given by x(t) = 4cos t and y(t) = 2sin t. At what rate is the particle’s distance to the point (2,0) changing at
any time t? At what rate is the distance changing when t = g?

Section 7: Indeterminate Forms

L’Hospital’s Rule:

Suppose that we have one of the following cases,

0 f®)
mom-0 % Im T I

where a can be any real number, infinity or negative infinity. In these cases, we have:

L) _em @
agl) | e g@

Notel: If you see the following cases in a limit, (0)(+o) 1% 0° 000 00 — 00

Then you need to change the function of the limit to (g) or (i g) types.
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too 0 - In1 0

(@) (0)(+°°)_T=i; () In(1 )=ooln1=T=6
0 ©

In (0% = 0In0 = 22 =% & In(eo?)=0o=22=2

© (0% =0n0=—-== (@ In(0%) =0lnoo =——=
0 0

when you have the following cases 1% ,0%and ° in your question, then apply the logaritem rule (In): (look at
following Example)

2
Example: lim (1 + 4x)*
x—-0%

2
Ans: [let xlir&(l + 4x)x = Jir&y] By taking the logaritem to both sides:

L'H
llmlny—hm ln(1+4x)=21i0 W()type— 52lim —— =2%4=8
x—

X0 x—0+ 1+4x

2
liminy =8 ~y=e® - lim (1+4x)x =
x—0t

x—>0

Another solution:

*
2 2 1+ 4
llm (1 n 4x)x exh%]’rx In(1+4x) solving the power of e lim 2 ln(l 4 4x) — 2 lim ln( + x) (9)
x—-0t X x—0% X 0
L'H thus Z
= —2lim =2+4=8— lim (1+4x)x =e®
x—>0F 1+4x x-0*

* where e”* is continues
o . +
Note 2: (oo — o) (in this case you are recommeded to use the following steps to have (%) or (;—z) types)

Ist: you neet to use the factor method

lim a/® + p9® = lim a/® |1 + ] where (a & b can be Constant or variable)

2x 2x ,00 R 2 2

AT X _ — 1 X 7)) = — . . =" (__ =(LH) - = -
ex: Jll_r)glo(e 2x) ;l_g)loe (1 ex) %]l =00 since ;1_{130 = (oo) ;1_{120 o 0
2nd: you need to use the limit for both functions separately

0

= | lim af(x)] . [1 + lim %] To solve [ lim a’®| check the hint

x—+oo x—too a x—+oo
Hint: lima* = oo, hm a*=0 foranya>1 lima* =0, lim a* =0 forany0<a<1

X— 00 — 00 X—00 X—>—00
2% AN
im 2 i T 6 L () 0o 2
exxl_r>10103x+1_|_2x—x_)00 2x—x1_)r£10 E =3 werexl_r)glo 3) = an 3<
3+3x 3+(3)

!! Wrong assumption!!

In(a* — b*) #Ina* —Inb* sincelna* —Inb* =1In (bz)

Note 3: (=)

(0ot 00)

You will use the same method as mentioned in “case 2” for both numerator and denominator
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Section 7: Problems session

Evaluate each of the the following limits if it exists :

1) lim &2%

X-0 X

. (Inx)?
2) lim =72

3) lim (= - =)

x—1 \Inx x-1

4) lim (¥ — x%)

2
5) xlir(r)1+ (sin x)mx
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6 Jim (cos (3))

7) ligrl _(tan x)¢os*
x=(3)

2
8) lim (1 + 4x + x?)x
x—07%

9) lim (1 + sinx)cot¥
x—07t
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11 li 5%¥—2%
1m
) X—00 5x+1_+_2x

12)lim x (2tan™1x — m)

X—00

iy 1197 —e*
) lim Tow i ¢ o

i (an (5)

150 1i x — sin(x)
)xlgl+ (1 — cos(x))3/2
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Section 8: Curve Sketching Steps

Step 1 Determine the Domain

eDefination: The domain of a function f(x) is the set of all input values (x - values) for the function.

eRule: In rational function, which means (M) the denominator can not be zero (denominator # 0)
— denominator
eHow to find the domain of the funcation (y = %): make the denominator fucntion equal to zero to find what value
of x that makes B(x) = 0
3x denominator # 0 A>0 ..y hasroot
eExample: y = R —5x—14#0 ——— > ~x*—-2andx #* 7 Domainofy =
R —{-2,7}
*Recall: Vf(x),where f(x) >0 ln(f(x)),where fx)>0
—b +Vb? — 4ac 5
X = P ,Where A= b* — 4ac

oA < 0 means the funcation has no real roots

eA = 0 means the funcation has equal real roots
A > 0 means the funcation has 2 real roots
-

Step 2 Find both the x and y Intercepts

o:: x — Intercepts::

eDefination: An x — intercept of a function f(x) is any point where the graph crosses the x — axis.
*To find the x — intercepts, solve f(x) = 0. The x — intercept point formis: (x, 0).

eRecall: there is no x — intercept point when A= b? — 4ac<0

e:: y — Intercepts::

eDefination: An y — intercept of a function f(x) is any point where the graph crosses the y — axis.

*To find the y — intercept, solve f(0) when x = 0. The y — intercept point formis: (0,y) = (0, £(0)).
*Recall: there is no y — intercept point when f(0) is undefined

Ve

Step 3 Find Asymptote(s) (chapter 4.6)

o::Vertical asymptote::

eDefination: A Vertical Asymptote (V . A) for a function is a vertical line x = a showing where the function becomes unbounded.

*When we havexllrgj(x) = 400, 0r xllrg_f(x) = too or both. Then, x = a is Vertical Asymptote (V. A)

*Note: At x = a, the f(x) is undefined, where "a" is constant. Therefore, If the domain is defined and continous for all x, then
there is no Vertical Asymptote (V. A)

e::Horizontal Asymptote::

eDefination: A Horizontal Asymptote (H . A) for a function is a horizontal line y = b that the graph of the function approaches as x
approaches oo or —co

*When we have lim f(x) = b (right), or lim f(x) = b (left),or both. Then, y = b is Horizontal Asymptote (H . A)

*Note: If we have 11m f(x) = too , then there is no Horizontal Asymptote (H . A) on the right.
Similarly, If we have 11m f(x) = £o0o , then there is no Horizontal Asymptote (H. A) on the left.

AX)

B(x)
it has oblique asymptote instead.

¢::0blique Asymptote::
eDefination: An Oblique Asymptote for a function is slanted line y = ax + b (where a # 0) that the function approaches as x
approaches co or —co
*When we have lim (f(x) — (ax + b)) = 0 (right),or lim (f(x) — (ax + b)) = 0 (left),or both. Then,y = ax + b is Oblique
X—00 X—>—00
Asymptote

eRecall:The function (y = ) has no Horizontal Asymptote (H . A) when the degree of A(x) is greater the degree of B(x), but

eRecall:The function (y = BE 3

B(x), but it has Horizontal Asymptote (H . A) instead.

) has no Oblique Asymptote when the degree of A(x) is smaller than or equal to the degree of
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Determine the Intervals of Increase and Decrease and local extreme

Step 4 values (chapter 4.4)

eFind f (x)

eWhen f'(x) =0, Find x = a,, a,, ...etc. Therefore,the "x = a,,a,, ...etc" are called the Critical Points (C.P)

*The singular points (S. P)are the points x where f *(x) is not defined except the one(s) on domain.

eDraw a table with the values of x [including: critical points, singular points,and undefined points of both f(x),
and f(x)]

eFrom the table,the Intervals of Increase and Decrease can be determined as well as local extreme values (max/min)

oIf f *(x)> 0on an interval, then fis increasing on that interval.

oIf f*(x) <Oon an interval, then fis decreasing on that interval.

e Remark: If f *(x)is postive (ornegative) on both sides of a critical or singular point, the f(x) has neither a maximum nor a
minimum value at that point.

