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Conditional Probability:

We examine how the information “an event B has occurred” affects the probability assigned to the event A.

Definition:
For any two events A and B with P(B) > 0, the conditional probability of A Corollarv:
given that B has occurred is defined by oroliary:
THE MULTI-
P(ANB) PLICATION P(A N B) = P(A|B) - P(B)
P(A|B) =——=
P(B) RULE

The rule is easily extended to experiments
Motivation for the definition: involving more than two stages. For example,

P(/\l NA; NA3z) = P(/\z‘/\l m/\g)'l)(/\l m/\z)
= P(A3]A1 NAz) - P(A2|Ay) - P(Ay)

B where A, occurs first, followed by A,, and finally As.

Figure 2.8 Motivating the definition of conditional probability

Given that B has occurred, the relevant sample space is no longer & but
consists of just outcomes in B; A has occurred if and only if one of the outcomes in
the intersection occurred, so the conditional probability of A given B is proportional
to P(A N B). The proportionality constant 1/P(B) is used to ensure that the
probability P(B|B) of the new sample space B equals 1.



Conditional Probability: The Law of Total Probability

Definition: :
, events Ay, ..., Ay are mutually exclusive if no two have any (Remark: The collection of events that are both
common outcomes. The events are exhaustive if one A; must occur, so that mutually exclusive and exhaustive is also called a
ArU--UA =6, “partition” of the sample space.)
THE LAW Let A, ..., Ay be mutually exclusive and exhaustive events. Then for any
OF TOTAL other event B,
PROBABILITY _ _ . _
: Proof Because the A;’s are mutually exclusive and exhaustive, if B occurs it
P(B) = P(B|A1) - P(A1) + - B|Ak) - P(Ax) must be in conjunction with exactly one of the A;’s. That is, B= (A, and B) or. .. or
k (Ayand B)=(A; N B) U --- U (Ax N B), where the events (A; N B) are mutually
- Z P(B|A;)P(A;) exclusive. This “partitioning of B™ is illustrated in Figure 2.11. Thus

l

1

k k
P(A;NB) P(B|A;)P(A;)
=1 =1

as desired.

Figure 2.11 Partition of B by mutually exclusive and exhaustive A;’s E



Conditional Probability: Bayes’ Theorem

Motivation: The computation of a posterior probability P(A;1B) from given prior probabilities
P(A;) and conditional probabilities P(B | A;)

BAYES’ Let Ay, ..., Ag be a collection of mutually exclusive and exhaustive events
THEOREM with P(A;) >0 fori=1,..., k. Then for any other event B, for which P(B) >0
_ P(A;NB P(B|A;)P(A; ,
P(A;|B) = NGl _ : B ARA) j=1,..., k (2.6)
P(B) :

> P(B|A;)P(A;)

i=1

Proof is immediate if the multiplication rule is used in the numerator and the
law of total probability is used in the denominator.



Independence of Events

Definition:
Two C\iCl]lS A and B are independent if P(A|B) = P(A) and are dependent Independence of More Than Two Events:
otherwise.
Proposition:
The following are equivalent: Definition:
P(AlB) = P(A), Events Ay, .. .. A, are mutually independent if forevery k (k=2,3,....n)
P(B|A) = P(B) and every subset of indices iy, i5, ..., i,
P(A R B)y= P(A)YP(B). P(A;, NA;, N ---NA;) = P(A;) - P(A,) - --- - P(Ay)

.. _P(ANB) P(A|B)P(B)
Proof follows from P(B|A) = = = F

Proposition:

If A and B are independent, then so are
the following pairs of events: (1) A" and B, (2) A and B', and (3) A" and B'.

Proof of (1): Since P(A’| B)+P(A|B)=1,
P(A’| B)=1-P(A|B)=1-P(A) = P(A’) (where the second
equality in the second line of proof is by independence).



Calculating the Probability of an Event: The Event Composition
Method

Recall the additive law :

A summary of the steps used in the event-composition method follows:
For any events A and B,

1. Define the experiment.

2. Visualize the nature of the sample points. Identify a few to clarify your P(AUB) =P(A) +P(B) —P(ANB).

thinking.

3. Write an equation expressing the event of interest—say, A—as a
composition of two or more events, using unions, intersections, and/or Recall the multiplicative law
complements. (Notice that this equates point sets.) Make certain that event (multiplication rule) :

A and the event implied by the composition represent the same set of
sample points.
4. Apply the additive and multiplicative laws of probability to the THE MULTI-

compositions obtained in step 3 to find P(A). PLICATION P(ANB) =P(AB) - P(B)
RULE




EXAMPLES



Examples 1-2: Conditional Probability

Example 2:

A news magazine includes three columns entitled “Art” (A), “Books” (B), and
“Cinema” (C). Reading habits of a randomly selected reader with respect to these
columns are

Example 1:

