®

Wi y) = xy+ &0y st 4x+YL 40
45*:‘ . . " ‘

way: (we oy keep in mind the nonnegativity constediats, i.e. x>0, y>0, but
o not weite 1 dageange) & - x4 +d0g+ A (40-4x-y)

Hence, the necessary conditions for a point to be a maximum are:

Ly = §—42 <0 ¥>0 x (9-4A) =0
Ly= X +0 - A L0 >0 y (x+20-2) =0
40~ 4x -y > 40 A(40-4x-9)=0

Case 12 x>0 and y>0 . This imPUe.s 1y-4A=0 and X+30-%=0

ANNNA
;lim =4 = Y= 4x+80 1——» y=4A4 and sihe y>0 also A>0
which means that 40— 4x-Y=0

A40-Ax— 4x-80 = 0 ‘
X=-% X conteadicbon

Case 2: x50 and Y=0 . This impl s _
bl C his implies y-4A=0 and x-t-é’.ﬂo,?/\‘o .
- xg-20 X contradiction

since 9-.:0 = A= '.'J/4=0

Y- 42 <0 and X+d0-A=0.

Case 3: ¥=0 and ¢>0. This 'ln\PUe.S 4
0 A=30
sina A>0, 40 -4x-Yy=0 = y=40
g0, (%,y)=1(0,40)
Cove 4: y—0 and y=0 This implies y-42 <0 and x+a0 -2 <0
A s0 A>a0 >0

-y=0

which implies that 4o-4X
40 £0 conteadiction ¥

put sice x=0 oand y=0 =

. We hove solved the system and found e only solution , (x,y)=(0,40) ond 2A=20.
ulx,y) = 300

i the following wonditions are satisfied

® ulx,y) is differentioble + concave Kuhn - Tuckee
@ eacl nsteaint funclon is differentiable sufficiency
and convex conditons

@ a pomt (x,y) =atisfies the Kubn-Tucker
conditions , then at point is o maximum.

tineaw functions are ol convex and concave ;o0 BC is wxizinly convex,and cleaely is

- All
clifferentiabole - Toe U, we need o chack HessianAiF it is concowe oe not
to decicle .
0 | L — ot bordered Hessian V we age "13‘“3 i
H= , 0 ‘ iml=0 % IHal= -t decicle if ub&'{y function
<0 <0 is concave ok not .

| indefinite ¥ coes M:t
satisfy L-T conditons.



d . .
M oway: (we also integrate non-negativity consteaints )

&y, A = XyY+80Y + M X+ Aag+ Ag (40-4%-Y)

9&/91( T Y+ Ar—AAg3=0 (1)

X +20+ As—%3=0 (a)

/g :
cither the constraint s binding , that is,

piXi+paXa -M=0 ,or the constraint is not

bindling in which cose tha multipler

x>0 , x>0
« Xa»0 , Y0 , Agy=0
A must be 0.

- Ag>0 , 40-Ax-Y»0 , A3 (40 - 4x-Y) =0

938 cases in tal (wrt 3 constraints)

* e have
(@) 250, 22>0 and A3 >0 = % =0, Yy=0 and 404}12:0
o O
40=0 (\'mpoSsible V.)

(@ N=0, 2s>0 and 23>0 = x %0, y=0 and 4x+Y = 40
'Fa.om(l) g=4As3 ond sinc Ap>0 Y20 (gontradiction v)

Gil) A>0, Az=0 and 23>0 = x=0, Y20 and 4x+y=49
0 y=40

eom (2) X+10 ﬂ3=0
o’ Ag=20 and fom () A= 40 >0 consistentV’

y»0 and Ax+1y=40

0 and Ag>0 = %20/

Feom (1) §(2): __31____ =4 = 8:4)(-0—80 aibecelll
X420 gx=—40 X=-5 (contradiction ¥ )