Determine the Intervals of concave up/down and all Inflection Points

Step 5 (chapter 4.5)

eFind f ™ (x)

eWhen f(x) =0, Find x = by, b,, ...etc. Therefore,the "x = b,, b,, ...etc" are called the Inflection Points.

eDraw a table with the values of x [including: Inflection Points,and undefined points of both f(x) ,and f**(x) ]
eFrom the table,the Intervals of concave up/down can be determined.

oIf f " (x)> 0on an interval, then fis concave up on that interval.

o/f f " (x)< 0on an interval, then fis concave down on that interval.

Step 6 ] Draw the graph (chapter 4.6)

eusing the previous step, you can draw the graph.

eDetermine the symmetry of the graph:

eodd function: symmetric about the origin,where f(—x) = — f(x) for all x in the domain
eeven function: symmetricabout the y-axis, where f(—x) = f(x) for all x in the domain
« neither odd nor even function: nosymmetry

Step4d £21 > £F2 = £ > £2a
(C.P) (Undef) (c.P) (c.P)
x Yol Vor.ss 25 (7.2
f‘(X) + P - - [ + ¢ -
local Max Abs. Min local Max
Step5 b > az> bz > bs
> (Infl_P) (Undef) (Infl.P) (Infl.F)
b cfz b bs
f (X) . + - ¢ + [
Concave Concawve Concawve Concawve Concawve
Drowvwn Up Dowvwen Up Dowwn
Step6 &2 > b > 22 > bz > 75> bs > 24
{C.P) (Infl.P) (Undef) (Infl.P) {C.P) (Infl.LP) (C.P)
X 2y b 22 b= s bs ek
FOIl 4 - - -] - ¢+ |+¢-
o)l - |- + - + I

AC2 I I I Y Y e el
ACZ Il ] Kl KR (] [ [
)|~~~ | |
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i. Existence of extreme values on closed intervals (chapter 4.4)

If the domain of the function f is a closed, finite interval or a union of finitely many such intervals, and if f is
continuous on that domain, then f must have an absolute maximum value and an absolute minimum value.

ii.  Existence of extreme values on open intervals (chapter 4.4)
If f is continuous on the open interval (a, b), and if

lim f(x) =L and lirlr)1 f(x) = M, then the following conclusions hold:
xX—a X—->b~

(D) if f(u) > Land f(u) > M for some uin (a,b),then f has an absolute maximum value on (a, b)

(Dif f(v) <Land f(v) <M for some vin (a,b),then f has an absolute minimum value on (a, b)
iii. The Second Derivative Test

(@) if f'(xo) =0and f"(xy) < 0,then f has a local maximum value at x,.

(b)if f'(xg) = 0and f" (xy) > 0,then f has a local minimum value at x,.

(@)if f'(xg) = 0and " (xy) = 0,then no conclusion can be drawn.

Example for oblique asymptote (chapter 4.6)

x2+1
Consider the function f(x) = =x+ o .The straight liney = x is a two — sided oblique asymptote
. 1
of the graph of f(x) because llT (f(x) —x) = ZLT i 0
X—>100 X—>100

Example for oblique and horizontal asymptote

The graph of y = ff; has a horizontal asymptote y = 0 at the left and an oblique asymptote y = x
at the right:
x e* 0

[ =—=0 ~y=0isH. A .
xl—l>ﬁ1001+ex 1 0 ~y=0is of y from the left

5 (xex )—l' (xex—x(1+ex))_l, (x(ex—l—ex)>_l, (—x)_o
Ae\T+er *)70% 1+ex s 1+e* T \1rex) T

~ y = x is an oblique asymptote of y at the right

Section 8: Problems session

(3x + 1)2 8(3x + 1) 48(x + 1)

Q1:let f(x) = (x——1)2 .You are given that f'(x) = —W and "' (x) = W
e Find the domain of f(x)
The domain of f(x)is R — {1} hint:(x—1)2#0 ~x—1#0 ~x#1
e Find both the x and y intercepts of f(x)
mtercept: XD L0 L 3x41)220 o 3x41=0 ! int t't'<10>
f— = = e d = b = —— —_—
X intercept: = 1) GBx+1) X X 3 x intercept point is | -z,
. (3(0) +1)? . o
yintercepts: f(0) =———5=1 - f(0)=1 y intercept point is (0,1)

(0) - 1)?
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e Determine all asymptotes of f(x).

Vertical asymp. linllJr fx) =0 & lir{1_ f(x) =0 ~x=1is Vertical asymp.
x— x—

Horizontal asymp. lim f(x) =9 & lim f(x)=9 ~y =9 is Horizontal asymp.
X—00 X—>—00

There is no Oblique asymp.

Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

f'(x) = —8((;(;)13) when f'(x) =0 - —B(S'f;)? =0 - 83Bx+1)=0 > atx= —é
f(x) has a critical point
There is no singular point.
. . 1
f(x) is increasing on (— =, 1) 1
3 x —= 1
" 3
f(x) is decreasing on (—00, — §) & (1,) ffeo)| - + -
FO | N | 20N

f(x) has no local max point & f(x) has local minpoint at — %
e, . . 1 1
The critical point is (— E’f (— 5))

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

48(x + 1) 48(x+1)

f”(x)=mwhenf”(x)=0 .W 0 - 48(x+1)=0
at x = —1 f(x) has an inflection point . g
f(x) is concaving up on (—1,1) & (1, )
f(x) is concaving down on (—oo,—1) fre — + +
fx) | n

The inflection point is (=1, f(—1))

e Using the parts a,b,c,d,and e above, sketch the graphy = f(x) in the coordinate axes

provided below.

1
x -1 -3 1
fle | - - + - '-zl
(%) n U V] V]
o | YN
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9. Lot ()_x2—2 v oom that ,()_4—2x p ”()_4x—10
Q2: let f(x TR ou are given that f'(x = o1 and " (x R
e Find the domain of f(x)

Find both the x and y intercepts of f(x)

Determine all asymptotes of f(x).

Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graphy = f(x) in the coordinate axes provided below.
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Q3:let f(x) = (x —3)%2 e*.You are given that f'(x) = e¥*(x —3)(x — 1) and f"(x) = e*(x? —2x — 1)
e Find the domain of f(x)

e Find both the x and y intercepts of f(x)

e Determine all asymptotes of f(x).

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graphy = f(x) in the coordinate axes provided below.
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x3 -1 6x? 12x(1 — 2x3)

Q4:let f(x) = e .You are given that f'(x) = m and " (x) = 1)

Find the domain of f(x)

Find both the x and y intercepts of f(x)

Determine all asymptotes of f(x).

Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graphy = f(x) in the coordinate axes provided below.
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x3—-3x?+1 3(x2-1) 3(4 — 2x?)

.You are given that f'(x) = o and " (x) = =

Q5: let f(x) =

x3

e Find the domain of f(x)

e Find y intercepts of f(x)

e Determine all asymptotes of f(x).

e Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graphy = f(x) in the coordinate axes provided below.