Complex components are assembled in a plant that uses two different assembly
lines, A and A’. Line A uses older equipment than A’, so it is somewhat slower and

lesoraliable. S o fav lined hagass bled & st ot sk Read regularly A B C ANB ANC BNC ANBNC
ess reliable. Suppose on a given day line A has assembled ! comPomn S, 0 wlnc Probability 14 923 37 08 09 13 05
2 have been identified as defective (B) and 6 as nondefective (B'), whereas A" has
produced | defective and 9 nondefective components. This information is summar- (See Figure 2.9))
ized in the accompanying table. )
. { B
Condition
.02 .03} 07
. / .05
Line B B G0 oa
A 2 6 .20
51 C
A l 9

Figure 2.9 Venn diagram for Example 2.26
Unaware of this information, the sales manager randomly selects 1 of these 18

components for a demonstration. Prior to the demonstration We thus have

N(A) 8 pa|g)=CANE) 08 _ .18
P(line A component selected) = P(A) = —— = — = 444 P(B) 23—~
N 18 st —BATBUC) ~ 0805508 12 e
e S PBUC) 47 — AT T

sip : PAN(AuBUC
However, if the chosen component turns out to be defective, then the event B has ' )

P(Alreads at least one) =P(A|[AUBUC) =

occurred, so the component must have been 1 of the 3 in the B column of the table.
Since these 3 components are equally likely among themselves after B has occurred,
2 2/18 P(ANB)

PAlB) = g= 3/18  P(B)

P(AUBUC)

P(A) 14 y

- ‘7 - 286
PAUBUC) .49

and

P((AUB)NC) .04+ .05+ .08

P(AUBI|C) = PC) = 37

= .459



Example 3: Conditional Probability

Example 3: The Multiplication Rule

Four individuals have responded to a request by a blood bank for blood donations.
None of them has donated before, so their blood types are unknown. Suppose only
type O+is desired and only one of the four actually has this type. If the potential
donors are selected in random order for typing, what is the probability that at least
three individuals must be typed to obtain the desired type?

Making the identification B = {first type not O+} and A = {second type not
O+}, P(B)=3/4. Given that the first type is not O+, two of the three individuals left
are not O+, so P(A|B)=2/3. The multiplication rule now gives

P(at least three individuals are typed) = P(A N B)
= P(A|B) - P(B)

23 6
34 12
=5

What is the probability that the third type is O+?

P(third type is O+) = P(third islfirst isn’t N second isn’t)
- P(second isn’t/first isn’t) - P(first isn't)



Example 4: Conditional Probability: Bayes’ Theorem

INCIDENCE OF A RARE DISEASE Only [ in 1000 adults is afflicted with a
rare disease for which a diagnostic test has been developed. The test is such that
when an individual actually has the disease, a positive result will occur 99% of the
time, whereas an individual without the disease will show a positive test result only
2% of the time. If a randomly selected individual is tested and the result is positive,
what is the probability that the individual has the disease?

To use Bayes’ theorem, let A; = {individual has the disease}, A, = {individual
does not have the disease}, and B = {positive test result}. Then P(A,;)= .001,
P(A2) =999, P(B|A;) = .99, and P(B|Az) = .02. The tree diagram for this problem
is in Figure 2.12.

P(A,N B) = .00099

P
IS G
8=
oo .0]
. AST
s 8's ..
R ~leg
A
= P(A4, N B) = 01998
7, _ -999 N\ -
oe“"l T / _ Xt e
15 Ve s -
ISe‘?Se s 98
A’ g = > s
>y est

Figure 2.12 Tree diagram for the rare-disease problem

Next to each branch corresponding to a positive test result, the multiplication
rule yields the recorded probabilities. Therefore, P(B) = .00099 + .01998 =
02097, from which we have

P(A NB) .00099

P(A, |B) = = — .47
(4| B} P(B) 02097

This result seems counterintuitive; because the diagnostic test appears so
accurate, we expect someone with a positive test result to be highly likely to have
the disease, whereas the computed conditional probability is only .047. However,
because the disease is rare and the test only moderately reliable, most positive test
results arise from errors rather than from diseased individuals.



Examples 5-6: Independence of Events

Example 5:
Consider the following events in the toss of a single die:

A: Observe an odd number.
B: Observe an even number.
C: Observea 1 or 2.

a Are A and B independent events?
b Are A and C independent events?

Solution ; ; .
a To decide whether A and B are independent, we must see whether they satisfy

the conditions of Definition 2.10. In this example, P(A) = 1/2, P(B) = 1/2,
and P(C) = 1/3. Because AN B = ¥, P(A|B) = 0, and it is clear that
P(A|B) # P(A). Events A and B are dependent events.

b Are A and C independent? Note that P(A|C) = 1/2 and, as before, P(A) =
1/2. Therefore, P(A|C) = P(A), and A and C are independent. [ ]

Example 6:

Let A and B be any two mutually exclusive events with P(A) > 0. For example, for a
randomly chosen automobile, let A = {car is blue} and B = {car is red}. Since the
events are mutually exclusive, if B occurs, then A cannot possibly have occurred, so
P(AIB)=0+# P(A). The message here is that if two events are mutually exclusive,
they cannot be independent. When A and B are mutually exclusive, the information
that A occurred says something about B (it cannot have occurred), so independence
is precluded. =

Recall:

Two events A and B are independent if P(A |B) = P(A) and are dependent
otherwise.



