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Problem Set 9 - Answers 
 

 
 
1)   

 
SOLUTION 

 
 
2)  

 

 
 
 
SOLUTION 
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3)  

 
 
SOLUTION 
Since P is an increasing function of I for I in (9,11), the method of transformations can be 
used. 

 
 
 
4)  The amount of flour used per day by a bakery is a random variable Y that has an 

exponential distribution with mean equal to 4 tons. The cost of the flour is U=3Y+1. 
Find the probability density function of U.  
 

SOLUTION 
The distribution function of Y is !!(#) = 1 − (

!"
# , 0 ≤ #. 

 
!"(-) = .(/ ≤ -) = .(31 + 1 ≤ -) = . 31 ≤ #$%

& 4 = !! 3#$%& 4 = 1 − (
!(%!&)
&( for 

#$%
& 	≥ 0. 

 

7"(-) = !"' (-) =
1
12 (

$(#$%)
%* , - ≥ 1 

 

7"(-) = 9
1
12 (

$(#$%)
%* , 7:;	- ≥ 1

0, (<=(>ℎ(;(
 

 
 

 
5)   For the given joint density function, find the probability density function of U=Y1-Y2. 

7(#%, #*) = @(
$+& , 0 ≤ #* ≤ #% ≤ ∞
0	, (<=(>ℎ(;(  

 
SOLUTION 
 

!"(-) = .(/ ≤ -) = .(1% − 1* ≤ -) = .(1% ≤ - + 1*) 
 
For - ≥ 0, .(1% ≤ - + 1*) = ∫ ∫ ($+&C#%C#* = 1 − ($##,+(

+(
-
.  

 
For - < 0, .(1% ≤ - + 1*) = 0 
 

7"(-) = !"' (-) = ($#, - ≥ 0 
7"(-) = @ (

$#, - ≥ 0
0, (<=(>ℎ(;( 
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6)   

 
  b Find the density function of U=Y2 
  c Find the density function of U=1-2Y 
  Note: Use the method of transformation.  
 
 

SOLUTION 
 

a. Note that U=2Y-1 is a (strictly) monotonic function of Y for all y such that fy(y)>0, 
the transformation method can be used. 

If U=2Y-1, then Y=",%* . Eℎ-=, /+/# =
%
*	 	FGC	7"(-) =

%
* 2 31 −

#,%
* 4 =

%$#
* 	 , −1 ≤ - ≤ 1. 

7"(-) = 9
1 − -
2 	7:;	 − 1 ≤ - ≤ 1
0, (<=(>ℎ(;(

 

 
 

b. Note that U=Y2 is a (strictly) monotonic function of Y for all y such that fy(y)>0, 
the transformation method can be used. 
If U=Y2, then Y=√/. Eℎ-=, /+/# =

%
*√# 	FGC	7"(-) =

%
*√# 	2I1 − √-J =

%$√#
√# , 0 < - ≤

1. 

7"(-) = K	
1
√-

− 1	7:;	0 < - ≤ 1
0, (<=(>ℎ(;(

 

 
 

c. Note that U=1-2Y is a (strictly) monotonic function of Y for all y such that fy(y)>0, 
the transformation method can be used.  
If U=1-2Y, then Y=%$"* . Eℎ-=, L/+/#L =

%
*	 	FGC	7"(-) =

%
* 2 31 −

%$#
* 4 =

%,#
* 	 , −1 ≤

- ≤ 1. 

7"(-) = 9
1 + -
2 	7:;	 − 1 ≤ - ≤ 1
0, (<=(>ℎ(;(
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7)  

 
a) Find the probability density of Y=X3. 
b) Find the probability density of Y=X4. 

 

SOLUTION 
 
a)  
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b)  

For 0<y<1: 		!!(#) = .(1 ≤ #) = .(M2 ≤ #) = . 3−#
&
# ≤ M ≤ #

&
#4 = ∫ (6O − 6O*)CO =+

&
#

.

3O* − 2O&|34.+
&
# = 3#

&
( − 2#&/2 

 

!!(#) = K
0, # ≤ 0

3#
%
* − 2#

&
2, 0 < # < 1

1, # ≥ 1
 

 

7!(#) = 9
3
2 #

$%/* − 32#
$%2,

0, (<=(>ℎ(;(
0 < # < 1 

 
 
8)  

 

 

 
 
SOLUTION 

i) Since Y= X2 is a (strictly) monotonic function of X for all x such that fx(x)>0, 
the transformation method can be used. 
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ii) Since Y= (1-X)3 is a (strictly) monotonic function of X for all x such that 
fx(x)>0, the transformation method can be used. 
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9) Suppose X1 and X2 are independent exponential random variables with parameter 
λ = 1 so that 
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SOLUTION 

 
  

 
 
Hence the joint pdf of Y1 and Y2 is : 
 

Q(#%#*) = 9
1
2 (

$+( 	7:;	 − #* < #% < #*	FGC	0 < #* < ∞
0, (<=(>ℎ(;(

 

 
 
10) Suppose X has the density 

7(O) = 9
R

O6,% 	7:;	O > 1
0, (<=(>ℎ(;(

 

 

Mobile User



 9 

Find the density of Y=lnX where θ is a positive parameter. 
Y=lnX, x=ey. 
 

SOLUTION 
Y=lnX is a (strictly) monotonic function of X for all y such that fx(x)>0, the 
transformation method can be used. 

 

TCOC#T = (+ 

 
Note that x>1 if and only if ey > 1 if and only if y>0. 
 

7(#) = R
((+)6,% (

+ = R($+6 		U7	# > 0 

7(#) = @ R(
$+6 	U7	# > 0

0, (<=(>ℎ(;( 
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