
 

Simple Linear Regression Model

Specify simple linear regression model

Yt Bo Bi Xt t rt

Bo 8 Bi are unknown parameters and we want to
estimate these parameters

they are called regression coefficients

Yt 8 Xt are observable v v s but Ut is not
disturbance
term

Iatse estimated

Bo intercept term

B slope term

Ct Bot B Yed t Ut t 1121
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202 to predict

It BE 73 Xt t l T



The model in ean is subject to following
assumptions

I Expected or mean value of Ut is zero

E tux O for all t Vt

this assumption is violated in various ways

left out variable
assume you left out an important variable
Zt the correct model is

Yt Bo B X t t Ba Ze t Vt E l T

Ye Bo B X t tut

VE BaZE t Ve
E lot E Baze E Vt

Ba Elze E Ve

Since E Vt o
E ut 132 E I Zt

usage of incorrect variable
instead of correct variable wt Xt is
used incorrectly
correct model is

YE Lot 4 We Vt Eli T

El ut Bo Lo B Xt 2 WE O

2 Variance of Ut is a constant and equal to
02 and does not systematically vary with t

E UE E Vt
Z E Ut

2 02 Ft

If variance of Ut was not same for allobservationsthis means that all observations would
net be equally reliable



this problem is called Heteroscedesticity

Homescedasticity

3 Value of th
disturbance is independent of

value of any other disturbance term like sth

COV Ut Us EL UE El Ut US E us

Elutus o for t s

it

1

Auto correlation

if this assumption is violated then Ut together
with Xe becomes a member of systematic errors

4 Xt maybe regarded as

fixed
non stochastic

observer d element
of a random variable
which do not vary
to sample to sample

5 If we assume it is a random variable we
need to assume that we are independent of
all t values of regressor X

CoV Ut Xs E Ut Xs ELOISE XS

E Ut Xs O Ft

6 Intercept term 8 x must be linearly independer
All values of Xt should not be same at
least one value of Xt must differ from others

1990

i Ig's26



YE Bot Bix Et Ba Zt Ut

Xt Zt

19901 I I
multi collinearity

1 1
212

If this condition is not satisfied we cannot
estimate Bo 8 Bi separately
Let et I 8 Xe Xo

YE Poet t Bi Xo et t Ut

Ioptolet tut

Bok et Ut

Least Squares Method

Estimation Problem

Yea Bot Bi Xt t Ve t t T

Since Yt is a random variable information about
its behaviour is contained in its probability distr

Since Yt 8 Ut is linearly related therefore
mean variance r covariance of Yt is related
to distribution of Ut

El Ye EC Bot B XE Ut

E Bo t ECB Xt E Vt

Bot B El Xt E Iue

Since E Xt Xt r E Ut o by assumption I



E Yt Bot B Xe

Var Yt E EYE EC Yt
2

Var Yt EL YE Bo B Xt

Since from ean I

Ye Bo Bi Xt Ut

Var Yt E VE 02

Covariance bw Ye r Ys Lt s

COV Yt Ys E C YE E Ye J Ys E Ys

EQi x.LT Ys BgB
EL Ut Us O by our assumption 3

Problem of estimating parameters of model maybeviewed as one of estimating parameters of probdistribution of dependent variable Yt

since El Ye Bo Bi Xt if we estimate
Be813 I BetBi we estimate mean of Ye

since var Vt 02 estimating variance of Yt is
equal to estimating variance of Vt 102
Ye pro Pxe this is the

estimated version
of Ut thats why
its net here

where BI rpi denote least squares CS estimators
of Bo t Bi
since Pi and Pi are random variables

It is also a random variable



There will be a discrepancy between actual
values of It 8 fitted values of YI

y y
t's

1 y
so

I6

sere
see 66

It 20 0.7 Xt

n

These discrepences are called residuals and called

it
Tiago 50 90 4C

It YE YI YE BI BI Xt
YE

t Ye Bo BiXtt
got

Xt

method of 25 proposes to find values of Bo 8139 that
will make sum of squares of these distances from the line

YE BI BiXt as small as possible

min É II

SSR sum of Squares residuals
S



Min s É Eh E YE BE Bix 12

with respect to Be rp
2s 2139 2EI I Ye Ba Bi t equations
8512139 Z E X t c ye pg pixel o

nd

É YE É Ba É Bi Xtc
E YE BIT B E Xt O

BE EX E R E E t Ext Ye o

from 2 a

BIT E YE E Bi Xt

pi EI Bi Et
BE I B x

substitute 3 into an 2b

E Xt YE CY B X E Xt B E XE O

E Xe Y E T E XE B F E X t BY E X O

E XEY E T E X E B LT E XE E XE O

B CE Xt T T T T T

E LXE TX

PT T C E Xt Yt E X EY

T CE X2 Ex 2

estimator of B in row data
form



B E Xe X ITE Y
E Xe 5 2

XE Xe T Ye Ye I

F Exc
Exp

estimator of p
in mean deviation
form

from la Ib

Sa EOt a

Sb Ext Ot C

TETE Ba E Ott Bi Exe UE O

EYE EYE Yt Ot YI Ye EYE It

by using 7

EYE E YaY
PE fitted
Yet actual

Goodness of fit
how good is the fit of Y to scatter of observations
on Yt 2 Xt

YE A

YI y It of Ye Ba Bixt
I

X E
I



It Y Y
we may define three different distances for ordinaYE of point A
1 Distance Yt from origin

