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Expected Value of a function of random

variables

Let X and Y be jointly distributed rv’s with pmf p(x, ) or pdf f(x, y) according
to whether the variables are discrete or continuous. Then the expected value
of a function h(X. Y). denoted by E[A(X, Y)] or py y) is given by

if X and Y are discrete

¥ ) e

X

E[h (X Y)] - X0 oo
J J h(x,y)-f(x,y)dxdy if X and Y are continuous

oo oo

Compare the joint case with the earlier
Univariate cases:

Discrete case:

If the rv X has a set of possible values D and pmf p(x), then the expected value
of any function A(X), denoted by E[A(X)] or . is computed by

E[h(X)] = h(x) - p(x)
D
assuming that >, |A(x)| - p(x) is finite.
Continuous case:
If X 1s a continuous rv with pdf f(x) and A(X) 1s any function of X, then
W00

hix)-f(x)dx

(s 9]

Eh(X)| = Hpx)y =

This expected value will exist provided that [“X‘x hix)|f(x)dy < o0



Special theorems

THEOREM Let ¢ be a constant. Then Proof We will give the proof of the result for the continuous case. Let f(yi, y2) denote
E@) =c the joint density of ¥, and Y;. The product g(¥)h(Y>) is a function of ¥; and
’ Y>. Hence, by Definition and the assumption that ¥ and ¥, are independent,
E[g(Y1)h(Y7)] = [ j gOyDh(y2) f (1, y2) dy, dy,
THEOREM Let g(Y;, Y») be a function of the random variables ¥; and ¥, and let ¢ be a _;c _:;
constant. Then = [ j g(yDh() fi(v1) f2(02) dy, dy,
—00 J —00
Elcg(Y1, Y2)] =cE[g(Y1, 2)]. 0 x
= f gy filky) [[ h(y2) f2(32) d}‘z] dy,
_x _x.
o0
2[ g(y) iy E [h(Y2)] dy,
THEOREM . Let Y; and ¥> be random variables and g; (Y1, Y2), g2(Y1, Ya), ..., g (Y1, ¥2) —00
be functions of ¥; and Y>. Then o
= £ [ g0 i) dsy = ElgTDI EIh(Y)].
—00

Elgi(Y\, )+ g (Y, )+ -+ g (Y, 12)]

The proof for the discrete case follows in an analogous manner.
= E[gi1(Y1, 2)] + E[g2(Yy, Y)| + - - + E[ge (Y1, Yo)l. - e -

PROPOSITION Let X,, X5, ..., X, be independent random variables and assume that the

THEOREM Let ¥; and ¥, beindependent random variables and g(¥;) and h(Y>) be functions
of only ¥, and Y,. respectively. Then expected values of iy (X1),h2(X2), ..., hy(X,) all exist. Then
E[g(YDh(Y)] = E[g(YDIE[h(Y2)], Elh(X)) (X))« - - - ho(X,)] = E[hy (X1)] - E[ha(X2)] - - - - - Elhy(X,)]

provided that the expectations exist.



Covariance

Definition:

The covariance between two rv’s X and Y is

Cov(X,Y) =E[(X — py) (Y — py)]

E:E:U—ﬂﬂ@—ﬂﬂﬂLﬂ

if X and Y are discrete

if X and Y are continuous

J& J (r = py) (v = sy )f (x,y) dx dy

OO of =0

a b c
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Figure
(a) positive covariance; (b) negative covariance; (c) covariance near zero

- plxy) = 11—0 for each of ten pairs corresponding to indicated points;

THEOREM

Proof

Corollary:

If ¥, and ¥, are random variables with means 1 and p,, respectively, then
Cov(Yy, Vo) = E[(Y) — p)(Ya — pp)] = E(1 Vy) = E(Y))E(Y2).
Cov(Yy, Vo) = E[(Y1 — p1)(Y2 — p2)]
=EMY) — uila — oY1 4 o).

