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The Gamma Distribution - 1

A family of pdf’s that yields a wide variety of skewed distributional shapes is
the gamma family.

Definition: For « > 0, the gamma function I'(x) is defined by
00
I e tdx
Jo

Properties:
The most important properties of the gamma function are the following:
1. Forany o > 1, I'(%) = (x — 1) - I'(z — 1) (via integration by parts)

2. For any positive integer, 1, I'(n) = (n — 1)!

3.0() = va

Definition:
A continuous random variable X is said to have a gamma distribution if the
pdf of X is
5 l L il %30
fla, ) =< BT(a)
0 otherwise

where the parameters o and f§ satisfy o > 0, f > 0. The standard gamma
distribution has f = 1

a is called the shape parameter. B is called the scale
parameter.
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Figure 4.26 (a) Gamma density curves; (b) standard gamma density curves

Proposition:

The mean and variance of a random variable X having the gamma distribution
flx: o, ) are

EX)=pu=oaf V(X) = 62 = af?



The Gamma Distribution - 2

Proposition:

The moment generating function of a gamma random variable is

My ( I __ for t<1
2 = =
) =T gy B
Proof By definition, the mgf is
P00 P 1 (00 0 1
Mx(t) = E(e®)=| &* e Bdx = e~ HH1/B) gy

Jo  T(x)p Jo T(2)p”

One way to evaluate the integral is to express the integrand in terms of a gamma
density. This means writing the exponent in the form —x/b and having b take the
place of . We have —x(—t + 1/f) = —x[(—ft + 1)/f] = —x/[p/(1 — pt)]. Now
multiplying and at the same time dividing the integrand by 1/(1—f)* gives

1 o0 _\.171 ‘
My (t) = _ o/ 1B/(1=P0) gy
X(f) (l 7/))[)1 .[0 r(7)\ﬂ/(l f/;f)_]‘“( dx

But now the integrand is a gamma pdf, so it integrates to 1. This establishes the
result. |

Definition:
When X is a standard gamma rv, the cdf of X, which is

S
v l(, y

Flx;o) = | -
(5e) .lo ()

dy x>0 (4.8)

is called the incomplete gamma function [sometimes the incomplete gamma
function refers to Expression (4.8) without the denominator I'(«) in the integrand].

Proposition:

Let X have a gamma distribution with parameters  and f. Then for any
x > 0, the cdf of X is given by

P(X <x)=F(x:a,f) = f(l 2)
p

the incomplete gamma function evaluated at x/f.

Proof Calculate, with the help of the substitution y = u/f3,

Xl ex/p Va(—l S
P(X <x) = ’ e By = I = eYdy =F (-,: 7,>
Jo () f” Jo T'(2) B

For the second equality, note that
1)0<u<x iff 0<By<x iff O<y<% and 2) du= Bdy



The Exponential Distribution -1

Definition: The cdf of the exponential distribution is:
X is said to have an exponential distribution with parameter 4 (4 > 0) if the
pdf of X is F(x 1) = 0 N x <0
ok 1 —e™ x>0

rp o [ R w20
Jflx;4) = 0

otherwise.

The exponential pdf is a special case of the general gamma pdf in which o = 1
and [ has been replaced by 1/4 [some authors use the form (1/f )e =P,
Proposition:
The mean and the variance of the exponential distribution are:
| 5 1
u=off =— o? =af’> = —
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Figure 4.27 Exponential density curves



The Exponential Distribution -2

The exponential distribution is frequently used as a model for the distribution of

times between the occurrence of successive events, such as customers arriving at a
service facility or calls coming in to a switchboard. The reason for this is that the
exponential distribution is closely related to the Poisson process discussed in Chapter 3.

Proposition:

Suppose that the number of events occurring in any time interval of length ¢
has a Poisson distribution with parameter ot (where o, the rate of the event
process, is the expected number of events occurring in 1 unit of time) and that
numbers of occurrences in nonoverlapping intervals are independent of one
another. Then the distribution of elapsed time between the occurrence of
two successive events is exponential with parameter 4 = o.

