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Problem Set 5 Answers

1) Let the joint probability density function of X and Y be:

0, otherwise

Compute the covariance betweeen X and Y.
SOLUTION

1) We need to find marginal densities, E(X), E(Y) and E(XY).

o 2
2.2
fn= [ f@ydy =[2ydy =2y =3 -2’ for 0SXK2, 0 owwice

- 2’ 2

E(X)= f xf (x,y)dx =[x (% - %xz)dx = %f xdx ——fx dx -%
oy 3 3 - (:

f,(xy)= f f,y)dx = [sydx = —y[dx =4y for Osyg2, O ofowice
0 0
2

E(Y)= I [ ¥,y = [ygy'dy =3
0

E(XY) = f f xyf(x,y)dydx = I I (% ) dxdy =

-0 ~00

Cov(XY) = E(XY) — E(X)E(Y) = % - Xy =



2) Suppose that Y and Y, are random variables and show that
V(Y 1+Y2)=V(Y1)+V(Y2)+2Cov(Y1,Y?2).

SOLUTION
2)

Proof. Let Z =Y + Y,. Using the definition of variance, we have

V(Z) E((Z = pz)’)

= E{[(V: +Y2) = E(Y: + Y2)}
= E[(Y1+ Y2 = py, = py)’]

= E{[(Y1 = py) + (Y2 = py)]*}

= E[(Y1=py,)? + (Yo = py,)* + 2(Y) = pay, ) (Ya = pay,)]
—_——
cross product

= E((Y; = py,)’] + E[(Y2 = py,)?] + 2E[(Ys = pay; ) (Ya = pays)]
= V(Y}) + V(Y2) + 2Cov(Y;,Ya).

3) LetY;and Y, have the joint probability function given by

ky1y,0<y, <10<y,<1
0, elsewhere

fy2) = {

a) Find the value of k that makes this a probability density function.
b) Find the cumulative distribution function for Y; and Y..

) FindP(1; <7, ¥, <)

SOLUTION

i3
a. Since the density must integrate to 1, evaluate f fkj',,\‘,d,\‘,d.\‘, k'd=1,s0k=4

0«

b. F(yv,.»,)=P(}, <y, .}, <y,) JIfI,I‘dI:‘/I‘ ¥y, 0<y<1,0<y;, <1

F(y1,y2) =0ify; <0o0ry, <0
F(yn,y,) =1lify; >1landy, > 1
F(y,v2) =y?if 0<y, <landy,>1
Fiy,y2) =y2ify;>1and0<y, <1



CPY<12.Y:<34)=(12)(34) =964

4) Find the marginal densities for Y; and Y,.

4y1y2, 0 Sy1 S 1,0 Syz S 1
0, elsewhere

a) f,y2) = {

6(1-y,), 0<y; <y, <1
0, elsewhere

b) f(y1,¥2) = {

SOLUTION

a)
1

fl(.},l) = J4J;1J;Z dyz = 2}?1 ,0< e <1 f(}:z) = 2};2 ,0< v, <].
0

0<y; <1
elsewhere

2y2, OSy2S1

_ 2}’1' —
i) = { 0, and f(y2) = {0, elsewhere

b)

L) = [600=3,)dy, =30-3,)°

st

0=y =L

f—

fg (J"z) = I6(1 -V )dyl =0y, (I-y, ). 0= v, <L
0

_ (3(1 —y1)?, 0<y; =1 _{6}’2(1_3’2)' 0<y, <1
Al = { 0, elsewhere and f,(y2) = 0, elsewhere



5)
The random variable X has a range of {0,1,2} and the random variable Y has a range

of {1,2}. The joint distribution of X and Y is given by the following table.

y
p(x,y) 1 2
0 0.2 0.1
g 1 0.0 0.2
2 0.3 0.2
i) Write down tables for marginal distributions of X and Y.
ii) Compute E(X) and E(Y).
iii)  Compute E(XY)
SOLUTION
i) Write down tables for marginal distributions of X and Y.

To find marginal distributions of X and Y, we use the definitions below.

px(x) = ) p(xy)
y

pr(y) = Zp(x, y)



Then we can write down the tables for marginal distributions of X and Y.

x px(x)
0 0.3
1 0.2
2 0.5
y py(y)
1 0.5
2 0.5

ii) Compute E(X) and E(Y).