From Theorem , the expected value of a sum is equal to the sum of the
expected values; and from Theorem ., the expected value of a constant times
a function of random variables is the constant times the expected value. Thus,

Cov(Yy, 1) = E(1Y2) — i E(Y2) — moE(Y1) + papea.
Because E(Y;) = uy and E(Y>) = po. it follows that
Cov(l, Y2) = E(Y1}h) — E(Y)E(Y)) = E(MW ) — papa.

Cov(X.X) = E(X?) — ux = V(X)



Covariance (cont’d)

THEOREM If ¥, and ¥, are independent random variables, then
COV(YI . Yg) = 0.

Thus, independent random variables must be uncorrelated.

Proof Theorem establishes that
Cov(Yy, 1) = E(Y1 1) — pyps.
Because Y| and Y, are independent, Theorem  implies that
E(Y1)Y,) = E(N)E(Y2) = pypa,

and the desired result follows immediately.

The converse of this theorem is not true in general!



Expected Value, Variance and Covariance of Linear Functions of Random Variables

PROPOSITION If X.Y.and Z are rv’'s and ¢ and b are constants then

Cov(aX + bY,Z) = a Cov(X.Z) + b Cov(Y,Z)

The proposition above is a special case of part c of the the following theorel

Let Y1, Y, ..., Y, and X4, X2, ..., X, be random variables with E(Y;) = u;
and E(X;) = {fj. Define

n m
U] :Zang and U2:ZbJ'XJ
i=1 j=1

, by Then the following hold:

THEOREM

for constants a,, a,, ..., a, and by, b,, . ..

a E(U)=Y]_ aip.

b VIU) = X, aiV¥) +23 3 i<, @a;Cov(Y,, ¥;), where the
double sum is over all pairs (i, j) withi < j.

C COV(U}, Uz) — ZT:] P.” =1 a,bJCOV(Y, Xj)

The theorem consists of three parts, of which (a) follows directly from Theo-
rems . To prove (b), we appeal to the definition of variance and write

V(U) = E[U, — EWU) = E[Za;}’f — Ea,-u,}
i=1

i=1
n 2
= E[Za;(lﬂ- —m]
i=1
— E[Z“ ¥ — i) + Ezara;(}’r mi) (¥ — #ﬂ]

i=1 i=
i#j

_Za E(Yi — .u'r) + ZZHJGJ (Y.' HE}LYI ,U',j)]
i=1

r;é;
By the definitions of variance and covariance, we have

n n

V(Ul)_Za V(Y)+Zza a; Cov(Y,. Y)).

i=l i=
i#j

Because Cov(Y;, ¥;) = Cov(¥;, ¥;), we can write

V(UJ)—ZG V(Y;+2zza,a), Cov(Y;. Y)).

I<i<j=n

i=1

Similar steps can be used to obtain (c). We have
Cov(U,, Us) = E{[U, — E(U)]U; — E(U3)]}

= E{ [gas(n —;m] [ib;(}-’f —-.E;)“

=

n m
= E[Z D aibj(Y; — ui)(X; — -E;)]

.U:J(X - E_,l)]

n m
= Zza,bj Cov(¥:, X;).
i=1 j=I
On observing that Cov(}Y;, ¥;) = V(Y;). we can see that (b) is a special case
of (c).



Correlation Coefficient

DEFINITION The correlation coefficient of X and Y., denoted by Corr(X, Y), or pyy.
or just p. 1s defined by

Cov(X.Y)

Pry =
By Ox * Oy

PROPOSITION 1. If @ and ¢ are either both positive or both negative,
Corr(aX + b,cY +d) = Corr(X,Y)
2. Forany tworv'sXand Y, —1 < Corr(X.Y) < 1
PROPOSITION 1. If X and Y are independent, then p = 0, but p = 0 does not imply

independence.
2. p=1or—1iff Y = aX + b for some numbers @ and » with a # 0.