Verification for the time X, until the first event occurs:

P(X; <t)=1—-P(X;>1t) =1 — P[no events in (0,1)]
e - (at)°

0!

ot

:l*

=1—e"

which is exactly the cdf of the exponential distribution.

the “memoryless” property of the exponential distribution:
Suppose component lifetime is exponentially distributed with parameter 4. After
putting the component into service, we leave for a period of 7y h and then return to
find the component still working: what now is the probability that it lasts at least an
additional 7 hours? In symbols, we wish P(X > ¢ + 15 | X > t;). By the definition
of conditional probability,

P(X >t+1) N (X > 1)]

PX>t+1n|X>1n) = P(X > 15)
> 1

But the event X > ¢, in the numerator is redundant, since both events can occur if
and only if X > ¢ + fy. Therefore,

PX>t+1) . 1 — F(I + f()l).) = e~ Hrtn)
P(X>1t)  1—F(tg;2)

- (,—/l/

PX2>t+1|X>21n)=

e — Aty

This conditional probability is identical to the original probability P(X > ¢) that the
component lasted ¢ hours. Thus the distribution of additional lifetime is exactly the
same as the original distribution of lifetime, so at each point in time the component
shows no effect of wear. In other words, the distribution of remaining lifetime is
independent of current age.



The Chi-Squared Distribution

The chi-squared distribution is important because it is th- basis for a number
of procedures in statistical inference. The reason for this is that chi-squared
distributions are intimately related to normal distributions

Definition:
Let v be a positive integer. Then a random variable X is said to have a chi-

squared distribution with parameter v if the pdf of X is the gamma density
with o = v/2 and § = 2. The pdf of a chi-squared rv is thus

£/ =1 g=x/2 x>0

The parameter v is called the number of degrees of freedom (df) of X.
The symbol 7~ is often used in place of “chi-squared.”



The Weibull Distribution - 1

Definition:

A random variable X is said to have a Weibull distribution with parameters
s and f§ (o« > 0, f > 0) if the pdf of X is

l_-ﬁ*' ~C/B v >0
renn AT x> (4.11)
0 x<0

When o = 1, the pdf

reduces to the exponential distribution (with 42 = 1/f}), so the exponential distribu-
tion is a special case of both the gamma and Weibull distributions. However, there
are gamma distributions that are not Weibull distributions and vice versa, so one
family is not a subset of the other.

Proposition:

The mean and the variance of the Weibull distribution are:

u=pr(1+3) *Zﬁz{'('*g){'("é)r}

The cdf of a Weibull rv having parameters o and f is

0 x<0

da 1—e @B x>0

f(x)
[ -
a =1, = | (exponential)
a=28=1
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Figure 4.28 Weibull density curves



The Weibull Distribution - 2

Frequently, in practical situations, a Weibull model may be reasonable except
that the smallest possible X value may be some value y not assumed to be zero (this
would also apply to a gamma model). The quantity y can then be regarded as a third
parameter of the distribution, which is what Weibull did in his original work. For,
say, 7 = 3, all curves in Figure 4.28 would be shifted 3 units to the right. This is
equivalent to saying that X — 7y has the pdf (4.11), so that the cdf of X is obtained by
replacing x in (4.12) by x — 7.



The Lognormal Distribution

Definition:

A nonnegative rv X is said to have a lognormal distributioniftherv Y = In(X)
has a normal distribution. The resulting pdf of a lognormal rv when In(X) is
normally distributed with parameters p and o is

a lognormal curve has a positive skew.