Yt O Yt

2 Distance of Yt from its sample mean

YE Y Yt
3 Distance of Ye from fitted regression line

Yt Yt It

Distance to use to form a measure of goodness
of fit is variation of Yt around its sample med

EI Ye 472 E ye
This distance can be decomposed as

part explained by TeYe Y j t
part explained by Ot
YE YE

EYE E LY It E 5
2
EEE 2Éy

C

E je 9,2

Dividing both sides of ean 9 by EYE
gives definition of coefficient of determination

100 R
Eq I ETE Eye



O E R's 1

If R2 o observation points are scattered around
regression line in a purely random
fashion

If R I all observations lie on regression line

Low values at R2 a poor fit of regression
High values of 1224 a good fit of regression
R2 TE XY EX EY

TEX EX TE ya gyp
R
raw data
form

R rgy

Fg does not lie in interval C I I

but O E Ffg El

since lit r Ye cannot move in opposite directions

Fg is in interval C 111

Finite sample properties of Bo25
define

at I
ExE

Bit
4E Eat Yt

XE XE T YE YE T



Bi Eat Ye T Eat Ye YE at

Eat Ye

Since Ext o Eat 0

For Bo substitute into ean

Bo Y pix
Bo Eft Bi Eff

EYE T B E Xt T

E YET I
E at YE R E X ET

E YET I
E at Yt I

E YE T l X E at Yt

EYE ITggat
BE Eat out where ato T l Fat

we show that Bo r pi belong to set of linear
estimators

For unbiasedness let define

Bi Ect Yt
be any linear estimator of two regression coefficients

Ye BotB Xe Ut into Bi
Bi E Cei BotB Xe Ut

E Ct Bot E Cei B Xt t ECIX
E Bi Bo Ect t Bi ECE i Xt



In order for Bi to be unbiased

E Cto I

Ect O
E Cto Xe o
E Ct Xe I

Eat
EYE 0

Eat Xt Eat Xt Y

since Eat EYE Eatixe Eff 1

and Eato l

FEI
I

atoxt E XE LT Fat
F
FEELY

to

a ti satisfy conditions in

Thus Ls estimators are both linear and unbiased
estimators

E BT B E BI Bo
For efficiency we find expressions for any linear
unbiased estimator of Bi's

by using the expession given in Is

Bi Bi t ECtiut
VarPi op E E Bi Bi E Eco Vt



E VE 02 and var BY 7 02 E Ct

o eat
É

Op 02 Eat 02 E C T I Fat

02 T l X Z E att
02 T t

É
since o E at gf
Of 02 E XI

TE
Since E XE E XE T X Z

consider the difference bw Bi t Bi
Bi is any estimator I try to show that Bi
have variance as at least as any other
estimator if I can show this I end up with
efficiency property
pi Bi E

Ligat
Yt Edt i Yt

95 Oggi
02 E deil t 202 Eat dti

E atodto E T t Fat d to

T Ed to I Eat d to



But for unbiasedres
E doo E a to E Ceo l i o for unbiasedness

Eat d to Ext Cto E Xt a to

E XE
o

since Ext Cto IE Esta
I

Extato X

E Atc dtc c

finally
At de I Ece Xe Eat Xt

Exe o

Thus

03,3 op 02 E dei 20

this implies that Bi is at least as efficient
as any other linear unbiased estimator of Bi
Difference between of top will be zero only
when dei Cti Ati O

that is only when estimator is LS estimator

Bi are best efficient linear and unbiased
estimators BLUE

This result is known as Gauss Markov
Theorem 8

Least Square estimates are robust



Estimating 02

YE Be B XE Ut

Yt p B Xt

If disturbances Ut were observable a quadratic unbiased
estimator of 02 would be obtained as

5
Ei

Since Ut's are unobservable we need sample counter
parts of them Suppose residuals

It qualify as these counterparts

Yf Yf Ot
substitute these into

Tt E 2 E IE since E T

Eggo
E E

É2

fI
t number of observations
k number of expcemetery independent

variables

K I IT 2

YE Bo B XE Battue
T 3 4 2

het prove that 82 is an unbiased estimator of 02



E Y Ba pi I
subtract this from

Vt YE YI Yt BE Bixe
It YE Bi Xt Ye Ye T

Xt Xt I

substitute for Yt Bi Xt VE J

Tt CB B XE Ut J

Of CB B Z
E XE E I ve 072 2 Exe Bi B lot

take the expected value of It
E Bi p l EXe OF E XE o

E E U E E 2 LT 1 E S2 T 1 02

since s is an unbiased estimator of 02

finally
ZE I E Xe B B Ue O 2 EXE BI Bi I ut
since E CBT B 5 E Xt O

But El Bi Bi Ut Es Os Ecu Vt OZ at

E Ext Bi Bi cut o 202
91 1

202

by combining 17 18 19 we can write

E C 82 02 It T 1 2

T 2

4 21,1 7 2 02



E 182 02

thus we prove that 82 is an unbiased estimator of 02

we may write numerator of 82 as

JE EYE EYE EYE Eye It

Eye Bi E ye Xt

Thi's in convenient for computations since it does
not require separate calculations of each residuals
Moreover by using 82 we can obtain estimates
for of 8 8

op 82 EXE
yes

Edt EXE
TCT 2 E XE

Iz
Ex ÉÉÉxE