EXAMPLES



Example 1: Expected Value of a function of
random variables - Discrete Case

Example Five friends have purchased tickets to a concert. If the tickets are for seats 1-5in a
particular row and the tickets are randomly distributed among the five, what is the
expected number of seats separating any particular two of the five? Let X and ¥
denote the seat numbers of the first and second individuals, respectively. Possible
(X. Y) pairs are {(1,2),(1,3),...,(5,4)}, and the joint pmf of (X, Y) is

1
— x=1,....,5: v=1,....5% x#y
o S Y= 1S XA

plx,y) =
0 otherwise

The number of seats separating the two individuals is (X, Y) = |X — Y| — 1.
The accompanying table gives h(x, y) for each possible (x, y) pair.

X
h(x, y) 1 2 3 | 5
| - 0 | 2 3
2 0 0 1 2
¥ 3 1 0 - 0 1
4 2 | 0 - 0
5 3 2 | 0 -

Thus
5 5
EpX. V)] =33 h(xy)-pey) =D (k=3 1) 5=
(x.¥) =1 y=1 [ |
rFEy

Definition of E[h(X,Y)]:

Let X and Y be jointly distributed rv’s with pmf p(x, ) or pdf f(x, y) according
to whether the varables are discrete or continuous. Then the expected value
of a function A(X, Y), denoted by E[h(X, Y)| or iy y) is given by

Z Z hix,y) - plx,y) if X and Y are discrete
XY= o
J J h(x,y)-f(x,y)dxdy if X and Y are continuous

o0 b



Example 2: Expected Value of a function of
random variables - Continuous Case

EXAMPLE Let ¥} and Y, have joint density given by

2y, 0<y<1,0<»m <,

fOLn) = ‘ 0.

elsewhere.

Find E(Y| Yg]

Solution From Definition  we obtain

o0 poo I pl
E(hD) = f f yiy2f (i, y2) dyy dy, = f f Ny22y1) dyy dy,
-0 J —a 0 Jo

L [2y3! 72 2y27
:/ } d.*a=f ()d:_} -1
0 3 0 0 3 ‘12 0 3

Definition of E[h(X,Y)]:

Let X and Y be jointly distributed rv’s with pmf p(x, ) or pdf f(x, y) according
to whether the vanables are discrete or continuous. Then the expected value
of a function h(X, Y), denoted by E[h(X, Y)] or 1,y y, is given by

Z Z h(x,y) - p(x,y)

oo og
J J h(x,y)-f(x,y)dxdy if X and Y are continuous

od od

if X and Y are discrete

E[h(X,Y)] =



Example 3: Covariance — Continuous Case

Recall:
EXAMPLE Let ¥; and Y have joint density given by
F(,v2) = { 2y, O=yi=L0=m=l, THEOREM If ¥, and Y, are random variables with means j¢; and j,, respectively, then
0,  elsewhere. Cov(Yy, o) = E[(Y; — p1)(Ys — wo)] = E(h Vo) = E(V)E(Yy).

Find the covariance of Y| and Y>.

Solution:
Lt 1l I 227!
E(Yy) = f f yi1(2y1) dy; dy, E(Yﬂ:] f va{Ex-u)dnd\"qu V2 l] dy,
0 J0 ) oJo T T T T Joo 2 1) 77
! zvf]l '2 L ! A
= —_— dy, = f —dy, = —\'2] = = ] Ndy, == ==.
</‘0 ( 3 0) o o 2 oo 3 0 (1] 2 2 0 3

Note that this joint density function is the same as
the one in Example 2. So,

From Example 2 ., E(Y,Y,) = 1/3. Also, 4y =
E(Yy) =2/3and u» = E(Y») = 1/2. 50

] k2

Cov(Y1, Y2) = E(M1Y2) — papa = (1/3) — (2/3)(1/2) = 0.



Example 4: Covariance — Discrete Case

EXAMPLE Let ¥; and ¥, be discrete random variables with joint probability distribution as shown
in Table 5.3. Show that ¥; and Y> are dependent but have zero covariance.