J(x)
1 e [In(x) u?/(262) x>0 25 -
flx;ip,0) =< V2mox =
0 X< 20 -
u=10=1
: SEe 15 /
Be careful here; the parameters g and ¢ are not the mean and standard deviation
of X but of In(X). The mean and variance of X can be shown to be B L
10 |- pu=3,0=\3
p=30=1
eye __ H+a?/2 7 _ 2uta® (6% 05 /
Proposition: E(X)=e V(X)=e (" —1)
0 | | | | | ¢
0 ) 10 15 20 25

Figure 4.29 Lognormal density curves
Because In(X) has a normal distribution, the cdf of X can be expressed in
terms of the cdf ®(z) of a standard normal rv Z. For x > 0,

In(X) — u - In(x) — u

F(x;pu,0) = P(X <x) = P[In(X) < In(x)] = P[

o {Z < In(x) — ,ll:| - []n(‘\‘) - u]

a ag

a a



The Beta Distribution

All families of continuous distributions discussed so far except for the uniform
distribution have positive density over an infinite interval (although typically the
density function decreases rapidly to zero beyond a few standard deviations from
the mean). The beta distribution provides positive density only for X in an interval
of finite length.

Definition:

A random variable X is said to have a beta distribution with parameters o, [§
(both positive), A, and B if the pdf of X is

1 o+ B [fi—ANE? B =a\P i
f(x;0,B,A,B) = B—A.l(y) r(p )(B—A) <B—-A> A<Lx<
0

otherwise
The case A = 0. B = 1 gives the standard beta distribution.

Proposition:
The mean and the variance of the beta distribution
” ,  (B—A)up

H=A+TB-AFF T TGt A@4sED)

o, B)

3
5 .
4 + a=2
B=.5
35| a=2>5
B=2
s lae=B=5
l —
1 1 1 1 1
0 2 4 .6 .8 1
4.30 Standard beta density curves

Figure



Chebyshev’s/Tchebysheff’s inequality/theorem

One real value of Tchebysheff’s theorem is that it enables us to find bounds for
probabilities that ordinarily would have to be obtained by tedious mathematical ma-
nipulations (integration or summation). Further, we often can obtain means and vari-
ances of random variables without specifying the distribution of
the variable. In situations like these, Tchebysheff’s theorem still provides meaningful
bounds for probabilities of interest.

Tchebysheff’s Theorem Let ¥ be a random variable with finite mean p and

variance o2, Then, for any k > 0,

1 1
P(IY—u|<kcr)zl—k—2 or P(IY—ulzko)sk—z.

Proof: We will give the proof for a continuous random variable. The proof for the
discrete case proceeds similarly. Let f(y) denote the density function of Y.
Then

o0
V() = o? =/ (y — w2 f(y) dy

—00

pn—ko ptko
=f (y—u)zf<.v>dv+f (v =3’ f(y)dy

00 jn—ko

o0
+f (v = w>f(y) dy.
p+ko

The second integral is always greater than or equal to zero, and (y—p)? = k*c>
forall values of y between the limits of integration for the first and third integrals;
that is, the regions of integration are in the tails of the density function and cover
only values of y for which (y — pt)*> = k%o, Replace the second integral by
zero and substitute k>c% for (y — ) in the first and third integrals to obtain
the inequality

u—ko 5 o0
V(Y) =02 zf Ko’ f(y) d_v+/ Ko f(y) dy.
—00 p+ko
Then
" p—ko +00
o’ = Ko’ [ / ) dy+ f f» d_v].
—00 u+ko
or

o= kKo’ [P(Y <= pu—ko)+ P(Y = p+ ko)l = k> P(|Y — u| = ko).
Dividing by k*c%, we obtain
P(Y — ul 2 ko) = 5.
or, equivalently,

1
P(Y —p| <ko) =1 -



EXAMPLES



Example 1 : The Standard Gamma Distribution

Suppose the reaction time X of a randomly selected individual to a certain stimulus
has a standard gamma distribution with o = 2. Since

Pla <X <b)=F(b)—F(a)
when X is continuous,
P(3<X<5)=F(52) — F(3;2) = 960 — .801 = .159
The probability that the reaction time is more than 4 s is

