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ECON 205
Problem Set 9 - Answers

)
Let Y be a random variable with a density function given by
G2y, l-y=il
F) = {
0, elsewhere.
a Find the density function of U; = 3Y.
b Find the density function of U =3 — Y.

¢ Find the density function of Uz = Y?2.
SOLUTION
The distribution function of Yis F,(y) = I(3/ Ddt=1/2)(y* +1),-1<y<1.
-1

a. Fy (w)=PU,<u)=PQ@Y <u)=PY <u/3)=F,(u/3)= %(u3 /18 +1). Thus,
Ju, ) = F(J'.l(u) =u’/18,-3<u<3.

b. Fy ()= PU, Su)=P(3—YSH)=P(Y23—11)=l—F).(3—u)=%[l—(3—u)3].
Thus, f,, (u)=F) (u)=3@3 -u)’,2<5u<4.

¢. Fy(u)=PU, <u)=PY* <u)=P(~u <Y <u)=F,(u)-F(~u)=u".
Thus, f,, (u)=F; (u)= 5\/;, p=a<]:

2)

A parachutist wants to land at a target 7', but she finds that she is equally likely to land at
any point on a straight line (A, B), of which T is the midpoint. Find the probability density
function of the distance between her landing point and the target. [Hint: Denote A by —1, B by
+1, and T by 0. Then the parachutist’s landing point has a coordinate X, which is uniformly
distributed between —1 and +1. The distance between X and 7 is | X|.]

SOLUTION

Ifwe let (4, B)=(-1, 1) and 7= 0, the density function for X, the landing point is
f(x)=1/2,-1<x<1.

We must find the distribution of U= |X]|. Therefore,
Fou)=P(U<u)=P(X|fu)=Pu<XZuw)=[u-(—u)l]2=u.

So, fu(u) = F'tAiu) =1, 0 <u < 1. Therefore, U has a uniform distribution on (0, 1).
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3)
A fluctuating electric current / may be considered a uniformly distributed random variable
over the interval (9, 11). If this current flows through a 2-ohm resistor, find the probability
density function of the power P = 21°.

SOLUTION
Since P is an increasing function of I for I in (9,11), the method of transformations can be
used.
The density function for Iis f,(/)=1/2,9<i<11. For P=2F,I=+P/2 and
4 =(1/2y"*p™". Then, f,(p)=+ =, 162<p<242.

4) The amount of flour used per day by a bakery is a random variable Y that has an
exponential distribution with mean equal to 4 tons. The cost of the flour is U=3Y+1.
Find the probability density function of U.

SOLUTION
The distribution function of Y is F, (y) = 1 — eTy, 0<y.

—(u-1)

FU(u)zP(USu)=P(3Y+1Su)=P(YSMT_1)=FY(uT_1):1—e iz for

I >0,
3

1 -@-1)
fuo) =F;(u) = 3¢ 1z ,u>1

1 -(u-1)

f (u)—{ﬁe 12 foru>1
u —
0, elsewhere

5) For the given joint density function, find the probability density function of U=Y-Yo.
rou ={" 0 S ihere
SOLUTION
FFw=PU<uw=PY,-Y,<u)=PY;<u+V,)
Foru>0, P(Y; Su+%) = [~ fy“;yZ e Vidy,dy, =1—e™ 4
Foru<0, PY;<u+Y,)=0
fow) =Fy(w) =e™u=0

e Y, u=0
fuw) = {O, elsewhere
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6)
Let Y be a random variable with probability density function given by

fy)= I
0, elsewhere.
a Find the density function of U; = 2Y — L.
b Find the density function of U=Y?
¢ Find the density function of U=1-2Y
Note: Use the method of transformation.

2(1—_")v Of,vflv

SOLUTION

a. Note that U=2Y-1 is a (strictly) monotonic function of Y for all y such that fy(y)>0,
the transformation method can be used.

IfU=2Y-1, then Y=""".Thus, = == and f,(u) = 32 (1—“7“)_17“ 1<u<l
1—u l<y<
fuw ={3 for —lsus
0, elsewhere

b. Note that U=Y? is a (strictly) monotonic function of Y for all y such that fy(y)>0,
the transformation method can be used.

=Y?2 — day _ 1 __1 - _1-Vu
If U=Y? then Y=VU. Thus, = and fy (u) =35 2(1—Vu) = o 0<us
1.
! 1forO<u<1
——1for u<
fuo(w) = Ju
0, elsewhere

c. Note that U=1-2Y is a (strictly) monotonic function of Y for all y such that fy(y)>0,
the transformation method can be used.

- —— al _1 _ 1 Sl e
If U=1-2Y, then Y="C.Thus, || =+ and fy(w) =52 (1-5%) = =% -1 <
u<l
1+u eyt
fow ={g Jor TI=us
0, elsewhere
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7

Let the probability density function of ¥ be given by

_(6x(1—=x), 0<x<1
fx) = { 0, otherwise

a) Find the probability density of Y=X°.
b) Find the probability density of Y=X*.