Table 5.3 Joint probability distribution

- Recall:
v —1 0 +1
—1 1/16 3/16 1/16 THEOREM If Y, and Y, are random variables with means j; and p,, respectively, then
0 3/16 0 3/16 Cov(Yy, Vo) = E[(Y, — uy) (Y, — o)l = E(Y1 Yo) = E(Y)E(Y>).
+1 1/16 3/16 1/16

Solution Calculation of marginal probabilities yields p;(—1) = p;(1) = 5/16 = py(—1) = .
pa2(1). and p1(0) = 6/16 = p»(0). The value p(0,0) = 0 in the center cell stands This example shows that the converse of the

following theorem is not true:

out. Obviously,

p(0,0) # p1(0)p2(0),
and this is sufficient to show that ¥; and Y, are dependent.
Again looking at the marginal probabilities, we see that E(Y;) = E(Y,) = 0. ) )
Also. THEOREM If ¥, and Y5 are independent random variables, then

E(1Y2) = 3> yivap(yi, y2) Cov(Yy, ¥2) = 0.
all y; all ¥,

— (= D)(=1)(1/16) + (= 1)(0)(3/16) + (—1)(1)(1/16) Thus, independent random variables must be uncorrelated.
+ (O (=D (3E/16) + (0)(0)(0) + (O)(1)(3/16)
+ (DH(=D(1/16) + (1)(O0)(3/16) + (DH(1)(1/16)
= (1/16) — (1/16) — (1/16) + (1/16) = 0.
Thus,
Cov(Y,, Ys) = E(Y ' Y,) — E(Y)DE(Y,) =0—0(0) = 0.

o If the covariance
of two random variables is zero, the variables need not be independent. |



Example 5: Expected Value, Variance and Covariance of LInear Functions of Random Variables

EXAMPLE

Solution

Let ¥, Y5, and Y3 be random variables, where E(Y) =1, E(Y;) = 2. E(Y3) = —1,
VY)) = 1. V(Yy) =3, V(Y3) =35, Cov(Y,,Y,) = —04, Cov(Y,, ¥3) = 1/2. and
Cov(Y2, ¥3) = 2. Find the expected value and variance of U = ¥; — 2¥, 4+ V3. If
W = 3Y, + Y5, find Cov(U, W).
U=a Y 4+aYr+as3¥s.,wherea; = l,a; = —2,and a3 = 1. Then by Theorem
EWU) = a1 E(Y)) + mE(Y2) + azE(Y3) = (1)(1) + (=2)(2) + (D) (=1) = —4.
Similarly,
V(U) = alV (Y1) + a3V (Y2) + a3V (Y3) + 2a1a,Cov (Y1, Y2)
+ 2a1a3Cov(Yy, ¥3) + 2azazCov(Y>, ¥3)
= (DX(1) + (=2°G) + ()*(5) + 2)(1)(=2)(—0.4)
+ @ MM(1/2) + D) (=2)(DH(2)
= 12.6.
Notice that W = b1 Y| + b2 Y2, where by = 3 and b, = 1. Thus,
Cov(U, W) = a1b;Cov(Yy, Y1) + a1b,Cov(Yy, Y3) + ab1Cov(Y, Yy)
+axbCov(Ys, Y2) + azb;Cov(Ys, Y1) + azb; Cov(Ys, Ys).
Notice that
Y;) = V(Y;). Therefore,

Cov(U, W) = (DG)(D) + (D) (=0.4) + (=2)(3)(-0.4)
+ (=2)(DHB) + (DG (A/2) + (D)D)
=2.5.

Cov(Y;, Y;) = Cov(Y;, Y;) and Cov(Y;,

Because Cov(U, W) # 0, it follows that U and W are dependent. [ |

Recall:

THEOREM Let ¥y, Yo, ..., Y, and Xy, X», ..., X,y be random variables with E(Y;) = u;

and E(X;) = €. Define

n m
U=)aY and Uy=) bX,
i=l j=1

for constants @y, ay, .. ., a, and by, by, ..., b,. Then the following hold:
a EU) =Y apm.
b VU) = YL, a7 VX) +23 3., @a;Cov(Y;, ¥;), where the

i=1"
double sum is over all pairs (i, j) withi < j.

¢ Cov(Uy, Up) = E?:l ZT:I aibjCov(Y;, X;).