PX>4)=1—P(X <4)=1—F(4:2)=1— 908 = 092 Y

Table A.4 The Incomplete Gamma Function ] | o
Fsa)=| ——y* e dy
(3

x 1 2 3 4 5 6 7 8 9 10
1 .632 264 .080 .019 .004 .001 .000 .000 .000 .000
2 .865 594 323 .143 053 .017 .005 .001 .000 .000
3 950 .801 577 353 185 .084 .034 012 .004 .001
4 982 .908 762 .567 371 215 11 051 021 .008
5 .993 .960 875 339 560 384 .238 133 068 032
6 .998 .983 938 .849 15 554 394 256 453 084
7 999 993 970 918 .827 .699 .550 401 211 170
8 1.000 .997 .986 958 .900 .809 .687 547 407 283
9 .999 .994 979 945 .884 793 .676 544 413

10 1.000 .997 990 971 933 .870 780 667 542

11 .999 995 985 .962 921 .857 768 .659

12 1.000 998 992 .980 954 911 .845 758

13 999 996 989 974 946 900 .834

14 1.000 998 994 986 .968 938 .891

15 .999 .997 .992 982 963 930




Example 2 : The Gamma Distribution

Suppose the survival time X in weeks of a randomly selected male mouse exposed
to 240 rads of gamma radiation has a gamma distribution with = = 8 and f = 15.
(Data in Survival Distributions: Reliability Applications in the Biomedical Services,
by A.J. Gross and V. Clark, suggests z = 8.5 and f§ = 13.3.) The expected survival
time is E(X) = (8)(15) = 120 weeks, whereas V(X) = (8)( 15)2 = 1,800 and ox =
V1800 = 42.43 weeks. The probability that a mouse survives between 60 and
120 weeks is

P(60 < X < 120) = P(X < 120) — P(X < 60)
— F(120/15;8) — (60/5:8)
— F(8:8) — F(4:8) = .547— 051 = 49
The probability that a mouse survives at least 30 weeks is Table A.4 The Incomplete Gamma Function Floa) = f" ‘1 yalgygy
¢4
P(X>30)=1—P(X <30)=1—P(X <30)

= ]—F(30/15:8)—'.999 x 1 2 3 4 5 6 7 8 9 10
1 .632 264 .080 019 .004 .001 .000 .000 .000 .000
2 .865 594 323 .143 .053 017 .005 .001 .000 .000
3 950 .801 571 353 185 .084 034 012 .004 .001
4 982 908 762 .567 371 215 11 051 .021 .008
5 .993 .960 875 735 .560 384 238 133 .068 .032
6 .998 .983 938 .849 1S 554 394 256 153 084
7 .999 .993 970 918 .827 .699 550 401 211 170
8 1.000 .997 .986 958 .900 .809 .687 547 407 283
9 .999 .994 979 .945 .884 793 676 544 413

10 1.000 997 990 971 933 .870 780 .667 542
11 .999 995 .985 .962 921 .857 768 .659
12 1.000 998 .992 .980 954 911 .845 758
13 .999 .996 .989 974 946 .900 .834
14 1.000 .998 .994 986 .968 938 891
15 .999 997 992 982 963 930




Example 3: The Gamma Distribution

Prove the following using expected values:

If ¥ has a gamma distribution with parameters « and S, then

p=EY)=aBf and o’=V(Y)=ap

Proof:

o0 foe} ‘,a—l(,—y/ﬂ
E Y)=f yf(y) d\'=/ v('—) dy
( _m.f.. =) '\ Fre

By definition, the gamma density function is such that

o BT -

00
/ yle P dy = B°T'(a),
0

Hence,

and

o yao=Y/P dy 1 2 ;
ED) = : P @ =YIE gy
2 A T (@) ﬂ“l“(a)ﬁ A

= o+ — Bar(a) ==
= ﬁar(a)[ﬂ Fla+D]= T@)

apf.

V(Y) = E[Y?] — [E(Y)]*. Further,

E(Yl) 3 /OC "2 <).0—|€—)'/ﬁ> &= 1 /oo va-l»le—_\'/ﬁ &
“Jo T\ BT@) ) 7 peT@ )y C :

I gas2 _ B+ el@
= ﬂ“F(a)[ﬂ Ma+2)]= T @) =

ala+ 1>

Then V(Y) = E[Y?]—[E(Y)]* where, from the earlier part of the derivation,
E(Y) = ap. Substituting E[Y?] and E (Y ) into the formula for V (Y. we obtain

V(Y)=a(@+ D> — (@) =o’B + af® —a’B* = af’.