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com 54



x .You are given that f'(x) = X -3) and f" (x) = 2x(x* +3)
X2 — (x? — 1)? GZ_ 1)

Q6: let f(x) =

Find the domain of f(x)

Find both the x and y intercepts of f(x)

Determine all asymptotes of f(x).

Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graph y = f(x) in the coordinate axes provided below.
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ey ven that f/(x) = =2 g ey = £ 4 H)
-1 ou are given that f'(x) = Gx—1)2 and f"(x) = (x —1)3

Find the domain of f(x)

Q7:let f(x) =

Find both the x and y intercepts of f(x)

Determine all asymptotes of f(x).

Find all local maximum and local minimum of f(x); and determine intervals of increase and decrease .

e Determine all inflection point(s) and the intervals where f(x) concave up and concave down.

e Using the parts above,sketch the graph y = f(x) in the coordinate axes provided below.
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Q8: let f(x) be the function defined for all real numbers.suppose that f(x) satisfies the following

conditions: X o _1 ) 3

f (x) is not continous at x = +1, flx) | -1 -2 1 2

f'(x) is not defined at x = -2, ffe) | + | — - 0 + t
| + ] + +] + 0 -

f'(2)=0,f"(0) =f"(3) =0,

lim f(x) =—c0 , limf(x)=3, lim f(x)=o0 , lim f(x)=-2 |,
X——00 X—00 x—>—-1% x->—1"

Answer the following questions using the given information:

(a) Find all vertical and horizontal asymptotes of f(x).

(b) Give all intervals where f(x) is increasing.

(c) Is f(x) is decreasing on (—2,2)? Explain.

(d) Give all intervals where f(x) is concave down.

(e) Find all local maximum and local minimum points of f(x).

(f) Find all inflection points of f(x).

(g) Sketch a graph of f(x).
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Q9: For the function f(x) whose graph is given, find the following:

(@) lim f(x) =
xX—2

(b) lim f(x) =
x—-—4

(© lim_f(x) =

(@) lim f(o) =

(e) Points where f'(x) =0

(f) Intervals where f'(x) > 0
(g) Intervals where f is continous.

(h) Intervals where f is dif ferentiable.

() Jim () =

Q10: The graph of the function f(x) is given below, Answer the following questions:

‘v

(a) Find the limit lirr}ﬁf(x) if it exists.
xX——

(b) Find the limit lim1 f(x) if it exists.
X—

(¢) Find all intervals which f (x) is continous.

(d) Find all intervals which f(x) is dif ferentiable.
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Section 9: Extreme-Value Problem

Example: Suppose a farmer wishes to enclose a rectangular field using 1000 m of fencing in such a way that
the area of the field is maximized. Find the dimensions and the Total area of the field when the area of the
field is maximized.

Solution: Let x and y be the dimensions of the field and let A be the area of the field. Then, A = xy

1000 = 2x + 2y - y = 500 — x. where 1000 m is the circumference of the rectangular field
A = x(500 — x) = 500x — x? The maximum value of A on the interval x € [0,500]
dA

dA
Tx 500 —2x  when Tx 0 thenx =250m andy =250m Aly=z50 = (250)(250) = 62500 m?

The end points: Aly—o = Alyx=500 =0 where Aly—2s50 > Aly=o and  Aly—50 > Alx=s00

So A has a maximum value of 62500 m square whenx = 250mandy = 500 — 250 = 250m

Section 9: Problems session
Part 1:

Q1: Find the dimensions of the rectangle of largest area that has its base on the x — axis and its other two
vertices are above the x — axis on the parabola y = 4 — x2.

Q2: A cylinder with an open top has total surface area 27w cm?. Find the radius of such a cylinder which has
maximum volume. Explain why your answer gives the maximum volume.
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Q3: Find the area of the largest triangle with the following properties: one vertex is (0,0), the other vertices
are on the ellipse 4x2 + y? = 4 and one side is parallel to the y — axis.

Q4: there are 50 orange trees in a garden. Each tree produces 800 oranges. For each additional tree planted in
the garden, the output per tree drops by 10 oranges. How many trees should be added to the existing garden
in order to maximize the total output of trees?

Q5: Among all triangles formed by the positive x — axis, the positive y — axis and a line passing through the
point (1,3), find the dimensions of the triangle with the shortest hypotenuse.
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Part 2: (Recommed for the final exam)

Q1: Find the absolute mininmum and absolute maximum points and the values of f(x) = (x3 — 9x2 + 15x)?/3
on [—1,6].

1+x2

Q2: Find the absolute mininmum and absolute maximum (if they exist) of f(x) = e_( x ) on (0, ).
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|x? — 1] x <2

Q3: Consider the function f(x) = { 2 + cos(x — 2) x> 2

(a) Without finding the absolute extreme values, show that f has absolute maximum and minimum values on
the interval [0,6].

(b) Find the absolute maximum and minimum values of f on the interval [0,6].
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Section 10: Linear Approximations
The linearization of the function f about a is the function L defined by L(x) = f(a) + f (a) (x — a)

We say that f(x) = L(x) = f(a) + f "(a) (x — a) provids linear approximations for values of f near to a.

ex) The equation x?y3 — x3y? = 4 defines a funcation y(x). Find the lineriztion of y(x) at (1,2)

and use it to approximate y(1.01)

Solution: using the lineriztion rule: L(x) = f(a) + f '(a) (x —a) hint: a=1 and x = 1.01
from (1,2) since y = 2 S—an(a) =y()=2

;—x[x2y3 —x3y?] = ;—x [4] - 2xy3®+3x%y%y’ —3x2y? — 2x3yy " = 0 using the point (1,2)

then — -1
2(1)(2)* + 312 32D - 2@y = 07Dy (W) =Yaex 1 = o = o

i -1
= the lineriztionof yat a =1 5 L=y +y (D) x-1) =2+ T(x -1)

-1 1 399
using the approximation rule, we have f(1.01) = L(1.01) = 2 + - 1.01-1)=2- 500 = 200

Section 10: Problems session

2
T X
1) The equation cos (7}]) = 3" 4 defines a funcation y = f(x). Find the lineriztion of f at (3,3)

and use it to approximate f(3.1)

2) The equation sin(xy) + T = x + y defines a funcationy = f(x). Find the lineriztion of f at

(m,0) Also, find an approximation for f(3)
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3) Using linear approximation, estimate V33

Note: review F.T.C (section 14) and integral proprieties (section 13) before solving the following questions

X

dt 3
4) let f(x) = J. 116 Use the linearization of f at a = 1 to approximate f <§>
1

x2

5) let f(x) = f et’dt be given.Using the linear (tangent line) approximation of F,
1

. 1.21
and estimate [, et dt
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Section 11: Sums and Sigma Notation

f(x) is continous on [a, b]
n is subinterval of width Ax
each interval is called x|

n
b
lim Z f(x)) Ax = .[ f(x) dx note that
n—-oo
i=1 a

Pn = (Xg, X1, X2, cer . , Xn)
n
T in
Ex: lim— ) cos (—)
n-oon n
i=1
n n
s in m (7
Solution: lim — ) cos (—) = lim Afo(xlf") :>f cos x dx = sinx|g =0
n—-oon - n n—oo - 0
i=1 i=1
[ Ax = E(chosen) =2-4a (rule), b—a=m - (1) = let f(x;) = cos (l—n) - (2) )
n n n
Let x;{ = %(chosen) =a+ilAx(@ule) =a+i % , = ~a=0~b=m fromeqn (1)
<
Pnz{x(*;:O,: xj:%........,x,*l:n} = xo=0=a, xp=m=b
| fromeqn (2),f(x}) = cos (%) = cos( x}) = let f(x) = cos x which is cont. on [0, m])

Ex: For the funcation f(x) = xe®*)

write a Riemann Sum obtained by dividing the interval [1, 2] into n equal length subintervals.