A0-Ax-y 20

(v) A130, Ag>0 and Ag=0 = Xx=0, =0 and
Ay =0 (contradiction V)

Feom (1)
i) N=A3=0, >0 = x>0, y=0 and 40- 4x-Yy2 0
seom (1) X+a0+ A2=0 = x= —20 -4, <O (contradickion )

(vit) M>0, Ag=R3=0 = x=0,4>0 and 40-4x-y»0

Teom (2) ¥x=-20<0 (wntradiction V)

(vill) A=Ma=23=0 = x>0, 4y>0 and 40-4x-4>0
Teom (2) X=-40<0 (contradiction¥)

» suffident onditlons are stated in {le Ast way



@ @) max WOu+) + la+) st pXi+paxg M, X120, %2>0.

&= (Kl"ﬂ) + In (X;‘f‘l) + A%+ azxg_-l- 9\3 (m-p|xl..p_,_x,_)
guhn = Tucker FOCa:

' _
(1) 3&/3“: —m-& A - A3 Pl-—o

(a) 3&/”2 !

|

+ Ag—="2% =0
g +| 2= 73 Pa
A0, %20, Mx =0
2_120 ) 9(,9.?0 7 22“2.'—"0

%320, M-pyx -paxa>0, ﬁg(m—‘)|~x|-r,.1,j=0

Cise 4y 50 , %P0 =% KNz Njwd
AN

501\4(]9 (Dt (a) Xatl _ P PaXa* P2—P1+ PaXa =M
i Ait= MEPL P2 X% WPAZP
P,q.(l;-irl) = P[(_KVH) ‘QPA ‘D‘PI
X|= X = and =
piXi= PaXa+pPa-PI X3 ey

Foo X*and %" 40 be steicty positive , it has to be that M+pa>p and M+pI>pa.

Thus, Case - aPPUes with X* and x,* os Usted above if M-+ 92> P ord m+P.>Pz_

Case d: %\ »0 , Ay =0
AN .

Teom (1) Az= \’TIH-p >0
(|

|

) 30 H)ebciabhdl(g_

sinc % =0, %3 shou (dl
be Posiﬁ\le. S0, (ase
" . 4
p2=0 = Ay= P2 _\_ Ta-M-Pi JlaPP:IE‘G (worth xl:l‘/ﬂ
and =0 K B Mp

From (2) 1+ Ag —

P M+py M+py

lase 3 X|=0/ '12>0
AANANS

This cose 18 vea.j similae t (ose 2.

A= Azpr and ]

A3P2
X3=0 violates so it should be that M >0 = M-px-paxa=0
m"Pg\’g_:O =3 X1=m/&

Moo 5 ag=t— rand A= Agp-t = P
P2 23P2 Mtp2

m+ Pg_

Thus, Case 3 applies (with %*=0, %"= M/h) if P> Mapy

Cose 4: M*=x"=0 connot hold sinw it means Mm=0.
AN



(b) mox %24 (x-3)* sk X0 , %30 and n+xa <4

L%y, %2y A) = %2+ (-3 + XX+ Ro %g + Ag (42K -%2)
Luhn-— Tucker Conditions:
%o, = AX1+ Al — 2A3=0
/oy, = A(X-9) + A3 —A3=0
Xi>0, X230, 4-Ax-XaD>0 ;, N30, 2>0, 23>0

24X =0, AxXy=0, A3(4-2x-Xa) =0
. Totally eight Posst'bl'(l'{:ies depending whether 2A3=0 or not , g=1,2,3.

() \z0, Ap=0 and 23>0 => %30 , % =0 and An+Xa=4.% (x4 ,%) =(2,0).
Teom 4—2Az =0 and -0+ QQ_-%:O (:\Uagf ﬁg)z(ﬂ,la;l)

@) M>0, A>0, 23>0 = % =0, %,=0 , and 4xX;+Xz= 4 (imPOfﬁiblEv.)