Example 4: The Exponential
Distribution

The response time X at an on-line computer terminal (the elapsed time between the Recall the pdf and the cdf of the exponential distribution:
end of a user’s inquiry and the beginning of the system’s response to that inquiry)

has an exponential distribution with expected response time equal to 5 s. Then £(X) = X is said to have an exponential distribution with parameter / (4 > 0) if the
1/ = 5, s0 2 = .2. The probability that the response time is at most 10 s is pdf of X is
PX<10)=F(10;2)=1—¢ 20 =1 _ 02 =1_ 135 = 865 S
L Je ™ 20
The probability that response time is between 5 and 10 s is flxid) = 0 sibiermie

P5<X<10)=F(10;.2)—F(5;:2)=(1—e?)—(1—¢') =233 m
The cdf of the exponential distribution is:

- 0 x< 0
Pl = { | e x>0



Example 5: The Weibull Distribution

In recent years the Weibull distribution has been used to model engine emissions
of various pollutants. Let X denote the amount of NO, emission (g/gal) from a
randomly selected four-stroke engine of a certain type, and suppose that X has
a Weibull distribution with o = 2 and ff = 10

PX £10) = F(10;2, 10) = 1 2”000 = ] —g™! = 652

Similarly, P(X < 25) = 998, so the distribution is almost entirely concentrated on
values between 0 and 25. The value ¢, which separates the 5% of all engines having
the largest amounts of NO, emissions from the remaining 95%, satislies

95 =1—¢/10)

Isolating the exponential term on one side, taking logarithms, and solving the resulting
equation gives ¢ ~ 17.3 as the 95th percentile of the emission distribution. i

Recall

The cdf of a Weibull rv having parameters o and [} is

F(x;a,B) =

0

(x/B)*

x<0
x>0



Example 6: The Lognormal
Distribution

According to the article “Predictive Model for Pitting Corrosion in Buried Oil and . . .
Gas Pipelines™ (Corrosion, 2009: 332-342), the lognommal distribution has been Iognormal distribution::
reported as the best option for describing the distribution of maximum pit depth

Recall the mean and the variance of the

data from cast iron pipes in soil. The authors suggest that a lognormal distribution 14622 s 2+ o2
with ¢ = 353 and o = .754 is appropriate for maximum pit depth (mm) of buried EX)=e V(X) =e (" —1)
pipelines. For this distribution, the mean value and variance of pit depth are
E(X) = 353HT4/2 — 06383 — 1 03 Also recall:
V(X) = o3(353)+(754 I, (e'-’7543’: — 1) = (3.57697)(.765645) = 2.7387 Because In(X) has a normal distribution, the cdf of X can be expressed in

: . ) ) ) . terms of the c¢df d(z) of a standard normal rv Z. For x > 0,
T'he probability that maximum pit depth is between 1 and 2 mm is

P(1<X<2)=P(In(1) < In(X) < 111(2)) F(x;p,0) =P(X <x)= P[I[](X) < ln(,\')} = P[ln(x) i < e o e
o a
= P(0 < In(X) < .693) ~ P{Z & In(x) — }l} _ o |:In(.\') - u}
0-2353 __ _ .693—.353 S ’
—_— <7< —
( 754 754 )

= ®(.45) — B(—47) =.354

What value c¢ is such that only 1% of all specimens have a maximum pit depth
exceeding ¢? The desired value satisfies

) —.353
99 = P(X < ¢) _P(z <'“i)_—_)

754
The z critical value 2.33 captures an upper-tail area of .01 (z5; = 2.33), and thus
a cumulative area of .99. This implies that
In(¢) — .353
754

from which In(c) = 2.1098 and ¢ = 8.247. Thus 8.247 is the 99th percentile of the
maximum pit depth distribution. |