Example 7: Independence of Events, The Event-Composition method

Each day, Monday through Friday, a batch of components sent by a first supplier
arrives at a certain inspection facility. Two days a week, a batch also arrives from a
second supplier. Eighty percent of all supplier 1°s batches pass inspection, and 90%
of supplier 2’s do likewise. What is the probability that, on a randomly selected day.
two batches pass inspection? We will answer this assuming that on days when two

batches are tested, whether the first batch passes is independent of whether the
second batch does so. Figure 2.13 displays the relevant information.

)
pass®
: .2
5] 9 A4 X (B X .9)
oy F ajls
\ ot § AsSES
2md ¥
= 2 1
2 p. -5, 2
aﬂcfi‘eg yst 5™ =4 fajg
2 3
L]
Ist And PAS®
1
U fay

Figure 2.13 Tree diagram for Example 2.34

P(two pass) = P(two received M both pass)
= P(both pass | two received) - P(two received)
= [(.8)(.9)](.4) = .288 [



Example 8: Independence of Events, The Event-Composition Method

Example 8: Independence of More Than 2 Events

The article “Reliability Evaluation of Solar Photovoltaic Arrays™ (Solar Energy,
2002: 129-141) presents various configurations of solar photovoltaic arrays con-
sisting of crystalline silicon solar cells. Consider first the system illustrated in
Figure 2.14a. There are two subsystems connected in parallel, each one containing
three cells. In order for the system to function, at least one of the two parallel
subsystems must work. Within each subsystem, the three cells are connected in
series, so a subsystem will work only if all cells in the subsystem work. Consider a
particular lifetime value #,, and suppose we want to determine the probability that
the system lifetime exceeds fy. Let A; denote the event that the lifetime of cell i
exceeds 1o (i=1, 2, ... , 6). We assume that the A;’s are independent events
(whether any particular cell lasts more than # hours has no bearing on whether
any other cell does) and that P(A;) = .9 for every i since the cells are identical. Then

P(system lifetime exceeds ty) = P[(A; NA; NA3) U (A4 N As N Ag)]
— P(A; N Ay N A3) + P(As N As N Ag)
— P[(A; N A2 N A3) N (A4 N As N Ag)]
= (.9)(.9)(.9) + (.9)(.9)(.9)
—(.9)(.9)(.9)(.9)(.9)(.9) = .927
Altematively,
P(system lifetime exceeds ty) = | — P(both subsystem lives are < t;)
= 1 — [P(subsystem life is < )]’
= 1—[1 — P(subsystem life is»'>to)]2
=1-[1-(9)7)) =927

Figure 2.14 System configurations for Example 2.35: (a) series-parallel; (b) total-
cross-tied

Next consider the total-cross-tied system shown in Figure 2.14b, obtained from the
series-parallel array by connecting ties across each column of junctions. Now the
system fails as soon as an entire column fails, and system lifetime exceeds tonly if
the life of every column does so. For this configuration,

-
3

P(system lifetime exceeds #) = [P(column lifetime exceeds #)]
=[1 — P(column lifetime is < 1y)]°
=[1 — P(both cells in a column have lifetime < r())]3

=1-[1-(9))]=.970 5

There is a mistake here
(on p.88 of Devore & Berk). It should be:

= (1- [1-(0.9)(0.9)-2(0.9)(0.1)] )3=0.970



Example 9: Independence of Events, The Event-Composition Method

EXAMPLE

Solution

Observation of a waiting line at a medical clinic indicates the probability that a new
arrival will be an emergency case is p = 1/6. Find the probability that the rth patient
is the first emergency case. (Assume that conditions of arriving patients represent
independent events.)

The experiment consists of watching patient arrivals until the first emergency case
appears. Then the sample points for the experiment are

E;: The ith patient is the first emergency case, fori =1, 2,....
Because only one sample point falls in the event of interest,
P(rth patient is the first emergency case ) = P(E;).

Now define A; to denote the event that the ith arrival is not an emergency case.
Then we can represent E, as the intersection

E.=ANANAN---NA_ NA,.
Applying the multiplicative law, we have
P(E;) = P(A))P(A2|AD)P(A3]A N Ay) - P(A|Ar N -~ N Ary),
and because the events Ay, A, ..., A,_;.and A, are independent, it follows that
P(E;) = P(A1)P(A2) - P(A,-)P(A)) = (1—p)'p
=(5/6)7'1/6), r=1273,....

Notice that
P(S) = P(Ei)+ P(E)) + P(E3)+ -+ P(E) +- -
= (1/6) + (5/6)(1/6) + (5/6)*(1/6) + - - - + (5/6)'~'(1/6) + - - -
[ 35, 73y 1/6
_Ei;(é) o I—(5/6)_l'

This result follows from the formula for the sum of a geometric series given in
Appendix Al.11. This formula, which states that if |r| < 1, Yoy r' = l—lr . 1S use-
ful in many simple probability problems.
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