E(X) = Zx.px(xj} —0+(0.3)+1+(0.2)+2+(0.5) =1.2

X

E(W)= ) y.py(y) =1+ (0.5)+2+(0.5) = 1.5
:

iii) Compute E(XY)
E(XY) = ) > xy.px.y)
x ¥y
E(XY)=(0+1)(0.2) +(0+2)(0.1) + (1 +1)(0.0) + (1 % 2)(0.2)
+(2+1)(0.3)+(2=2)(0.2)=1.8
6)
Let X and Y be jointly continuous random variables with joint pdf

_ fex + 1, xy=20x+y<1
flxy) = { 0, otherwise
i) Show the range of (X,Y), in the x-y plane.
if) Find the constant c.

iii)  Find the marginal pdf’s fy(x) and fy (v).



iv)  Find P(Y < 2X?).

SOLUTION
i) Show the range of (X,Y), in the x-y plane.
y
A
1 X
ii) Find the constant c.

To find the constant ¢, we write

1-x

1
j f (ecx+1)dydx =1
00
1
J.(:cx +1)(1—-x)dx=1
0
1

f(—cxz +(ce—1x+1dx=1
0

+—c=1—-c¢c=3

(] e
] =



iif)  Find the marginal pdf's fx(x) and fy (V).
We first note that Ry = Ry = [0, 1].

fx(0 = [ fey)dy

1-x

fr(@) = f (3x + 1)dy

0
[fx(x)=((3x+1)(1—x),forxe[0,1]

Thus, we have

_(Bx+1)(1—x), 0<x=<=1
Fx(x) = { 0, otherwise

Similarly, we obtain

fr0) = [ fay)dx

1-y

fr(y) = f (3x + 1)dx
0

fr(3) =5 (1= y)(5 = 3y). fory € [0,1]

Thus, we have

1
frf}')=[5(1_3’)(5—33’]. 0=y<1
0, otherwise



iv)  Find P(¥ < 2X2).
To find P(Y < 2X?2), we need to integrate f(x, y) over the region A in figure

below.

v
1

We have
oo 2xd
P<20)= [ [ feyayax

1 min(2x%1-x)

P(Y < 2X%) = f J (3x + 1)dydx
(1] 0

1
P(Y < 2X%) = J{Sx + 1)min(2x%.1—x) dx

1

T 1
P(Y < 2X%) = f 2x*(3x+ 1)dx + !{31’ +1)(1—x)dx

5 .

z
. 3xt 243\ 12 L
P(Y < 2X%) = (—+—) +(—x*+ 22 +.a:)|'_.l,
2 3 0 x=1/2
" =

53
= 2 = —
P(Y < 2X7) 96

7) Suppose you roll two fair, six-sided dice, one of which is red and the other of which is green

Define the following random variables:

X = The number shown on the red die

0 if the two dice show the same number
1 if the number on the green die is bigger than the number on the red die

Y =
2 if the number on the red die is bigger than the number on the green die

a) Write down a table showing the joint probability mass function for X and Y.
b) Find the marginal probability mass function for Y, and compute its expected value.



SOLUTION
a. Write down a table showing the joint probability mass function for X and Y.

X=
| 1 2 3 4 5 6
01736 1/36 1/36 1/36 1/36 1/36
1|5/36 4/36 3/36 2/36 1/36 0
2| 0 1/36 2/36 3/36 4/36 5/36

Y =

b. Find the marginal probability mass function for Y, and compute its expected value.

y | P(Y =y)
o 6/36
1| 15/36
2 | 15/36

E(Y) = 0x(6/36) + 1 x (15/36) + 2 x (15/36) = 45/36
8)

Assume we have the following form;

6yx?, 0<y<land0<x<1
0, otherwise

fley) =

Is f(x,y) ajoint probability density function? If so calculate the following:
a ) The marginal densities of X and Y.

b)P(X+Y > 1)
c)PG<Y<9.

SOLUTION
0<y<land 0<x1

_ [6yx?,
fley) = { 0, otherwise

foofoof(x,y)dxdy=1 vx,y 0<f(x,y)

11
f f 6yx? dxdy = 1 since
0 Jo



1 2 __ 6yx3 le_
Jo 6yx?dx ==—| =2y

x=0

[, 2ydy = y*1J25 =1

a) fr(x)=["_ flx,y)dy

1
If0<x<1, fx(x)=f6yx2dy—3yx 520 = 3x?
0
_ (3x7?, 0<x<1
f () = { 0, otherwise

mw=£fmwm

1
Ifo<y<1, fy(y)—f 6yx2dx = 2yx3|X28 = 2y

_(2y,0<y<1
G = {0,0therwise

V) p(x+Y>N) L

j:‘L ‘ : ’XIX JX
PN 1-X) = aff byx* dydx = j (331,&1!1_,4,‘ oj (s»«-su s 1>
4
R I Rl
Q

ke o

N ih 2 .5

) p(Leyd): j%b\&d f%vdd J/\"‘L’ 3 36
3

10