=:2:33



Table A3 Standard Normal Curve Areas

Table A3 Devore & Berk

Diz) = PZ=2)
Saandard sormal density curve

o BP===uum

Shaded area = O(z)

z 00 01 02 03 04 05 06 07 08 09
—34 | 0003 0003 0003 0003 0003 0003 0003 L0003 0003 0D02
~33 | 0005 0005 0005 0004 0004 0004 0004 0004 000 0003
~32 | 0007 0007 0006 0006 0006 0006 0006 0005 0005 000S
“30 | 0010 0009 0009 0009 ODD8 0008 0008 0008 0007 0007
—30 | 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
-20 | 0019 0018 0017 0017 0016 0016 0015 .00IS 0014 00M4
-28 | 0026 0025 0024 023 0023 0022 0021 0021 0020 0019
=27 | 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026
~26 | 0047 0045 0042 0043 0041 0040 0039 0038 0037 0036
-25 | 0062 0060 0059 00ST 0055 0054 0052 0051 0049 0048
—24 | 0082 0080 0078 0075 0073 0071 0069 0068 0066 0064
~23 | 0107 014 0102 0069 0096 0094 0091 0089 0087 0084
~22 | 0139 0136 0132 0129 0125 0122 0119 0116 OU3 0110
“20 | 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
-20 | 028 0222 0217 0212 0207 0202 0197 0192 0188 0183
~19 | 0287 0281 0274 0268 0262 0256 0250 0244 0239 (0233
~1B | 035 0352 0344 0336 0329 0322 0314 0307 0301 0294
17 | 0446 436 0427 0418 0409 0401 0392 L0384 0375 0367
~1.6 | 0548 0537 0526 0516 0505 L0495 0485 L0475 465 (M55
—-15 | 0668 0655 0643 0630 0618 0606 0594 0582 0571 0559
~1.4 0508 0793 0778 0764 0749 0735 0722 0708 0694 681
13 | 0968 0051 032 0918 0901 0S8 OS60 L0853 0838 (K23
12 | 151 31 02 93 L1075 1056 L1038 L1020 L1003 (985
~11 | 1357 335 0314 1292 1271 1251 L1230 L1210 (1190 1170
—10 | L1587 1562 1539 ISIS L1402 1469 1446 1423 1401 1379
—0.9 | 841 814 1788 1762 L1736 4711 1685 1660 1635 1611
-08 | 2119 2000 2061 2033 2005 1977 1949 1922 .89 _I867
-07 | 2420 2380 2358 2327 2296 2266 2236 2206 2177 2148
-06 | 2743 279 2676 2643 2611 2578 2546 2514 2483 2451
-05 | 3085 3050 3015 2981 2946 2912 2877 2843 2810 2776
-04 | 346 3400 3372 3336 3300 3264 3228 3192 3156 3121
—03 | 3821 3783 3745 3707 3660 3632 3594 3557 3520 34R2
—02 | 4207 4168 4129 4080 4052 4013 3974 3936 3897 3859
—0.1 | 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247
~0.0 | 5000 4960 4920 4880 B0 4801 4761 4721 468l 4641

{camtinued )

