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1) Let the joint probability density function of X and Y be: 
 
 

𝑓(𝑥, 𝑦) = (
3
8
𝑦, 0 ≤ x ≤ y	, 0 ≤ y ≤ 2	

	
0,																												otherwise		

 

 
		 

Compute the covariance betweeen X and Y. 
 
SOLUTION 
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2) Suppose that Y1 and Y2 are random variables and show that  
 

V(Y1+Y2)=V(Y1)+V(Y2)+2Cov(Y1,Y2). 
 
SOLUTION 

 
 

3) Let Y1 and Y2 have the joint probability function given by 
 

𝑓(𝑦!, 𝑦") = 9𝑘𝑦!𝑦", 0 ≤ 𝑦! ≤ 1,0 ≤ 𝑦" ≤ 1	
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

 
a) Find the value of k that makes this a probability density function. 
b) Find the cumulative distribution function for Y1 and Y2. 
c) Find 𝑃(𝑌! ≤

!
"
, 	𝑌" ≤

#
$
) 

 

SOLUTION 

 

 

𝐹(𝑦!, 𝑦") = 0	𝑖𝑓	𝑦! < 0	𝑜𝑟	𝑦" < 0 

𝐹(𝑦!, 𝑦") = 1	𝑖𝑓	𝑦! > 1	𝑎𝑛𝑑	𝑦" > 1 

𝐹(𝑦!, 𝑦") = 𝑦!"	𝑖𝑓	0 ≤ 𝑦! ≤ 1	𝑎𝑛𝑑	𝑦% > 1 

𝐹(𝑦!, 𝑦") = 𝑦""	𝑖𝑓	𝑦! > 1	𝑎𝑛𝑑	0 ≤ 𝑦" ≤ 1 
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4) Find the marginal densities for Y1 and Y2.  

a) 𝑓(𝑦!, 𝑦") = 94𝑦!𝑦", 0 ≤ 𝑦! ≤ 1, 0 ≤ 𝑦" ≤ 1
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

 

b) 𝑓(𝑦!, 𝑦") = 96(1 − 𝑦"), 0 ≤ 𝑦! ≤ 𝑦" ≤ 1
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

SOLUTION 

a)  

 

𝑓!(𝑦!) = 92𝑦!, 0 ≤ 𝑦! ≤ 1	
0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 	𝑎𝑛𝑑	𝑓"(𝑦") = 92𝑦",			0 ≤ 𝑦" ≤ 1

0, 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

 

b) 

 

𝑓!(𝑦!) = 93(1 − 𝑦!)
", 0 ≤ 𝑦! ≤ 1	

0,																					𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒
	𝑎𝑛𝑑	𝑓"(𝑦") = 96𝑦"(1 − 𝑦"),			0 ≤ 𝑦" ≤ 1

0,																					𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  
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5)  

 

 

SOLUTION 
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6)  
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SOLUTION 
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7) Suppose you roll two fair, six-sided dice, one of which is red and the other of which is green. 
Define the following random variables: 

 
X = The number shown on the red die 

𝑌 = (
0	𝑖𝑓	𝑡ℎ𝑒	𝑡𝑤𝑜	𝑑𝑖𝑐𝑒	𝑠ℎ𝑜𝑤	𝑡ℎ𝑒	𝑠𝑎𝑚𝑒	𝑛𝑢𝑚𝑏𝑒𝑟																																																																					
1	𝑖𝑓	𝑡ℎ𝑒	𝑛𝑢𝑚𝑏𝑒𝑟	𝑜𝑛	𝑡ℎ𝑒	𝑔𝑟𝑒𝑒𝑛	𝑑𝑖𝑒	𝑖𝑠	𝑏𝑖𝑔𝑔𝑒𝑟	𝑡ℎ𝑎𝑛	𝑡ℎ𝑒	𝑛𝑢𝑚𝑏𝑒𝑟	𝑜𝑛	𝑡ℎ𝑒	𝑟𝑒𝑑	𝑑𝑖𝑒
2	𝑖𝑓	𝑡ℎ𝑒	𝑛𝑢𝑚𝑏𝑒𝑟	𝑜𝑛	𝑡ℎ𝑒	𝑟𝑒𝑑	𝑑𝑖𝑒	𝑖𝑠	𝑏𝑖𝑔𝑔𝑒𝑟	𝑡ℎ𝑎𝑛	𝑡ℎ𝑒	𝑛𝑢𝑚𝑏𝑒𝑟	𝑜𝑛	𝑡ℎ𝑒	𝑔𝑟𝑒𝑒𝑛	𝑑𝑖𝑒

 

a) Write down a table showing the joint probability mass function for X and Y. 
b) Find the marginal probability mass function for Y, and compute its expected value. 
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SOLUTION 

 

 

8) 

 

 

SOLUTION 

𝑓(𝑥, 𝑦) = 96𝑦𝑥
", 0 < 𝑦 < 1	𝑎𝑛𝑑	0 < 𝑥1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

U U 𝑓(𝑥, 𝑦)𝑑𝑥𝑑𝑦 = 1							∀𝑥, 𝑦							0 ≤ 𝑓(𝑥, 𝑦)
&

'&

&

'&
 

U U 6𝑦𝑥"
!

(

!

(
𝑑𝑥𝑑𝑦 = 1	𝑠𝑖𝑛𝑐𝑒	 
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∫ 6𝑦𝑥"𝑑𝑥 = )*+!

#
X
+,(

+,!!
( =2y 

∫ 2𝑦𝑑𝑦!
( = 𝑦"|*,(

*,! = 1 

  

a) 𝑓+(𝑥) = ∫ 𝑓(𝑥, 𝑦)𝑑𝑦&
'&  

𝐼𝑓	0 < 𝑥 < 1, 𝑓+(𝑥) = U 6𝑦𝑥"
!

(
𝑑𝑦 = 3𝑦"𝑥"|*,(

*,! = 3𝑥" 

𝑓+(𝑥) = 93𝑥
", 0 < 𝑥 < 1

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

𝑓*(𝑦) = U 𝑓(𝑥, 𝑦)𝑑𝑥
&

'&
 

𝐼𝑓	0 < 𝑦 < 1, 𝑓*(𝑦) = U 6𝑦𝑥"𝑑𝑥 = 2𝑦𝑥#|+,(+,!
!

(
= 2𝑦 

𝑓*(𝑦) = 92𝑦, 0 < 𝑦 < 1
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

 

 

 