2 n
xe®*) dx = lim Zf(x{*) Ax = (using Riemann Sum)
n—-oo
i=1

Solution: we have f
1

Ax = b—a_2-1 =%, Po={x0=1,......, x5, =2}, then x; = 1+%Where x; =a+ilAx

we have =
where f(x) = xe®**) which is cont. on [1,2]

n . 2

2 N i\ 1 - | AWLE:
J xe™®) dx = lim Zf <1 + —) — = (using Riemann Sum) = lim (1 + —) e\''n/ —
1 n—oo ] n;, n n—oo = n n

Section 11: Problems session

1 1 2 7\ 1w 1

Q1: lim — 1-——+ |1——+:-++ [1——]= lim— 1—-—i

n-oo N n n n noe N L n
1=

5

02)3%%[(1+%)5+(1+%) +"'+(1+%)Sl
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n—-oo N

) T (kn
Q4) lim — sin (—)
n- n n
k=1
n iz
QS) Tlllm - 1-— ﬁ
=0

422 5

i=1

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com

66



Q(B): For the funcation f(x) = (sin x) **1

write a Riemann Sum obtained by dividing the interval [1, 3] into n equal length subintervals.

Section 12: The Definite Integral

I
-

¥ g(x) o, 5
a(b) upper % f) =x" =
Riemann T
sum
lower s
Riemann —
sum +
— - |
mm 99
4_
1
a b X

4]

ex: calculate the upper and lower riemann sum for the funcation f(x) = x3, corresponding to
the partition P, of [0,2] into 4 subintervals of equal lenght. [The graph is shown above]

A _b—a_2—0_1
YT T T T T2

LGp) = A [ + F) + F) + U1 = 5| ro + 7 (3) + rd +7(3)] = %[0 n (%)3 L 134 (;)3] -2

3 3

V() = M [ ) + Flu) + ) + Ful =5 [£ (5) + 1 + £ (5) + @] = %[@) e+ () 25

23| =—
v2)|-2
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Section 12: Problems session

Q1: calculate the upper and lower riemann sum for the funcation f(x) = x? , corresponding to

the partition B, of [0,2] into 4 subintervals of equal lenght.

Q2:calculate the upper and lower riemann sum for the funcation f(x) = cosx ,corresponding to

the partition P, of [0,2r] into 4 subintervals of equal lenght.

Q3: calculate the upper and lower riemann sum for the funcation f(x) = |x? — 1|, corresponding to

the partition B, of [0,2] into 4 subintervals of equal lenght.

The definite integral

Suppose there is exactly one number I such that for every partition P of [a, b] we have L(f,P) <1 < U(f,P).

Then we say that function f is integrable on [a, b], and we call I the definite integral of function f on [a, b]. The

definite integral is denoted by the symbol I = f; f(x) dx.

ex: By using ex1, Prove that f(x) = x3 is integrable on the interval [0,2]
Let] = foz x3 dx. such that for every partition P of [0,2] we have L(f,P) <I < U(f,P) - byexl — z </<Z

Then the function f(x) is integrable on [0,2], and we call I the definite integral of function f on [0,2].
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Q4: By using Q1, Prove that f(x) = x? is integrable on the interval [0,2]

Q5: By using Q2, Prove that fozn cosxdx <m

2
Q6: By usingQ3, Provel<I< 3 where | =f |x? — 1|dx
0

Section 13: Properties of the Definite Integral

1) If fis an odd function (i.e., f(—x) = —f(x)), then fa_af(x) dx = 0.
Vi

ex: f sinx dx =0 since sinx is odd function i.e sin(—x)= —sinx
-

2) If fis an even function (i.e., f(—x) = f(x)), then fa_af(x) dx =2 foaf(x) dx.
Y Vi

ex: f cosx dx = Zf cosx dx = —2sinx|f = —2(sinm —sin0) =0
-1 0

since cos x is even function i.e cos(—x) = cosx

3) f;f(x) dx=0 ex: f22(2 +5x)dx =0

Section 13: Problems session

1) [7,(2+5%) dx

s
2) j 1 + sin®x+/9x2 + 4cos? x dx
-1
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3 jl sin x p
) 11+ x? *

y [ F dx

Section 14: The Fundamental Theorem of Calculus [F.T.C]

3
2 d
Ex: F(x) =.]- e " dt find — F(x)
X dx

d d d
By F.T.C, we have T F(x) = [a (3)] x =37 [E (x)] x e~ (% = [0]  e™® —[1] e~ = —g=¥’

Section 14: Problems session

5x

d 4
— 42 -t ; - __
1) G(x) =x j_4e dt find P G(x) atx z

2)H(x)=j et dt find%H(x)atx=1

1 X
: 2
3) }Cl_r)r(l) x3,[0 tan(t*) dt
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[T In (sint) dt

4) 1
) x—grr}z sinx — 1
238x + x2019
5 li

im
x-0* fg(cos(t3) + cos3t) dt

Section 15.1: Integral Properties

[ +g()dx=[f(x)dx+ [g(x) dx [cf(x) dx=c[ f(x) dx, cis constant
[ f(x) dx = F(x) + ¢ where F(x)is an anti-derivative of f (x) f;f(x) dx = F(x)|2 = F(b) — F(a)
f:c dx = c(b—a), cisconstant f;f(x) dx = — fbaf(x) dx

Common Integrals

1 1 X
Jk dx=kx+c sinx dx = —cosx + ¢ f—dxz—tan‘l(—)+c
. a? + x2 a a
1 X
x"dx=——x""1 4+ cn#1 sec’x dx =tanx + ¢ ——  _dx=sin"1(=
f ] o dx = sin (a)+c

1
Jx‘l dx = J— dx =In|x| + ¢ secxtanx dx =secx + ¢
X

sin?x +cos’x =1
cscxcotx dx = —cscx + ¢

1 1
f dx = —Inlax + b| + ¢ secix —tan’x =1
ax+b a

f eXdx =e*+c¢ csc?x dx = —cotx +¢ sin(2x) = 2 sin(x) cos(x)

1
flnxdx =xlnx—x+c tanx dx = In|secx| + ¢ cos?(x) =§(1+cos(2x))

—

fcosxdx = sinx + ¢ secx dx = In|secx + tanx| + ¢ sin2(x) = 1(1 — cos(2x))
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Standard Integration Techniques

Section 15.2: Substitution

The substitution u = g(x) will convert f flg(x)g'(x) dx = fg((a))f(u) du using du = g'(x) dx
8
5 5. P 5 .
ex: f 5x2 cos(x3)dx = .[— cos(u) du = =sin(u)| = = (sin(8) — sin (1))
J 3 3 ;3
1
{ u=x3 —>du=3x2dx—>x2dx=§du
x=1->u=13>=1 and x=2->u=23=8
Products and (some) Quotients of Trig Functions
For [ sin™(x) cos™(x) dx we have the following: For [ tan™(x) sec™(x) dx we have the following:
1. n odd. Use the substitutionu = cos x 1. n odd. Use the substitutionu = sec x
2. m odd. Use the substitutionu = sin x 2. m even. Use the substitutionu = tan x
(1) & (2) convert rest using sin® x + cos? x = 1 (1) & (2) convert rest using sec?x — tan®x = 1
3. n and m both even. Use Trig Formulas: 3. n odd and m even. Use either 1. or 2.
sin(2x) = 2 sin(x) cos(x) 4. n even and m odd. Each integral will be dealt with
1 .
cos?(x) = 2(1 + cos(2x)) differently.
1
sin?(x) = > (1 — cos(2x))