Gii) A >0, Aa=0 and Ag>0 = X =0, >0 and dy+xz=4: S0 (xi, %) = (0,4).
Teom AM-22A3=0 and -4-23=0 , we have (Ar)Az,23)= (-4,0,-2) . Impossible ¥

(iv) X=2%=0. and A>0 => >0, % >0 ond axy+Xa=4. S0, from &Kt‘-ﬂﬂasﬂ,
4(xa-5) -3 =0 and Axj+xy=4 , we have Gay%a) = (- /51 24/5) . Impossible ¥

(v) A1>0 , Xg >0 and 7&3=0 = X=0, % =0 and ax) tXxa '-<-4 o, (}(ng_)':(ﬂ,()).
Teom A;=0 and —l0+25=0 ve have (A, 22,23)=(0,l0,0). Impossible Y

() M=23=0, X>0 = %20, %=0 ,and AX,+X3<4. Teom AX=0 and —I0+%,=0
1=V,

we have (x1,x5) =(0,0) and (A1)22, Ag)= (0,10,0).

( ve - =0 ol
Vi) 24>0 , Ag="23 = %=0, x>0 and &K +X; <4. S0 from X=0 and A(x;-%)=0,
we have (4, x2)=(0/9) and ( %1,22,23) = (0,0,0). (mpossible ¥

(Viit) M=22=R3=0 = %%0, %30 and A+ X2 £4. 5o from =0 and 2(X;-5)=0

we have (%1)%) = (0,5) = impossible ¥
- Condidate maximizers are (2,0) and (o

10). The objective fnction valy
@ndidates are 29 and 25 , so 4 iy oy

(2,0) is the maximizer and the associated fogrange

multipliers are (0, 12,2). L theck. by teplacing the poiats in utiity functon ¥

- Kubn - Tucker suffidendy conditions are stated in §3.

Al licear functions are botla convex and concave

clearly is differentiable. Foe ufx;, x,) we need 4o
ok not.

s % BC is cartalnly convex,and
check. Hessian © decide if it is concave

L2 0

=4 Mj=2 >0, Hl’:‘f)ﬂ
coes not satisfy

sufficiency conditions

wonvey &



(C\ u,(x.,x;,_) = X1 X2 s.t. Ki+xz <100 ; X €£40 , 20 and Xq 20.

Ly, %0 M) = X%y + A) Q00— % - %) + Ag (40 — %) + A% + g N
L-TH % 8£/9K| = Y%= M—Pat 23=0

gL/gxl = 'X| - r)l"‘ '14 '-'-0

NS0 A+ Xg £ 100 A (00— X =% ) =0
X220 Xy €40 A (40-x) =0
€12y 2530 % >0 N3 % =0
%420 Xq >0 9‘4 x1=0

. Teere are 16 possibilities to consider ¥ gy simple iospection we can discard some of
them. Here it does not make ony wene to select y or ¥ equal fo se, as ten u(x),x)=0
Therefore | by ((-T2) we know that Az and A4 should be both ser at o global
maximum. In addition , sine 1w is strictly increasiog on R%, the fiest constralnt will
be binding, i.e. X+ % = 100.

by tuse two arguments the 16 possibilities reduce o only 2.

let us sbjda_ the two flaal possibilities. det A,=0. Feom (K-T1) we gek Ai=Kg= Ay
Since % >0 and X>0, then the candidate s yj=%,=A1=50. This conteadicts tiha
fact that ¥ <40

The other Po%lblﬁlﬁ-:_ IS X =40. Since KitX2=100, Huon x,=60. TRom (e-14) A =40
and Ay =20. This second case satisfies all the VKuhn - Tudker conditions.

0
H = i B i = - €0 = ulx), xy) \s inclefnite
! Bc is linear = it | nvex & 7 Be s
Mi=z0 M =0 , =t 15 conv
differentiable ut since WX, %) Is idefiite
—_—

aes not 54‘6\5@ K-T sufficent conclitions .



