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2) [image: ](The sentence below should be:  “…. according to a standard beta distribution….”)
Recall : The mean and the variance of the beta distribution (Standard beta distribution is when A=0 and B=1):
[image: ]







Solution:
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3) Suppose that a radioactive particle is randomly located in a square with sides of unit length. A reasonable model for the joint density function for Y1 and Y2 is

f (, ) =


a) What is E(Y1 − Y2)?
b What is E(Y1 Y2)?
c) What is E( + )











a) ===1/2-1/2=0
b)  == ==
c) E( + )==)










4) For the joint pdf  , find the variance of X+Y.






















Since they are not assumed to be independent,

Since the given pdf is symmetric, we can conclude that 
Thus, 
   







5) Remark: We rather denote  the function f(x,y) given below as p(x,y) since it is a pmf. [image: ]
[image: ]Find:











Solution:   

[image: ]










6)
[image: ]
i) Find the marginal probability density function of X.
ii) Find the conditional probability density function of Y given X=x.
iii) Find the conditional mean of Y given X=x.
iv) Find the conditional variance of Y given X=x.
v) Calculate 





Solution:  
[image: ]

For x>0:
                                                                                                                                                                                                         

              
[bookmark: _Hlk153795281][image: ]For x>0:


For x>0:


For x>0:


	v)
	


For 
	
	(3)

	
	(4)

	
	(5)





7) Prove the following theorem:
[image: ]
Recall:
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Proof:  We have the following theorem:
[image: ]

   [image: ]                   
  






8)
[image: ]
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9) Show that .










Note that 
	
	(1)



	So,
	
	(2)


	Thus, 
	
	


10)  Let  and  be jointly continuous random variables with joint pdf

i) Find the constant .
ii) Find the marginal pdf’s  and .
iii) Find .







i) Find the constant .
To find the constant ,   we write
	
	(1)

	
	(2)

	
	(3)

	
	(4)

	
	(5)


ii) Find the marginal pdf’s  and .

	
	(6)

	For 
	(7)

	
	(8)


Thus, we have
	
	(9)


Similarly, we obtain
	
	(10)

	For
	(11)

	
	(12)




Thus, we have
	
	(12)


iii) Find .
To find , we need to integrate  over the region A in figure below. 
	    y1






A
1
x



	We have
	
	(13)

	
	(14)

	
	(15)

	
	(16)

	
	(17)

	
	(18)


11) is a continuous variable with the following probability density function:

Find the probability density of 










Since Y= X3 is a (strictly) monotonic function of X for all x such that fx(x)>0, the transformation method can be used.

Note that the function: 

defined over the interval  is an invertible function. The inverse function is: 
	
	(1)


	Now, taking derivative of , we get: 
	
	(2)


	Using the transformation method
	
	(3)


	the probability function of  is:
	 
	(3)


	And, simplifying we get that the probability density function of  is: 
	
	(3)


 
Alternatively, the method of distribution function can be used:
The distribution function of X is:
(x)



For  , , 

For 

For  , , 
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Define the joint pmf of (X,Y’) by

f(O,l()):f(O,ZO):%, F(1,10) = £(1,30) = =, f(1,20):14—8, 7(2,30)
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The conditional probability
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Let the continuous random vector (X,Y’) have joint pdf

flz,y)=e™, 0<z<y<oo.
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The marginal of X is

X

15@) = [ sy = [Ty - e

Thus, marginally, X has an exponential distribution. The conditional distribution of Y is

e
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The mean of the conditional distribution is
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The variance of the conditional distribution is
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Theorem Let X ~ N(u,0%) and Y ~ N(v,72) be independent normal random vari-

ables. Then the random variable Z = X +Y has a N(u + v, 0% + 72) distribution.
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The moment generating function of a nomally distributed random variable X is

M(t) = e+




image16.png
Theorem 4.2.12 Let X and Y be independent random variables with moment generating
functions Mx(t) and My (t). Then the moment generating function of the random variable
Z =X +Y is given by

M;z(t) = Mx(t) My (t).
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Using Theorem 4.2.12, we have
My(t) = Mx(t)My (t) = exp{(un +7)t + (0" +7°)¢*/2}.

Hence, Z ~ N(p+7v,0%+72). 0
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Let Y: and Y2 have joint density function
8yiy2, 0=yr<»m=l,
v (V1 Y1) =
FanO132) { 0, otherwise,
and U; =Y /Yo and U, =Y

a) Derive the joint density function for (Ui, Uz).
b) Show that U; and U: are independent.
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Let Y1, Y2 and Y3 be random variables where

E(Y)=1 V) =3 Cov(Y,Y,) =—1
E(Yp) =0 V() =2 Cov(Yy¥y) =0
E(Y))=3 V() =4 Cov(Y,Ys) =1

Find E(2Y, — Y, + 3Y,) and V(2Y; — Y, + 3¥).
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Solution: E(2Y, — Y, + 3Y3) = 2E(Y;) — E(Yy) + 3E(¥,) = 11
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V(2Y, =Y, +3Y3)

=22V (¥y) + (=1)2V(¥y) + 32V (¥y) + 2.2. (=1)Cov(Yy, ¥s) + 2.(=1). 3Cov(Y,, Y3)
+2.2.3Cov(Yy,Ys) = 66
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THEOREM Let Yy, Ya, ..., Yy and Xy, Xa, . ..., X,y be random variables with E(Y;) = p;
and E(X;) = ;. Define

. n
Up=Y Y and Upy=Y bX;
i=1 =1

for constants ay, ay, ..., a, and by, by, ..., by,. Then the following hold:
a E(U) =Y aipm.
b V(U) = YL, a?V(Y) + 2% ¥iizjen 4ia;CoV(Y;, ¥)), where the

i=1"
double sum is over all pairs (i, j) withi < j.

¢ Cov(Uy,Uy) = Y1, ):‘;':, aibjCov(Y;, X;).
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Suppose that Y has a binomial distribution with parameters n and p but that p varies from day
to day according to a beta distribution with parameters o and . Show that

a. E(Y)=no/(o+p).

b V(Y)=[napa+p+ml/[(a+p)(atp+1)]