Ex. [ tan3 xsec®xdx

f tan3 xsec®xdx = f tan? xsec*x tan x sec xdx = f (sec’x — 1)sec*xtanxsecxdx  (u = secx)

— (du = tan x sec x dx)

1 1 1 1
2 4 5 5 7 5
= u*—u*du =-u>—=-u>+c==sec’x —=sec>x+c
_I ( ) 7 5 7 5
Sin® x sin* xsmx (sm x)? smx (1—cos?x)? sinx
Ex. f cos3x f cos3x - f cos3x o f cos3x dx
(u= cosx) - (du = —sinxdx)

(1 —u?)? 1—2u*+u*
:_f—gdu:_f 3 f—du+f du—fudu
u u

1 1 1
= —2+21n|u|—5u +C—ESGC x+21n|cosx|—§cos x+c

Section 15.2: Problems session

T tan x vsec x+sec x\tanx
m g dx
cosx
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(2) [« cos® xsin? x dx
2

13
B [ 5

(4) flz 1+x\/§ dox

In(In x)
xInx

dx

ON
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(6) [ tan®xsecxdx

2x dx

D | s

x +x+1 dx

® | —F—

arcsmx
1—x2

9 f;

1+x

(10) f 22 g
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3
(11) f%dx

(12) f;—r sinx— cosx dx

0 sinx+ cosx

Section 15.3: Integration by Parts

fudv=uv—[vdu and f:udv=uv|3—f;vdu.

W’

u =, du
[adv

dv — u

From[ u dv

The choice of u = function to differentiate.

Choose u and dv from integral.

The choice of dv — function easily to integrate

fxe‘xdx =—xe ¥+ f e *dx

=—xe *—e*+¢

Ex: [xe *dx Ex: f35lnx dx
u==x dv = e *dx u= Ilnx dv = dx
du = dx v=—e* duzidx v=x

5

5

f In xdx=xlnx|§—f dx = (xIn (x) — x)|3

3 3
—5In(5)=31n(3) - 2
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How to choose u and dv in Integrate by Parts Questions

Function Example u dv
Log function f Inx dx In x dx
Log times algebraic fx“ Inx dx Inx x*dx
Log composed with algebraic f Inx3 dx In x3 dx
Inverse trig forms f arcsin x dx arcsin x dx
Algebraic times sine fxz sin x dx x? sin x dx
Algebraic times cosine f 3x° cosx dx 3x° cosx dx
Algebraic times exponential j%xze“ dx Exz e3* dx
Algebraic times integral fx (j; dt) dx L dt x dx
i+ i+
Sine times exponential f eg sinx dx sinx e% dx
Cosine times exponential f e* cosx dx Ccos x e* dx

Order of choosing dv is (easiest: exponential = sine /cosine = algebraic) which have a simple form

Section 15.3: Problems session

(D) [ e sin(e3*) dx

2) ffﬁeﬁdx

(3) [ x arctan(x?) dx

Copyright © MATHBOOKLET All Rights Reserved. Email: bookletmath@gmail.com Website: https://mathbooklet.weebly.com




(4) [ x?e*dx

B) [(x—1D?In(x—1) dx

6) [ e VX gy

) [ e g

2
x3eX

) [ S dx
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Section 15.4: Partial Fractions

f(x)

Partial Fractions: If integrating [ —— dx where the degree of f(x) is smaller than the degree of g(x). Both f(x)

g)
and g(x) are ONLY polynomial functions.

1. Factor denominator as completely as possible
2. Find the partial fraction decomposition (P.F.D.) of the rational expression.
3. Integrate the partial fraction decomposition (P.F.D.).

For each factor in the denominator we get term(s) in the decomposition according to the following table.

Factorin g(x) | TerminP.F.D Factor in g(x) TerminP.F.D
A Aq A, Ay
+b b)* + ot —
ax ax + b (ax + b) ax+b (ax+ b)? (ax + b)*
Ax + B A1x+31 Akx+Bk
2+ bx + _— 2+ b & ————+ -+
ax rre ax?+ bx +c (ax®+ bx + ) ax?+ bx + ¢ (ax? + bx + )k
7x%+13x
Examplefm
7x*+13x A +Bx+C AP+ 4+ Bx+O)(x—1)
(x—Dx2+4) (x—1) (x2+4) (x —1)(x2+4)
A+B=7
={C—-—B =13 A=4 B=3, C=16
4A—-C =0
f 7x% + 13x d_f 4 +3x+16d _f 4 N 3x N 16 4
G-DEE+D 7 T ) - 2+ T G- e 2+

=41In|x — 1| +§ln|x2 + 4| +8tan? (§> +C
2 2

Section 15.4: Problems session

(1) f x+1 dx

x2(x2+41) )
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(@) [ E

x2(2x2+1)

x%2+11x+10
3)J

T rariiox dx. (Assume that (x # 0))

4) [ == dx

x2(x2+4) ’
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10
©) f (x—1)(x2+9) dx.

3
(6) [ S dx.

1
D dx.

[

1
® f (/) () 4%
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dx
) f x(1+x119)

Section 15.5: Trig Substitutions
Trig Substitutions: If the integral contains the following roots, then use the given substitution and formula to
convert into an integral involving trig functions. The form type with (8) symbol has to be at the denominator of
the integrable function. However, the following roots can be shown at both the denominator (commonly) and
numerator (rarely) of the integrable function.

choose | vV b2x2 bx
a? — b2x? —— sin6 = =—
a? a
choose b2x2 bx
b%x%? — a? —— sech = =—
a? a
choose b2x2 bx
a? + b%2x2 —— tan0 = =—
Vaz a
h b%x?%2 bx
(8) a? + b*x? 22 tang = =
Vaz a
Another form:
h Jb2(x + ¢)?
Ja? — b%(x + c)? %% sing = Vbt o)
Va2
_b(x+0)
B a
h b%(x + ¢)?
Vb2 (x + ¢)? — a? 2% seco = yhixt o)
Va2
_b(x+0)
B a
h Jb2(x + ¢)?
Ja? + b2(x + c)? 2% tang = ybTxtc)?
Va?
_b(x+0)
N a
h JVb2(x + ¢)?
() a2 1 b2(x + 0 205 rang = YOO
Va?
_ b(x + ¢)
N a

choose AY; 32x2 3x

V22 =323z 5 sing = =—

V22 2

choose 32x2 3x

32x2 —22 —— sechH = =—

V2z 2

choose 32x2 3x

ST 37 P g = I3

vz 2
2 2.2 choose V32x2 3x
(@) 2+ 3“x* —— tanf = =—
Vv2z 2

Another form:

h 32(x + 1)2
V2B 12 2 ing =Y EE L
V22
_3(x+1)
T2
h J3%(x + 1)2
\/32(x+1)2—22coﬂ>sec9=¥
V22
_3(x+1)
T2
h 32(x + 1)2
VBT 2 S ang = G D
V22
_3(x+1)
2
h 32(x + 1)2
(922 +32(x + 1)2 S tan § = ARSI
V22
_3(x+1)
2
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Example: [ % dx