Table A3 Standard Normal Curve Areas (cont.) ®z)=PZ=2)
z 0 01 02 03 M4 05 6 07 08 09
00 | 5000 540 5080 5120 5160 5199 523¢ 5279 5319 5359
0.1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
02 5793 5832 5871 5910 5948 5987 6026 6064 6103 6141
03 6179 6217 6255 6293 6331 6368 6406 6443 6480 6517
04 6554 6591 6628 6664 6700 6736 612 6808 6844 6879
0.5 6915 6950 6985 019 7054 7088 123 157 190 724
06 | 7257 7291 1324 357 7389 7422 7454 486 7517 7549
07 1580 611 7642 7673 04 akr 764 794 7823 7852
03 7881 910 7939 7967 7995 8023 8051 8078 8106 8133
09 | 8159 8186 8212 8238 8264 8289 8315 8340 8365 8389
1.0 | 8413 8438 8461 8485 8508 8531 8554 8577 8599 8621
1.1 8643 8665 8686 B708 3729 8749 8770 8790 A810 8830
1.2 8849 8569 8888 8907 8925 8944 8962 8980 8997 H015
1.3 9032 9049 9066 9082 9099 9115 9131 9147 9162 9177
1.4 9192 920, 9222 9236 9251 9265 9278 929 9306 9319
1.5 9332 9345 9357 9370 9382 934 Q406 918 9429 9441
1.6 9452 9463 9474 9484 9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
18 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
19 | 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
20 | 9172 9778 9783 9788 9793 9798 9803 9808 9812 9817
2.1 9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 9861 9864 9868 9871 9875 9878 9881 9884 9887 9890
23 9893 9896 9898 9901 9904 9906 9909 9911 913 9916
24 9918 9920 9922 9925 9927 9929 9931 9932 9034 9936
2.5 9938 8940 9941 9943 9945 9946 9948 G9 9951 9952
26 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
2.7 9965 9966 9967 9968 9969 9970 9971 9972 973 9974
28 9974 9975 976 9977 977 9978 9979 9979 9980 9981
29 | .998] 9982 9982 9983 9984 9984 9985 9985 9986 9986
30 9987 9987 9987 9988 9988 9989 G989 9989 G990 990
31 9990 9991 9991 9991 9992 9992 9992 9992 9993 9993
32 9993 9993 9994 9994 9994 9994 9994 9995 9995 9995
33 9995 9995 9995 9996 9996 9996 9996 996 9996 9997
34 9997 9997 9997 9997 9997 9997 9997 9997 9997 9998




Example 7: The Beta Distribution

Solution

A gasoline wholesale distributor has bulk storage tanks that hold fixed supplies and
are filled every Monday. Of interest to the wholesaler is the proportion of this supply
that is sold during the week. Over many weeks of observation, the distributor found
that this proportion could be modeled by a beta distribution with @ = 4 and g = 2.
Find the probability that the wholesaler will seil-at least 90% of her stock in a given

week.
should be “standard” beta distribution

If Y denotes the proportion sold during the week, then
'4+2)

Ut S 5 Byt

0, elsewhere,
and

o0 1
PY=>.9) =/ f(y)dy =/ 20(y* — y*) dy
9 9

1 1

y? ¥
20 —| — = = 20(.004) = .08.
9 9

+ 5

It is not very likely that 90% of the stock will be sold in a given week. |



Example 8: The Beta Distribution

Project managers often use a method labeled PERT—for program evaluation and
review technique—to coordinate the various activities making up a large project.
(One successful application was in the construction of the Apollo spacecraft.)
A standard assumption in PERT analysis is that the time necessary to complete
any particular activity once it has been started has a beta distribution with A = the
optimistic time (if everything goes well) and B = the pessimistic time (if every-
thing goes badly). Suppose that in constructing a single-family house, the time X
(in days) necessary for laying the foundation has a beta distribution with A = 2,
B=35 a=2,and f =3. Then a/(z + ) = 4, so EX) =2+ (3)(4) = 3.2

For these values of « and [, the pdf of X is a simple polynomial function. The
probability that it takes at most 3 days to lay the foundation is

140 (x—2\ (5—xY
P(X < 3) _J %-1,“1"7, (“ ; )( - ‘) d

4 4 11 11

3
_—J (x—2)(5 —x)’dx = —- — = 407

27 27 4 27 b

Recall the pdf, the mean and the variance of the beta
distribution:

A random variable X is said to have a beta distribution with parameters o, [§
(both positive), A, and B if the pdf of X is

1 a+p) [x—AN*" /B =x\*" PR
f(x0,8,A,B) =4 B—A T(a)-T(B) (3 —A) (B—A) ==
0

otherwise
The case A = 0, B = 1 gives the standard beta distribution.

The mean and the variance of the beta distribution

AR e A % (B—A)ap
p=A+(B-A) o+ f ’ (e + P+ p+1)




Examples 9-10: Chebyshev’s/Tchebysheff’s inequality/theorem

Example 9:

Solution

Suppose that experience has shown that the length of time Y (in minutes) required
to conduct a periodic maintenance check on a dictating machine follows a gamma
distribution withe = 3.1 and 8 = 2. A new maintenance worker takes 22.5 minutes to

check the machine. Does this length of time to perform a maintenance check disagree
with prior experience?

