
 

Evaluating the Goodness of a point estimation

Error of Estimation distance between an estimator r
E its target parameter
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since is a random variable E is also a random variable

Although we cannot say how large or small it will be for
a particular estimate we can make probability statements
about it

10in by is a probabilistic bound on error
of estimation

b is represented by the shaded
gl
Esb Probability that E is less than

area
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P Ea b provides a measure of goodness of a single
estimator
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if we chose a higher value of b we increase the prob
This probability identifies fraction of times in repeted
sampling that estimator I falls within b units of
target parameter O

suppose we know prob density of O t want to find
value of b such that
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However whether we know probability density of
or not if G is unbiased we can find an approximate
bound on E by expressing b as a multiple of standart
error of

For instance for ka t let b k to from Tchebyshett's
theorem that E will be less than kGo with prob
at least I I K2

for 11 2 E will be less than b 2 Go with prob at
least 0.75

D of
standart euro

b 2 Go

consistency
it ensures that the estimation rule will produce an estimate
that is close to true parameter with high probability if
sample is large enough
Let O be an estimator of O based on sample size n
Then O is a consistent estimator if
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where c is an arbitrarily chosen small the number
this means that prob that value of O falls in interval
C o c Otc can be made arbiterarily close to 1

given a large enough sample size no matter how
small c is

If this is true than sequence of random variables
is said to converge in probability to constant O

O is said to be prob limit of sequence

pein d o

This estimator O is a consistent estimator for a it
plimo o

In other words if I is unbiased estimator of parameter
O and var 10 o and n to then O is a consistent
estimator of O



Ex show that for a random sample from a normal
population sample variance 52 is a consistent estimator
of G I Sigma squerred
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var 152 2,6 Thus s is a consistent

Vau's so when n a

estimator of variance of
a normal population

convergence in Distribution

Probability distribution of an estimation as sample size
becomes increasingly large
Estimators whose distribution are unknown in small samples
can have a particular known distributions in large samples
A well known example is CLT

tanto'm ftp.iestnwife independently identically distributed
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also let Bin É Xi In

Tn Bn B converges in distribution to a NCO G

it has a limiting distribution ar asymptotic distr
Tn Bn B I N N 10,62

Therefore we can make probability statements about an
estimator when exact small sample distribution of estimate
cannot be determined

If a limiting distribution exists we can use that
limiting distribution as an approximation to true but



unknown distribution If sample size is sufficiently
large
Sufficiency
An estimated O is said to be sufficient if it utilizesall information in a sample relavat to estimation
of a

fix xz xn to s f x xz xn lg d

The statistic is a sufficient estimator of parameterGift for each value of O conditional probabilitydistributionor density of random sample x xz xn
given is independent of O

If Xi x2 xn constitute a random sample of size
n from a Bernoulli population
show that
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is a sufficient estimator of parameter O
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since x x t Xz t xn is binomial random variable
with parameter on
its distribution is
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Transformation of variable technique gives us

g at Ia On i o n n for d o s I

fix Xz i xn d f x Xz Xn lg O

And I l o n nd
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This does not depend on O G In is a sufficient
estimator

since it is tedious to check whether a statistic is a
sufficient estimator of a given parameter it can easily
be done by factorization theorem
statistic is a sufficient estimator of parameter iff
joint prob distr of density of random sample can be
factored so that f I ki x2 xn O g d o h x x2 xn

where g O O depend on or a
h xi x2 xn does not depend on O

Ey show that I is a sufficient estimator of mean
M of a normal population with par 62
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1st factor depends only on a estimate I 8 M



2nd factor t not include M

F is a sufficient estimator

If O is a sufficient estimator of O then any single valued
function of y I not including is also a sufficient
estimator of Ot 810
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plus provided y u to can be solved to give single
valued inverse E why This follows from factorization
theorem since we can write

f x xz xn a gl w ly O h Xi xz xn

where g why a depends on y 80

h depends on sampling information
Ex aid exam question

if O 802 are unbiased estimators of some parameter
what condition must be imposed on the constant k 2k z
so that

k t K2 2

is also an unbiased estimator
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Ex If x x2 xn constitute a random sample from
a normal population with me show that
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Ex show that sample proportion In is a minimum
variance unbiased estimator of binomial parameter

Hint Xin as mean of a random sample at size
n from a berneilli population with parameter O
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net and var y
E In O unbiased

In is a minimum variance biased estimation

EI show that mean of a random sample of size n is
a minimum variance unbiased estimator of parameter
A of a Poisson population
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nÉ I Var I

I minimum variance unbiased estimator

show that Yg is a consistent estimator of

binomial parameter O
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It is asymptotically unbiased
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consistent estimator

EI If X 8 Xz are independent random variables havingbinomial distributions with parameters 8 ni
Or nz show that gift is a sufficient estimator

of O

fix x2 fi I I x2 i a In na x x2

Iffy x x2 hit nz

By factorization theorem

Iits aninggginnitan
Estimate is sufficient
unbiased ness efficiency consistency sufficiency Key