) 3x 2 . 2
sm0=7—>x=§sm9—>dx:§cose dao

2 2
V4 — 9x? =j4—9(—sin9) =\/4—4sin26 = \/4c0520 = 2cos6

3

2 .
16x 16 (§51n9) 2 32 37 i
Woremmr-vi = A N |5 [ — 1 — - _ — 2
-[ 4—9x2dx (2 cos6) (3 C086>d9 9 fsmede 9 cosf + C 5 Ja—9x+C

Section 15.5: Problems session

2
[ mdx. (Assume that (x > 1/2))

1
(Z)J\/tz —6t+13 dt

3
B3) [ =adx
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dx
@ | Gy ao

x3
® | Nk

Section 16: Improper Integrals

Integral is called convergent if the limit exists and has a finite value and divergent if the limit doesn’t exist or
has infinite value

I.  Direct test:
If f is continuous on the interval (a, b], we define the improper integral f; f(x) dx = lim fcb f(x) dx
c—>a
If f is continuous on the interval [a, b), we define the improper integral f; f(x) dx = lirlrjl_ fac f(x) dx
c—

>>> Important: The following tests are used ONLY for positive functions. <<<

a

1 p > 1 converges 1 p <1 converges
P — test: jx—pdx _){pS1 diverges (0<a<o) Jx_pdx _){p21 diverges
a 0

.  Comparison test:

Suppose f(x) and g(x) are two positive functions with 0 < f(x) < g(x). Then we have the following
statements:

Iff g(x) dx converges then so does f f(x)dx. 0<f(x) <g(x)

If0<g(x) < f(x) f g(x) dx diverges then so does f f(x) dx.

Note: the inverse statements are NOT applicable.
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f (x) is given in the question, but g(x) is chosen from the question. Generally, g(x) has the form ofxip
[ll.  The Limit Comparison Test (LCT):

Suppose f(x) and g(x) are two positive functions and I; = faoo f(x)dx and I, = faoo g(x) dx.

Further suppose that the 3 different conditions are 1. lim [x) =c 2. lim AC . c 3.lim AC .
x— 00 g(x) x -0t g(x) x—ag(x)
I; is improper 1. atx = o 2.atx =0 3.atx=a where0<a<oo

1. If ¢ # 0 and ¢ # oo then both integrals converge of both divergent.
2.1fc =0then0 < f(x) < g(x). (*) check Comparison test
3.1fc = then 0 < g(x) < f(x). (*) check Comparison test

Example: This problem has 3 unrelated parts about improper integrals:

(a) Evaluate the improper integral [ = fooo xe ™ dx

- - . . : R _
This integral is improper at x = oo Using Direct test, we have }%1m fo xe ™ dx
—00
_ (R _,2 1 2R 1, _p2 _1 _R2 1. —p2\ _ 1
letlg = [y xe™ dx=—2e ™| =—2(e™® -1)=;(1—-e™) Hence, Jlim(1-e™®)=7
(b) Determine whether the integral fo Grens dx is convergent or divergent.
1 1
isi isi = > X > eX <=
This integral is improper at x = Forx >0, x+e* >e - o = ox
%) R R
1 1 1 ) _x ) O
0S———F<—%  where| —% — dx = lim | e 3 dx = —3lim (e 3—e>=3
ot = = = R— R—0
(x +eX)3 es3 o es3 N NCE 0
o) 1

— dx is convergent by comparison test.
(x+e*)3

(c) Find the values of p for which the integral fol is convergent.

(tan x)P
__1 __
. (tanx)? xP p_ f
xl_l)l‘glJr 1 = m os *(cosx)? =1 forall p. Recall dx —-p<1 converges
(x)P

So, by the Limit Comparison Test, fol is converges for p<1

_r
(tan x)P

Section 16: Problems session

Evaluate the improper integral (1 to 7)

1) f_ooo xe* dx
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2) fooo xe™ dx

(o2} 1

3) fl x (In x)2 dx

oo Inx

4) f2019 X2 dx

5) Jo .

20 x InxIn(In x)
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3 x dx
6) fo (9—x2)3/2

oo xdx
7) fO 1+x*

Determine if the integrals (8 to 17) are convergent or divergent:

oo eX
8) fO szdx

02
9) f119 sin“ x dx

0 x5/2
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oo dx
10) J, T

(e} dx
11) fo x7 +x1/3

12) [ _dx

x1/24x2
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/2 dx

13) J,

x sin x

x2+x—6

1—cosx

[o¢]
15) fl x5/24x4119
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3 (14+e7%) (x +x+1)d

16) J,

17) f\;;x—arctanxdx

Question: Let f be dif ferentiable function on R such that lil_ll_l f(x) =120and lim f(x) =1. Find
X—>+00 X—>—00

the value of the improper integral f f (x) dx. Explain and show your work.

Section 17: Areas of Plane Regions

b o .
Net Area: fa f(x) dx represents the net area between f(x) and the x — axis is with area above x — axis is
positive and area below x — axis negative.

Area Between Curves: The general formulas for the two main cases for each are,
b . .

y=f(x)>A= fa [upper function] — [lower function] dx

x=f(y)>A= fcd [right function] — [left function] dy
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If the curves intersect then the area of each portion must be found individually. Here are some sketches of a
couple possible situations and formulas for a couple of possible cases.

y  y=7(z) ¥ Y

B N

b d c b
4= j fO)—g@) dx A= f fO)—g) dy A= f £ - g(x) dx + f 900 — () dx

Example: find the area of the bounded, plane region R lying between the curves y = x? — 2x and y = 4 — x2.

Solution: first, we must find the intersections of the curves, so we solve the equations simultaneously:
x2—2x=y=4—x? 2x>—2x—4=0 2(x—2)(x+1)=0sox=2o0rx=1

Since 4 — x2 > x% — 2x for — 1 < x < 2,the area A of R is given by

A= jz((4—x2)—(x2 —2x)) dx
-1

2

2 2
=.f (4 —2x% +2x) dx = (4x—§x3+x2)
-1

-1

2 2
=4(2) — 3 B)+4— (—4 + 3 + 1) =9 square unites.

Section 17: Problems session

Q1: Sketch and find the area of the finite region bounded by the curves y = x3 any = 4x.

=x2—2x

y=4—x?
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Q2: Write (DO NOT EVALUATE) an integral (or sum of the ingrals) which gives the area of the region
lying below the line\7 y = x + 1 and inside the circl x*> + y? = 1.

Q3: Sketch the region between the parabolasy = 3 — x? and y = x* — 2x — 1 and find the area of this
region.
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Section 18: Volumes by Slicing-Solids of Revolution

Table 1. Volumes of solids of revolution
¥

If region R —

is rotated about

1
aq X b X X
use plane slices use cylindrical shells
the x-axis b "
v =Jrf ((g(x))? = (f(x))?) dx V= ZRf y (k(y) — h(y)) dy
a (o
use cylindrical shells use plane slices
the y-axis

b o
V= 2rrf x (gx) — fix))dx V= :rf ((k(y))* — (h(y))?) dy

Example: let D be the region in the plane described by all four inequalities x > 0, y <2, y>x3,y < %

(see the figure on the right). Y y=z°

a) Let S be the solid of the revolution obtained by rotating the region D about y-axis. \ /

(1) Set up the integral(s) which give the volume of S using cylindrical shells method

(DO NOT EVALUATE).

Ans: Divide D into two regions D, and D, usingv = f: 2nrh dx

cylindrical shells method.

Thus, v = fl/z 2nx(2 — x3) dx + 11/2

N 2mx G — x3) dx

(1) Set up the integral(s) which give the volume of S using washer (slicing, disc) method

(DO NOT EVALUATE).