The mean and variance for the length of maintenance check times (based on prior
experience) are (from Theorem 4.8)
w=af=312)=62 and o’ =apf>=03.1)(2}) =124

It follows that 0 = +/12.4 = 3.52. Notice that y = 22.5 minutes exceeds the mean
p = 6.2 minutes by 16.3 minutes, or k = 16.3/3.52 = 4.63 standard deviations.
Then from Tchebysheff’s theorem,

= .0466.

P(lY —6.2| =16.3) = P(|]Y — | = 4.630) <
( | = ) (| Kl = )_(463,

This probability is based on the assumption that the distribution of maintenance
times has not changed from prior experience. Then, observing that P(Y = 22.5) is
small, we must conclude either that our new maintenance worker has generated by
chance a lengthy maintenance time that occurs with low probability or that the new
worker is somewhat slower than preceding ones. Considering the low probability for
P(Y = 22.5), we favor the latter view.

Example 10:

Solution

The number of customers per day at a sales counter, Y, has been observed for a long
period of time and found to have mean 20 and standard deviation 2. The probability
distribution of Y is not known. What can be said about the probability that, tomorrow,
Y will be greater than 16 but less than 247

We want to find P(16 < Y < 24). From Theorem
P(lY —u| <ko)=1—1/k* or

we know that, for any k = 0,

1
Pl(u—ko) <Y < (u+ko) =1 -

Because ¢ = 20 and o = 2, it follows that &t — ko = 16 and p + ko =24 ifk = 2.
Thus,

L¥5]

1
P(l6 <Y <24)=P(u — 20 <Y<u+20)zl—(77=z.
In other words, tomorrow’s customer total will be between 16 and 24 with a fairly
high probability (at least 3/4).
Notice that if o were 1, k would be 4, and

1 15
P(l6 <Y <24)=P(p—4o <Y<u+4o)zl—w=ﬁ.
Thus, the value of & has considerable effect on probabilities associated with intervals.



Chebyshev’s/Tchebysheff’s inequality/theorem

One real value of Tchebysheff’s theorem is that it enables us to find bounds for
probabilities that ordinarily would have to be obtained by tedious mathematical ma-
nipulations (integration or summation). Further, we often can obtain means and vari-
ances of random variables without specifying the distribution of
the variable. In situations like these, Tchebysheff’s theorem still provides meaningful
bounds for probabilities of interest.

Tchebysheff’s Theorem Let ¥ be a random variable with finite mean p and

variance o2, Then, for any k > 0,

1 1
P(IY—u|<kcr)zl—k—2 or P(IY—ulzko)sk—z.

Proof: We will give the proof for a continuous random variable. The proof for the
discrete case proceeds similarly. Let f(y) denote the density function of Y.
Then

o0
V() = o? =/ (y — w2 f(y) dy

—00

pn—ko ptko
=f (y—u)zf<.v>dv+f (v =3’ f(y)dy

00 jn—ko

o0
+f (v = w>f(y) dy.
p+ko

The second integral is always greater than or equal to zero, and (y—p)? = k*c>
forall values of y between the limits of integration for the first and third integrals;
that is, the regions of integration are in the tails of the density function and cover
only values of y for which (y — pt)*> = k%o, Replace the second integral by
zero and substitute k>c% for (y — ) in the first and third integrals to obtain
the inequality

u—ko 5 o0
V(Y) =02 zf Ko’ f(y) d_v+/ Ko f(y) dy.
—00 p+ko
Then
" p—ko +00
o’ = Ko’ [ / ) dy+ f f» d_v].
—00 u+ko
or

o= kKo’ [P(Y <= pu—ko)+ P(Y = p+ ko)l = k> P(|Y — u| = ko).
Dividing by k*c%, we obtain
P(Y — ul 2 ko) = 5.
or, equivalently,

1
P(Y —p| <ko) =1 -
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