SOLUTION
a)
Let Fy(y) denote the value of the cumulative distribution function of Y at y and write
Fy() =P <y)=P(X3<y) =P(X <y'/3) 1)

For0<yY/3 <1, thatisfor0<y<1:
y y1/3 )

Fy(y) = f 6x(1— x)dx = f (6x — 6x*)dx
0 0

1/3

—y1/3
Fy(y) = (3x* —2x%)| ) =3y*/ —2y

So, (3)
0, y<o0
Fy(y)={3y2/3—2y, 0<y<1
1, y=1

Now we differentiate Fy(y) to obtain the density function fy(y).

_ dFY(y) _ d 2/3
_2y13-2=2(y"13-1), 0<y<1
fr) = { 0, otherwise
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b)

1
For 0<y<l: F,(y)=P(Y <y)=PX*<y)=P (—y% <X< yi) = f0y4(6x — 6x%)dx =

1

1
3x2 — 2x3|0%, = 3y2 — 2y3/*
0,y <0
_ 1 3
Fr(y) =493yz —2y25,0 <y <1
Ly=1
3 3

1
—y-1/2 __y77
fr) =427 27 Mo<y<i
0, elsewhere
8)
X is a continuous variable with the following probability density function:
fx(x) =3x% for0<x<1

i) Find the probability density of Y = X?

ii) Now assume that probability density function of X is given by
fx(x)=3(1=-x)%for0<x<1
Find the probability density function of Y = (1 — X)3

SOLUTION
i) Since Y= X2 is a (strictly) monotonic function of X for all x such that fy(x)>0,
the transformation method can be used.
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Note that the function:
Y = X?
defined over the interval 0 < x < 1 is an invertible function. The inverse

function is:
x=v(y) = Jy=y"*foro<y<1 (1D
Now, taking derivative of v(y), we get:

vr(y) — %y—l/Z (2)

Therefore, the transformation method:

fr@) = fx(v(®) * v )| 3)

tells us that the probability function of Y is:

Fi(y) = 3[yV2] w2y 12 ®

And, simplifying we get that the probability density function of Y is:

Eyl/z, 0<y<1 (5)
fr(y) =142

0, otherwise
ii) Since Y= (1-X)? is a (strictly) monotonic function of X for all x such that

fx(x)>0, the transformation method can be used.
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Note that the function:
Y=(1-X)3
defined over the interval 0 < x < 1 is an invertible function. The inverse
function is:
x=v(y)=1—-y foro<y<1 (6)

Now, taking derivative of v(y), we get:

1
! = — — -2/3 (7)
v'(y) 4
Therefore, the transformation method:
fr@) = fx(v®) * v )| (8)
tells us that the probability function of Y is:
1/3412 1 -2/3 2/3 1 -2/3 9
fr@) =3[1- (1 =y |-3y73| =3y2 2y

And, simplifying we get that the probability density function of Y is:

_ 1, 0<y<1 10
fr(y) = { 0, otherwise (10)

9) Suppose Xi and X; are independent exponential random variables with parameter
A =1 so that

fe, (X)) =™, 0<x, <o
fr, (X3) = €72, 0<x, <o
The joint pdfis given by
f(x1,%3) = fio, (X)) f, (x2) = 72772, 0<x; <, 0<x;<®

Consider the transformation ¥; = X; — X,,Y, = X; + X,. Find the joint distribution of ¥;
andY,.
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SOLUTION

First, note that the given transformation is a one-to-one transformation with the
following inverse: We write x; = v;(y1,¥2) and x; = v2(y1,y2)

yity
x1 = v3(y1,y2) = — > 2 (¢))
Y2—y
X2 = V2(¥1,¥2) = — 5 - 2
The Jacobian, J is
Yit+Y2 Y1+ Y2
o(X522)  a(R522)
J 9y, ay, 3
=g (2= Y2— ¥,
o0(37%) o(HxH)
ay1 Y,
1 1
|z 3|1 \
det(D=|% 1|= 5 0
T2 2
Therefore,
_ _ 1 5
g(yl'yZ) =e viy1yz) vZ(yl'yZ). E| ( )
9(y1y2) = e_yn;yz yz;yI. %| = %e‘)’z (6)

Now, we determine the support of (¥,,Y,). Since 0 < x; < =,0 < x; < o, we have
0<%<oo,0<"22;y‘<ooor0<yl +y; < 0,0 < y; — y; < o. This may be

writtenas —y; < y; < y2,0 < y; < oo,

Hence the joint pdf of Y1 and Yz is :

1
9(1y2) = {Ee_yz for =y, <y1 <y, and 0 <y, <o
0, elsewhere

10) Suppose X has the density

0
f(x)={Wforx>1

0, elsewhere
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Find the density of Y=InX where 0 is a positive parameter.
Y=InX, x=¢v.

SOLUTION
Y=InX is a (strictly) monotonic function of X for all y such that fi(x)>0, the
transformation method can be used.

dx

= ey
dy| ¢

Note that x>1 if and only if ¥ > 1 if and only if y>0.

f(y) = Wey = Qe_ye lfy >0
_(Beify>0
f) = {0, elsewhere
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