Ans: using v = f: m(R? — r?) dx washer method

|nD4:r:0, R:% |nD4:T:O,R:W -'-v:foln(v;)zdy_i_flzn(i)z dy

b) Let T be the solid of the revolution obtained by rotating the region D about the
line x = —1. Set up but (DO NOT EVALUATE) the integral(s) which give the volume

T
of T using cylindrical shells method. ],
r
Ans: using v = f: 2ntrh dx cylindrical shells method. I; 0| 0x
l
L .
Thus, v = f01/2 2m(x 4+ 1)(2 — x3) dx + fll/z 2m(x + 1) G — x3) dx R
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a y

At z = 0 (x — axis)

sr=y

Atz = 0 (x — axis)

“r=y

r=x+z asx <0 r=z—x asx >0
h=g(x) — f(x
h=g)—f(x) gx) — f(x) |
|
At z = 0 (y — axis) ¢ E At z = 0 (y — axis)
=S —
S e
x
X
e x =4z
¥
)
r=y+z asy<0 r=z—y asy>0
¥
h= k() ~h() h= k() ~h() 2

For the cylindrical shell method, the representative rectangle is always parallel to the axis of revolution (rotation)
b d

V=2r f r hdx (Vertical Rectangle Element) o V= 27rf r hdy (Horizontal Rectangle Element)
c

h: height of rectangle element

y: Distance between the x-axis and rectangle element (fixed).

x: Distance between the y-axis and rectangle element (fixed).

a
r: Distance between the axis of revolution and rectangle element.
In a horizontal rectangle element:
In a vertical rectangle element:

dy is the width of the rectangle element
dx is the width of the rectangle element

At z = 0 (y — axis)

As x <0 As x>0
R=k(y)+z R=z—-h(y)
r=h(y)+z r=z—k(y)

At z = 0 (y — axis)

“R=k() “R=k(»)
o x & r=h) x
RT=RG) xX=-z . x=+z
¥
p=tay

As y <0 As y >0
~R=gx)+z ~R=z—f() X
ar=fl)+z ar=z—g9g()

2|y
At z =0 (x — axis) At z =0 (x — axis)
~R=g0) “R=g(x)
s r=fx) ~r=fx)

y=—z
v

In a horizontal rectangle element:
In a vertical rectangle element:

For the disc (slicing, washer) method, the representative rectangle is always perpendicular to t
b

V=m f(R2 —12) dx (Vertical Rectangle Element)

d

he axis of revolution (rotation)

o V=m J’(R2 —12)dy (Horizontal Rectangle Element)

a [+4
R (Outer Radius): Distance between the axis of revolution and the ending (furthest) edge of the rectangle element.
r (Inner Radius): Distance between the axis of revolution and the starting (nearest) edge of the rectangle element.
dy is the width of the rectangle element
dx is the width of the rectangle element
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Section 18: Problems session

Q1: Let R the region bounded by the curvesy = 10 — (x — 1)? and y = (x — 3)?

a) Write a difinite integral which is equal to the volume of the solid obtained by rotating the region
R about x-axis. DO NOT EVALUATE.

b) Write a difinite integral which is equal to the volume of the solid obtained by rotating the region
R about the line x = 0. DO NOT EVALUATE.

Q2: Let R the region bounded from above the x-axis and from below by the curv y = 2x —x%. R is
rotated about x = —1 to generate a solid. Write (DO NOT EVALUATE) integrals giving the volume V
of the resulting solid of the revolution by using following methods;

a) the cylindrical shell method.

b) the disc (slicing, washer) method.
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Q3: Let R be the region bounded by the parabola y = x? + 1 and the line y = x + 3.

Let S the solid obtained by rotated about R about the x-axis.In each part sketch the region R,draw a
typical rectangle (area element dA) and a typical volume (volume element dV) and use them to write
a difinte integral (or sum of the ingrals,DO NOT EVALUATE) which gives the volume of S using

a) the slicing (disc) method.

b) the cylindrical shell method.

Q4: Let R the finite region bounded by the curvesy = x> andy = x + 2

a) Sketch the region R.

b) Set up a difinite integral which gives the volume of the solid obtained by rotating the region R
about x-axis. DO NOT THE EVALUATE

c) Set up a difinite integral which gives the volume of the solid obtained by rotating the region R
about the line x = —1. DO NOT THE EVALUATE
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Section 19: Arc Length

s= f;:: ds whereds = fl + (f’(x))zdx o s= f: fl + (f’(x))zdx

Ex: Write a difinite integral which is equal to the arclengh of the curve y = e* between the point (0,1)
and (1,e). DO NOT EVALUATE.

! — X
s = f: /1 + (f’(x))zdx where {af_((;f) _b ¢ | ~arclengh= fol V1 + e?*dx
Section 19: Problems session

Q1: Write a difinite integral which is equal to the arclengh of the curvey = In (Lj) between the point

X
(0, In (3)) an (1,In(4)) . DO NOT EVALUATE. .

Q2: Write the arclengh of the curve giveny = f(x) = flx\/t3 —1dt fromx=1tox=2

* n e
Section 20: Polar Coordinates and Polar Curves
Polar-rectangular conversion r. y
x =r1cosf y=rsinf x?+y?=r? tanf = % o

Ex: Find the Cartesian equation of the curve represented by the polar eqationr = sin2 6

r=sin26 =2sinfcos® 13 =2(rsinfd)(rcoshd) - Yx2+y2=2xy

Lemniscate Rose Curve (n even) Rose Curve (n odd) Archimedes’ Spiral

2 = a2cos26 r = acosné r = acosné
2 = a?sin26 r = asinné r = asinné
a#0 n even, 2n petals n odd, n petals

(@) (b) () (d)

D~
vV
o

Section 20: Problems session
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Q1: Find the Cartesian equation of the curve represented by the polar eqationr = sin 6 + cos 6

Q2: Find the Cartesian equation of the curve represented by the polar eqationr =

2—cos6

Q3: Let C the curve given by the polar equatio r = sin 20. Sketch the graph of the part the curve C in
the first quadrant (this is, wherex = 0, y > 0).

2 T :
<0 ,300
< \ ' >
%% i ﬁ-q/zg/\ o«
o, 270°
Pz a9

3 o ,H ::ﬂ\ X
#3/ f \ ot
s :’ N WT
e \ { //—‘/\; ] JJ
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Answer key:

1.0 15. 0 28. =2 | 40. o | 52.3
> w1 46 pNE| 292 | 41— | 53 1
L o 17. 0 30. 1 42. ~ | 54, 3241n3
' 30 18. 0 31. O 43, = In2
5. 1 19. 0 32. 0 : 55. =~

2 1 44. - )
6. 0 20. 0 33. 5 i 56. —4sin4
7. 2 21. 0 34 —oo 45. ¢ 57 &
8. 0 22.1 35 1 46. —1 6
9. D.N.FE 23. 0 ’ 2_1 a47. 2
10. D.N.E " 36. — | 48. 2
o PE s 37.2 | 49.0
13 —1 26. 0 38. 4 50. o