Example 6: Expected Value, Variance and Covariance of LInear Functions of Random Variables

Example: Suppose that the joint density function

for Y| and ¥; is given by

3yi;, 0<y <y <1,
V1.V —
FO1y2) 0, elsewhere.
Find the variance of
Yi — Ys. . i
Solution  Using Theorem , we have
V(¥ — Y) = V() + V(Yy) — 2 Cov(Y, ¥s).
Because
Fiom 3vi, 0=y =1,
1(v1) =
0, elsewhere,
and
B/ -y, 0=y <1,
fr(y2) = g -
0, elsewhere,

it follows that

] W

|
E(Y}) = f 3yt dy, =
0

'3 ) 3711 I
E(Y) = [ 32—y dy, =3 [3 - g] - <.
0 - ~ »

we have E(Y,) = 3/4 and E(Y,) = 3/8. Thus,
V(Y) =(3/5 —@/4)>=.04 and V(Y2) = (1/5) — (3/8)>

THEOREM

Let ¥y, Yo, ..., Y, and Xy, X», ..., X,y be random variables with E(Y;) = u;
and E(X;) = &;. Define

n m
U = Z}a"y" and U, = Z;bjxj
i— 1=

for constants ay, a,, .. ., a, and by, by, ..., b,. Then the following hold:
a EU) =Y apm.

b V(U) =YL, a2V +2) o icicj<n @i Cov(Y;, Y)), where the
double sum is over all pairs (i, j) withi < j.

¢ Cov(Uy, Up) = E?:l ZT:I aibjCov(Y;, X;).



Example 6 (Cont’d):

2m
y2
E(Y1Y")—f f yiy2(3y1) dy, dy, —l; %, (7] )d}-‘|
0
13 3

. ] E(Y)) = 3/4 and E(Y,) = 3/8. Thus, using
Theorem . We obtain

Cov(Y,,Y,) = E(Y Y, — E(Y)E(Y;) = (3/10) — (3/4)(3/8) = .30 — .28 = .02.
we determined that Cov(Y;, Y>) = .02. Therefore,
V(Y1 —Y) = V() + V(Yy) —2Cov(Yy, I3)
= .04 4+ .06 — 2(.02) = .06.
The standard deviation of ¥; — Y5 is then +/.06 = .245.

Recall:

THEOREM LetY), Yr,.... Y, and Xy, X>», ..., X be random variables with E(Y;) = w;
and E(X;) = &;. Define

n m
U=)aY and Uy=) bX,
i=l

j=1
for constants @y, ay, .. ., a, and by, by, ..., b,. Then the following hold:
a EU) =Y apm.

b V(U) =Y, a?V(Y)) —|—7ZZI<HJ<na,aJC0v(Y,,Y) where the
double sum is over all pairs (i, j) withi < j.

¢ Cov(Uy, Up) = E?:l ZT:I aibjCov(Y;, X;).



Example 7: Correlation Coefficient

Example Let X and Y be discrete rv’s with joint pmf

Recall:
1 (x,y) = (=4, 1),(4,-1),(2, 2),(-2,-2) DEFINITION The correlation coefficient of X and ¥, denoted by Corr(X, Y), or pyy,
SR ;) ;L) (& 5 =) ; _ . )
p(x,y) ; e or just p, is defined by
otherwise

The points that receive positive probability mass are identified on the (x, y) Cov(X, Y)

coordinate system in Figure 5.5. It is evident from the figure that the value of X Pxy =

is completely determined by the value of ¥ and vice versa, so the two variables Ox 0y

are completely dependent. However, by symmetry puy = gy = 0 and E(XY) =
(—4) 1+ (—4) 1+ (4)1+ (4) L =0s0Cov(X,Y) = E(XY) — py - py = 0 and thus
px.y = 0. Although there is perfect dependence, there is also complete absence of
any linear relationship!

2 - O
o 1+
| | | | | | | |
I I I I I I I 1
- -3 -2 -1 1 2 3 4
1+ °
o _» L

Figure 5.5 The population of pairs for Example [ |
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