2

14 D.N.E 27. 0 39. 00 | 51 =

Ql:b) f'(0) =2
Q2:m = 2(119)
Q3:B. f'(1) =3
Q4:b=0
Q5: f'(0)=0
Q6:a=0
Q7:a=2
Q8:D.N.E
Q9:D.N.E
Q10: there is NO such a & b points

b=+119
C. Yes

1
a =
2

Part Ill:

a) —= [

2x cos(x?)— sin(x?) sec? x]

tan2 x

2
b) (x + xZ)lnx [ln(x+x ) 4 Inx (142x)
X 1+x
Part IV:
. e*lnx-— _ .
a) 2 sin(2x) cos(2x) * 2 + e 2sin(4x) +
e*(xIlnx-1)
x (Inx)?
b) COosXx _ l 2+2x
sinx 3 2x+x2
) (m x™ 1—sinx)(1+x3)—(x"+cos x)(3x2)
¢ (14x3)2
d) sec(sec x) * tan (secx) * secx * tanx
_ x__ 1
2 In3 [3 x 1n2 x]
fyh'(-2) =8
-1
g f'1)="2
Part V:

Ql:b) (f7H'(1) =
Q2:b) (1) (n) =
Q3: (f ') =

1
2
1

N |

Part I:

) Fierero
b) (sin x)c0s* [ (sinx) In(sinx) + —— -
c) (2 tan(sec(x?))) * (sec?(sec(x?))) * (sec(x?) tan(x?)) *
2x
d) (1 + x)sinx [cosx In(1+x)+

2x

G2

cos?x

smx]

e) 3x?arcsin(x? — 1) + x3

fQ)=—

Ql:y=x
Q2:b)y =11(x—-3) +1
Q3:a) (1,+2) and (1,-2)

b)y=2(x-1)-2 ¢NO
Q4:y=—1In2 (x——)+1
Q5:y = n_—+11(x —m) Tangent line

y = (r+ 1)(x — m) Normal line
Q6:y=x andy = 28(x—3)+ 30

Q7:y =%(x+ 1)
Q8:f'(0)=0

Part lIl: e
a)2(c05\/_)(—sm\/_)

1 [ —2X
b) Jim1/G)? @)’

—1/x
2x

)(1+cosx)— arcsm( ) (—sinx)

) (1+cosx)?

9(12+2) (142 2) r o0 ()
d) (sin x)cos(**) _—sm(x3) (3x2) In(sinx) +
cos(x?) ( ) (cos x)]

e) (sin x)cos(x ) —sm(x3) (3x%) In(sinx) +

cos(x?) ( ) (cos x)]

_|_

=)

Qil: V =8 cm?3
Q2: — unit/sec

Q3:
Q4.

Q5:
Qé: 20

Q7: part 1: S (8 sint — 6sin 2t)
Part 2: 2v/2 unit/sec

9\/_
—4 unit/ sec?

10 cm?/sec
a)§ unit /sec  b) 4 unit/sec

10
— radian /sec
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Section 7:

1

1) 5 2) 0 3) 3
4) 0 5) e? 6) 1
7)1 8) eb 9) e

1 1
10) - 1) < 12) —zf

1 _I 2
13) — 12) ez 13) =
Part 1:
Ql: = unit and S unit

175 unitand - uni
Q2:3cm
Q3: 1 unit?
Q4: 15 trees
2 1 3\3/2
QS:ix=1+3" & y=3+3  h=(1+3)
Part 2:
Ql: f(—=1) = f(5) = 25%/3 is abs. max.value
9—+21

fO)=f <T> = 0 is abs. min.value
Q2:

f(1) = e"? is abs. max.value
there is no abs min.point on (0, )
Q3:

(b) f(1) = 0 is the abs min.value

5(2) = 3 is the abs max.value

Ql:L(x) = 2x — 3 f(3.1) =3.2
2L@=157 [ =13

m+1
QL) =2+5(x—32) f3) =1
QL) =3(-1)  fB)=;
Q5: L(x) = 2e(x — 1) f3) =z
Q1) @)= 3)3 3
Q4) 2 as)” as) > [(17)5 - 1]

5 )) (142i)+1

.2 . .
Q(B) rlll_r)glo ;Z?ﬂ (sm( 1+-i

Section 12:

QL:L(f,p) == U(f.p) =7
Q2:L(f,p) = —m Ulf,r)=m
Q3:L(f,p) =1 U(f,r) =3
Section 13:

1)8 2) 2w

3)0 4)271

1)%{? 2)§

3)§ 4)0

5)119

5/2
(1) - -2 +2(374)

-8
(2) E
(3) EcosS/2 x—2cos2x+¢

3/2
@3[(1+v2) /2 23/7|
(5) In?(In x)
(6) sec® x
5

(7) In((x + 1)? + 2) — /2 arctan (x—ﬂ) +c

/ / vz
5/2 3/2
(S)Z(xT‘F xT‘F\/X)‘l'C

+c

2
—Esec3x+secx+ c

7.’_.2
(9) — »
(10)2("7—§+2\/§—21n|\/§+ 1|)+c
213/2
an U T4
In2
(12) ——

(1) —%e?’x cos(e3¥) + %sin(e“) +c

(2) 4e? — 2e

(3) x;arctan(xz) - %ln(l +xH+c

(4)e*(x?—2x+2) +c

(5) P in(x—1) - & 4 ¢
(6) 3x2/3e V% — 63/xe V% 4+ 2V 4+ ¢

1) 22 1n2
—x2e¥t 1 X2

(8) 2(x2+1)+56 +c

Section 15.4:

(1) In|x| — % — %ln(x2 +1) —arctanx + ¢

1.1 1
(2) Inx| + -+ Zln(x2 +1) — Zarctan (V2x)+c

(3) 2In|x| + 5arctan(x + 2) — %ln((x +2)2+1)+¢

L 2 _1 x
(4) 2 1r|1|x| |+ o In(x“ + 4) ;arctan (2) +c
x—1

(5)In - %arctan (g) +c

Vx2+9 5
(6) x+>+mmE 4 ¢
(7)—1n|x|+§+$—ln|x—1|+c

(8) E1n|xl/3 +1] + E1r1|xz/3 +1| - Earctan(xl/3) +c
2 4 2

1 x119
(9) 1—1911’1 m +c
Section 15.5:
1 JArZ — 1| 2%
(1) 5 [ln|2x + Vix 1| m] +c
—2)2 —
(2)In 222 224

3
3
@) VIt + 2V

1 x
@ v e
(5) > [arcsinx —xV1— xz] +c
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(1) —1 (convergent)
(2) % (convergent)
(3) 0 (divergent)
(4) m;gizﬂ (convergent)
(5) (divergent)
(6) 0 (divergent)
(7) % (convergent)

(8) divergent
(9) convergent
(10) convergent
(11) convergent
(12) convergent
(13) divergent
(14) divergent
(15) convergent
(16) divergent
(17) convergent
(Question) 119

Ql: 8 unit?

Q2:A = f_3{4\/i7(x +1) — (—V1—x2) dx +
1

2f3/4\/1 —x? dx

Q3:9

Qa1:
a)V =m [, (10 — (x — 1)?)? — (x — 3)*] dx
b) V =21 [(4 —x) [10 — (x — 1)? — (x — 3)?] dx

Q2:
a)V =2m foz(l + x) [2x — x?] dx

b)V =8n[ J1-ydy

Q3:
a)V = nf_zl[(x +3)2—(x?+1)?] dx

b)V=4nf12y1/y—1dy+2nf25y(,/y— —y+3)dy

Q4:
b)V = nf_zl[(x +2)? —x*] dx
V= 2nf_21(1+x) [x +2—x?]dx

Ql: fol V14 e?*dx

2
Q2::(V32 —1)

Ql:x2+y?=y+x

Q2:2{x? +y2—x=2
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